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Preface 


This text provides an introduction to the numerical methods that are typically 
encountered (and used) in science and engineering undergraduate courses. The 
material is developed in tandem with MATLAB which allows rapid prototyping 
and testing of the methods. The package MATLAB (matrix laboratory) Pro- 
vides an environment in which students can learn to Programme and explore 
the Structure of the numerical methods. 工 he methods included here are of a 
basic nature and only rely on Imaterial which should have been explored prior 
to the first year undergraduate stage. 

The methods presented are Supplemented with a set of tasks at the end 
of each chapter (full solutions of these are given im Appendix C). The tasks 
are introduced in such a way as to allow students to explore the topics as 
they evolve. Some are of a mathematical nature, but in the main they involve 
Imanipulating codes which are given in the text of the chapter (or section). 
Those tasks which we regard as being harder are marked with an asterisk. 
Throughout the text MATLAB commands appear using this font in the text. 
In the main the names of MATLAB commands reflect the commands TO0le. We 
have taken particular care to highlight many of the problems that occur with 
interpreting the syntax of MATLAB commands. In Appendix B we provide 
a glossary of al MATLAB commands within the text and short examples of 
how these commands can be used. Reference is made to the comprehensive 
help facility within MATLAB: however examples are given which are similar 
to those given in other places within the text. 

Throughout the text we derive the numerical techniques we use，but also 
emphasise that MATLAB's rich vocabulary provides commands for perform- 
ing most of the fundamental tasks encountered in numerical methods. 工 his 
appriroach serves to introduce students to the methods and also provides an 
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understanding of their inner workings. 


VVhy Do We Need Numerical Methods” 


Mathematics is an elegant and precise Subject: however when numerical an- 
SWers are Tequired one sometimes needs to rely on approximate methods to 
obtain Useable answers, There are Imany problems which simply do not have 
analytical solutions,，or those whose exact solution is beyond our current state 
of knowledge. There are also many Problems which are too long (or tedious) 
to solve by hand. When such problems arise we can exploit numerical analysis 
to reduce the Problem to one involving a finite number of unknowns and use &a 
computer to solve the resulting equations，. 

The text starts with a description of how we could perform some very 
basic calculations (that is, simply using the compnuter as a calculator). It then 
Imoves on to solving problems which cannot，in practice，be solved by hand. 
Sometimes the solution of these problems can become as intricate and involved 
as the original problems and requires almost as much finesse and care to obtain 
a solution. There are several options available to us, both in terms of ljanguage 
and also overall approach. In this book we elect to express ouUr ideas in terms 
of the syntax of the computer package MATLAB. Once you have mastered the 
Syntax of MATLAB 站 will be easier for you to learn other languages, 让 you 
should decide you need to, 


The Structure of This Text 


This text is designed to be used as a Source of reference for MATLAB commands 
(mainly through the glossary in Appendix B) and the examples given in the 
chapters. This is an approach we have found works well with our students. The 
text gives an introduction to numerical methods and the manipulation of the 
quantities used therein (for instance matrices). At each stage, Short codes are 
given to allow the reader to try their own examples， 

Examples of code which can be typed at the MATLAB prompt will appear 
within the general text in this font (this font is also used for the names of 
MATLAB codes), while longer examples will be written 


>> commandqs to be entered 


Results 
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Those codes which are designed to be saved to a file will appear in boxes 





(sometimes wider boxes will be used for codes with longer lines). 

At the end of each section, or chapter, there are a variety of tasks which are 
designed to help the reader understand the topics they have just read. 9olutions 
of these are given in Appendix C. 

Chapter 2 concentrates on some aspects of programming. We also introduce 
another of MATLAB's powerful tools, namely its ability to produce high quality 
plots of data. Students are Shown how to create codes and functions，which 
serve to augment MATLAB'S built-in vocabulary. This chapter concludes with 
a discussion of the important topic of errors，both from the perspective of 
classical numerical analysis and also from human interaction which arise in 
the action of coding. We have found that Students benefit enormously 位 om 
debugging programmes and it is hoped that this will help them to hone these 
Skills，which we consider to be essential. 

The third chapter contains a discussion of looping and logical Structures 
within MATLAB. Again the mathematics is developed in tandem. Finally con- 
cluding the frst part of the book we give some examples of how MATLAB can 
be used to solve problems (using just algebra and exploiting MATLAB as an 
advanced calculator). 

In Chapters 4 and 5 we meet some classical numerical methods, in the form 
of root fnding and interpolation (and extrapolation). Although MATLAB has 
intrinsic functions which will perform most of these operations (fzero and 
polyfit) we have included a detailed description of both topics. This is aimed 
at helping the students to understand how these methods work，and where 
they can potentially fail. In Chapter 5 we discuss the general form of Newton 
forward differences，which are used in this chapter and supbsedquent ones (for 
instance to derive the formula for integration). In the next two chapters we 
explore the numerical analysis associated with integration and differentiation. 

In Chapter 6 we return to the topic of matrices. We Start by discussing 
the mathematical concepts of rank and linear independence. We also discuss 
eigenvalues and eigenvectors (and their interpretation for 2-by-2 matrices). The 
topic of numerical integration is taken up in Chapter 7 and in Chapter 8 meth- 
ods for the numerical solution of ordinary differential edquations are explored. 
Finally in Chapter 9 we use MATLAB to calculate some basic statistical quan- 
tities and also to explore some Imaps，some of which may be exhibit chaotic 
behaviour. 

The text finishes with appendices containing an introduction to the basics 
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of matrix algebra，a glossary of useful terms and solutions to all the tasks 
contained within the text. These appendices have deliberately been made quite 
wordy, Since we believe that the material they contain is one of the important 
aspects of the book. 

At the outset we expect readers to be mathematically literate to the level of 
being able to: and solve algebraic equations (for instance determine the roots 
of a quadratic and solve Simultaneous equations); integrate and differentiate 
Simple functions; solve separable differential equations (although examples are 
given within the text). Although exposure to complex numbers and matrices 
would be useful at the Start of the text, 直 i not neceSSary as these concepts 
are introduced in some detail in the introductory chapter. 

We would jlike to thank students of the University of Birmingham whose 
patience and comments have been invaluable in the construction of this text， 
In particular we would like to identify Sukhjinder Chana and Rob Ackeroyd 
for their careful proof reading and comments， 


St Andrews，UK 3. 人. Otto 
Adelaide, Australia J. P. Denier 
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91mple Caljculations with MATLAB 


1.1 Introduction and a Vord of Warning 


MATLAB is an incredibly powerful tool， but in order to use it safely you 
need to be able to understand how 让 works and to be very precise when you 
enter commands. Changing the way you enter a command，even Subtly can 
completely change its meaning. 

The main aim ofthis text is to teach you to converse with MATLAB and un- 
derstand its responses. It is possible to interact with MATLAB using a“phrase 
book”approach, which is fne if the answer is what you expect. However it is far 
better to learn the language so that you can understand the response. As well 
as learning the language it is essential that you learn the grammar or SyntaxXi; 
this is perhaps even more important with computer languages than conven- 
tional languages! MATLAB uses an interpreter to try to understand what you 
type and this can come back with suggestions as to where you Imight have gone 
WwWIong: sometimes what you have written Imakes sense to MATLAB but does 
not Imean what you expect! So you need to be careful. It is crucial that you 
formulate ideas clearly in your head (or on paper) before trying to translate 
them into MATLAB (or any other language)， 

We begin by discussing mathematical operations performed on scalarsl. 
is crucial that the material in this chapter is understood before proceeding， as 
让 forms the basis of all that is to follow2. 


1 That is numbers， 
2 MATLAB has a wealth of introductory material available to the user that can 
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We shall start by introducing MATLAB commands which can be typed at 
the MATLAB prompt; these will ultimately form part of our vocabulary of 
MATLAB commands. MATLAB already has an extensive vocabulary: however 
we will learn that we can expand this set. As the name MATLAB (MATrix 
LABoratory) suggests, most of the commands work with matrices and these 
will be discussed in due course. We shall start with scalar operations, for which 
MATLAB acts like a very powerful calculator. 


1.2 Scalar Quantities and Variables 


We will begin with the basic ideas of equations and variables. Try entering the 
comImands as they are given. Consider the following two commands: 


>> a= 3 
a = 

3 
>> b = 4; 


3 These two commands are entered on separate lines; the MATLAB prompt is 
denoted by >> (which does not need to be typed)，as distinguished 他 om the 
standard greate7 胡 am sign >. The command on the first line sets the variable 
a to be equal to three (3) and that on the second line sets the variable b to 
be equal to four (4 和. The two commands also differ because the second one 
ends with a semicolon. This instructs MATLAB to execute the command but 
SUDPIess any output; whereas above we can see that the value of a has been 
set to 3. These commands can be read as 


set a equal to 3 
set b equal to 4 (and suppress output) 


Reading the commands in this way 过 should be clear that it is not possible 
to have a command of the form 7 = x (set 7 equal to X), whereas we could 
haveXx = 7 (set x equal to 7). These variables can now be used again, for 
instance 

be accessed using the commands demo or tour. There is also a good help facility 
which, unsurprisingly, can be accessed by typing help followed by the command in 
question. There is also a facility to use a web browser (helpdesk or helpbrowser). 


3 Here, you would type a = 3, and then press RETURN, and then typeb = 4; and 
press RETURN again. The spaces are included purely for clarity. 
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>> a = 3; 
>> b = a+1l; 
>> X = a+b; 


The first line sets the variable a to be equal to 3,， the semicolon instructing 
MATLAB to execute the command but to Suppress the output. The second 
line sets b to be eqdual to a plus one, namely 4: again the semicolon SupPpresses 
output. The third line sets x to be a+b which is 7 (again output is SupPressed)， 
MATLAB can be used as a very powerful calculator and its operations fall 
into two basic groups: Vma7y and ba7y，the former operating on one quan- 
tity and the latter on two. We Shall begin by considering simple arithmetic 
operations，which are ba7%. For instance typing 3*4 generates 


>> 3x#4 


12 


Notice here that we have multiplied the two integers 3 and 4,， and the answerT 
has been returned correctly as 12. MATLAB uses the variable ans to store the 
result of our calculation, in this case the value 12, so that 这 can be used in 
the subseduent commands. For instance the command ansxk3 will generate the 
result 36 (and now the variable ans will have the value 36). We could also have 
used the commands a = 3; b = 4; X = akb which can be typed on one line 
and Tead as 


set a equal to 3 (don't output anything) ， 
set b equal to 4 (don't output anything) 
and Set X equal to a times b 


Division works in exactly the same way as in the multiplication example above. 
I we try the command 3/4, MATLAB returns the value 0.75. 

It is a good idea to use meaningful variable names and we Shall shortly 
discuss valid forms for these. 


卫 xample 1.1 779 enteri2g 如 e jo1iowig comz7a72ds ?to 4774DB，put pejore 
VoOU do so 1 杂 y 1 Wo of Rat outptt yo ouwld ezZpect 


>> 3#+5#6 

>> Z1 = 34; 
>> Z2 = 17; 
>> Z3 = -8; 


>> Z1/z2 


4 1. Simple Calculations with MATLAB 





>> Z1-Z3 
>> Z2+Z3-Z1 


玖 opejully yo shoulad get 奶 e asWwers, 90，2,，42 amd 一 25. 


Example 1.2 有 ere we give am eZa7m1Dle of 如 e sz2Dle Use of prackets: 


>> format Tat 
>>a=2;b=3; c= 4; 
>> ak(b+c) 

>> akb+C 

>> a/b+c 

>> a/(b+c) 

>> ormat 


7 万?s ezZa7aDVe yoU 51ould ge 雪 e asWUe75， 14， 10 14[3 and 2[7. ope 肥 11 奶 15 
giUes VOU 507le ?idea 矶 at gracets 7ajie MA4T74PB perjform 妇 ose calcula 友 o715 
Jirst (THe comm7aa70d Format rat Jas beemn Used 如 Jorce 坝 e yesults to pe Show 
Q5 7a 友 0000415， 妇 e Jal co71la7ld Fomrmat 7everts 1 地 e dejau 记 WARzch RaDpPpe72s 
to be Format short.) 


1.2.1 Rules for Naming of Variables 


In the examples we have seen so far we have Simply used variable names which 
Seemed to Suit the task at hand with no mention of restrictions on allowable 
variable names in MATLAB. The rules for naming variables in MATLAB can 
be Summarised as follows: 


1. Variable names in MATLAB mnust start with a letter and can be up to 31 
characters long. The trailing characters can be numbers，letters or under- 
SCOres (Some other characters are also available but in this text we shall 
stick to these). There are many choices which are forbidden as variable 
names，sSome for very obvious reasongs (Such as axb which signifes a mul- 
tiplication of the variables a and bj and others for more subtle reasons (a 
good example is4 a.b)， 


The rules for naming variables also hold for naming MATLAB files. 了 ow- 
ever, in this case a Single dot is allowed within the name of the file; every- 
thing after the dot is used to tell MATLAB what type of fle it jg dealing 


4 The reason this is not a valid variable name lays in the fact that MATLAB supports 
object orientated programming. Because of this a.b refers to the value of the “b” 
component of the object a. 
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with (whether it be a fle containing MATLAB code, or data etc). We will 
see Imore on this later in the section on sc7?2Dt files. 


2. Variable names in MATLAB are case sensitive，so that a and A are two 
difterent objects, 


3. LI ig good programming Practise to employ meaningful variable names. 
In our initial examples we have only used very Simple (but appropriate) 
names: however as the examples become Imore complex our variable names 
will be more informative. 


4. Variables names should not coincide with a predefined MATLAB command 
or with any user-defined Subroutines. To see whether a variable name is al- 
ready in Use we can use the command type variablename，but it may 
be better to use the command which variable_name (this will tell you 
whether the name variable_name corresponds to an existing code or in- 
trinsic fumnction . 


1.2.2 Precedence: The Order in Which Calculations Are 
Performed 


This represents one of the most comimon sources of errors and it is often the 
Imost di 全 cult to detect. Before proceeding we briefHy comment on the question 
of precedence, or the order in which commands are executed. Consider the 
Imathematical expression wa( 十 cj which you might read as“a times 0 Plus cC” 
which would appear to translate to the MATLAB command axkb+c. Hopefully 
you camn see that this actually is equal to wb 十 c. The correct MATLAB command 
for ww(0 十 cj is ax (b+c). The brackets have been used to force MATLAB to firrst 
evaluate the expression (b+c) and then to multiply the result by a. We should 
avoid falling into the trap of assuming that commands are performed from jleft- 
to-right, for instance c+a#kb is edual to c 十 ab (not (c 十 wb as 让 the addition 
Was performed first). 

At this point we should pause briefHy and make sure the ideas of brackets are 
frmly in place. Brackets should always appear in pairs and the mathematics 
contained within brackets (or eduivalently MATLAB) will be evaluated first. 
Hopefully this concept is familiar to you: however it is worth reiterating, since 
one of the most common problems in using MATLAB occurs due to either 
Unbalanced or incorrectly placed brackets. For example the commands (3+4/5) 


and (3+4)/5 are obviously different, the former being 3 和 and the latter being 


3+4 
5 
The most critical use of brackets, which circumvents another popular source 
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of error' is in terms of division. We should note that in the syntax of MATLAB 
a/b#c is not equal to 六 but #c. In order to ensure that the denominator of 
the fraction is calculated first we would need to use a/ (bxc), which is edual to 


丰 . Similarly for examples like a/b+c versus a/ (b+c). 


也 xample 1.3 Determmime 态 e Value of 如 e ezpressiomn ua( 十 clc 十 四 )a，WwAnere 
aa 一 2,0=3,c 王 一 4andad= 一 3. 

411uougP ts 15 Q yelatiuvely 5s?272D1e ezZa7aDle 计 15 Wor 志 comstructig 太 e 
174774B statement to evaluate 妇 e ezpressio71 


>>a=2;b=3;j cc= -4;) qd = -3 
>> ak(b+ck(Cc+d) )a 


7T715s 902VES 妇 e a118Uer 124. 天 15 Wor 雪 pausz9g Pere 如 cozsider 妇 e sy1ata7Z of 
记 ese co7zl11007205. 1 妃 e Jrst We of 妈 is code We 126alize 如 e jour vartables w， 
bc azd d to Pave 妇 e vaues 2, 3,， 一 4 amd 一 3 7espectively， TARe co7mn77a072ds eac 几 
e7g Wit 妇 secolo7s; We have chose7 to Dace al jour co7z7a72ds om one 12706: 
几 oWUEeVEe7 胡 ey could TuUst as eas21 pe Placed om separate 10es， 作坊 如 e va7Yapbles 
0Q55107EQ VQLULeS We ca7 10UW Se 胡 emm 如 perform calcula 友 o7.5，5uCI as 也 妇 e 
Seco1mg Je Where We Jorm 态 e ma 妇 ema 友 cal ezpyressiomn auw( 十 cc 十 四)a. Vote 
Ql1L 70ULbDUzcato7s TUSE be demoted 0 a7T aste71s5 ad brQckets jaUe beem USeQ 
to jorce precedenlce of 奶 e operatiom; of course 妇 e bracketls 7naust balance (or 
each 1e 丰 bracket 妇 ere 15 Q coryTespomdi72g 729Rt bracket Jor 妇 e ezpressio7 加 
7T0QKe 5e71.5e， 


了 Example 1.4 Evaluate 妃 e 1W47745 ezpressiom5 
1+2/3*k4-5 


1/2/3/4 
1/2+3/4*5 


5-2#k3#*(2+7) 
(1+3)#(2-3)V/3#4 
(2-3#+k(4-3) )*4/5 





0 1a72d a720 胡 em cjeck asWwers Wi 矿 1I47747. 

Recall 雪 ot 如 e opeya 丰 0o72s of diuzsiom ad 7T0ULD1zca 好 om 如 Ke Drecede7mce 0OVe7 
addiiio7m amd subtractom (type helD precedemce 中 1 矶 e 147T74B prompt jor 
07e details). 


1.2 9Scalar Quantities and Variables 





THe ezZp7ress1075 QTe 902UE7 DV 





2 4 
1+2A3x4f-5 王 工 十 54 一 总 三 一 3 
1 
1L203M4 = (1213)/ 胃 = 责 ， 
1 3 17 
1L[L2+3AA*x5 王 了 条 59 一 本 ， 
5-2x3xr(2+7) 一 5 _ 6(9) = 一 49， 
CH3)x(2-3)]3 灯 一 人 2 芭 3 
(2-3x(Gf-3))xh]5= (2 -3x 5 =- -3 


RicP ca pe Veried 和 147T14B; we cam Vse 胡 e comn7aa70d Format Tat 加 
Jorce MA47T148B 加 out 寻 雪 e 7esults as 7a 帮 omal TUa0e7s 【(《 纹 of 15， 方 actio725). 


We mention here MATLAB has a number of intrinsic constants which 
the Programmer can Use，for instance pi and eps. The former is merely 
T 三 3.14159265.…， and the latter is the distance from unity to the mnext 
real number in MATLAB5. It is also possible to enter numbers using the 
exponent-mantissa form. Ihis uses the fact that numbers can be written as 
“mantissa X 108XpPonent”， for example 





Number mantissa - exponent | MATLAB form 
789.34 7.8934 x 10? 7.8934e2 
0.0001 1 x 10-4 1e-4 
祭 4x100 和 4 
400000000000 4X101 4el1l 


Example 1.5 Jrite 3432.6 记 ezpoment-7T0a728issa jorm and Write 100 x 1010 


2 0777201 jor77. 


Te have 
3432.6 三 3.4326 x 103 


QT20 
100 x 1010 三 1, 000,000, 000, 000. 


5 The smallest positive number that MATLAB can store which is different from zero 
is realmin which is approximately 10-308，whilst the largest number is realmax 
which approximately 103?08. These intrinsic constants may be dependent upon your 
version of MATLAB and/or your computer's operating system. 
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Example 1.6 Use MA47T74B to calculate 雪 e ezZpyress107 
Q 
8 


0 


Were wa 一 3,0 王 5 azdc= 一 3. 
THpe code jor 妇 is DuU7Dose 715: 


b-a/(b+(b+a)/(cxa) ) ; 





Wz 遍 雪 e so1u 友 om bezg comtazed 也 训 e va7IQbLe 7. 


Example 1.7 Pnpter 态 e TubersZ 一 45 x109 and yy = 0.0000003123 wsing 
态 e ezZpome7 太 70070 友 SSQ SVTtaZ descrioed above. Calcuiate 妇 e qua7m 友 ZUV 5209 
144774PB and by ja7d. 

172s 1s Qcco7D15S1ed ?5120 妇 e code 


式 45e9 ; 
y = 3.123e-7; 


XyY 二 入 米 y 





Voice 雪 ot Pere We have USed au Va77Qble ma7T2e ZU WURZCP Sould mot pe comjused 
Wi 志 专 e 120 胡 emaa 胡 cal eZpyessiom ZU (tat 15 7 X 2) 


We can now set the values of variables and perform basic arithmetic operations， 
We now proceed to discuss other mathematical operations，. 


1.2.3 Mathematical Functions 


Before we proceed let us try some Imore of the“calculator”functions (that is， 
those which are familiar from any scientific calculator). 


Arithmetic functions +,，-，/ and #. 


Trigonometric functions sin (sine),cos (cosine) and tan (tangent) (with their 
inverses being obtained by appending an a as in asin，acos or atan). 
These functions take an argument in radians, and the result of the inverse 
functions is returned in radians. It should be noted these are functions and 
as Such should operate on an inputi the syntax of the commands is sin(x) 
rather than Sin x 
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了 xponential functions exp，1og,，1og10 and“. These are largely self explanar- 
tory，but notice the default in MATLAB for a logarithm is the natural 
logarithm lnzZz. The fnal command takes two arguments (and hence is a 


binary operation) so that ab gives a2. 


Other functions There are a variety of other functions available in MATLAB 
that are not So comimonly used, but which will definitely be useful: 


round (X) Rounds a number to the nearest integer 

ceil(x) Rounds a number up to the nearest integer 

flLoor (x) Rounds a number down to the nearest integer 
fix(X) Rounds a number to the nearest integer towards Zero 
Tem(X,y) The remainder left after division 

mod(x,y) The signed remainder left after division 

abs (X) The absolute value of 式 

Sign(x) The sign of x 

factor (Xx) The prime factors of X 


There are many others which we will meet throughout this book. We note that 
the fnal command factor gives Imultiple outputs. 

We now construct some Imore involved examples to illustrate how these 
functions work. 


瑟 xample 1.8 Calculate 妃 e ezpyressioms: sin 60? (amd 万 e samme quUam 友 妈 sSquUa7eag)， 
exp(ln(4))，cos45? 一 sin45?", lnexp(2 十 cosT) azd tan30?/(tanT/4 十 tanT/3). 

Te sjall give 太 e MA4TZ4B code wsed jor 妇 e calculaiom toge 纪 er Wi 太太 e 
TeSUltS: 


>> xX = Sin(60/180*xpi) 


X = 
0.8660 

>> y = X72 

y = 
0.7500 


>> exp(1og(4)) 
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1.1102e-16 
>> log(exp(2+cos(pi))) 


DR 一 


>> tan(30/180*pi)V(tan(pi/4)+tan(pi/3) ) 


0.2113 


Tjpe values of these ezpressions should je V3/2, 3/4, 4, 0, 1 and 1/(3 十 V3). 
Volice 妇 at zeyro jas beem apDp7rozZi1aated UV 1.1102e-16 Which 15 5s70aller 雪 om 
态 e 1MH4774P uariable eps， WUj1ich rehecti 坊 e accuracy 10 Nicji 太 1s calcula 帮 om 
215 De7jor7mned. 


It is worth going through the previous example in order to piactise the 
comImand syntax. Getting this right is crucial since it js only through mastering 
the correct syntax (that js, the MATLAB language) that you will be able to 
communicate with MATLAB. When you firrst start programming it is common 
to get the command syntax confused. To emphasise this let'"s consider Some of 
the commands above in a little more detail. Let us start with jz) = Zsin :the 
MATLAB command to return a value of this expression is x#ksin(x) and not 
XkSinx OF xsin(x). The command Xkrksinx would try to Imultiply the variable 
x by the variable sinx; unless the variable sinx is deftined (it isnt) MATLAB 
would return an erTror Imessage 


?3?3 Undefined function or Variable Sinx')， . 


Similarly the command xsin(x) tries to evaluate the MATLAB function xsin， 
which isnt defined，at the point x. Again MATLAB would return an error 
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Imessage, in this case 
?3?3 Undefined function or Variable 2XSin， . 


In cases Such as these MATLAB provides useful information as to where we 
have gone wiong; information we can use to remedy the syntax erTror in OUT 
piece of code. This simple example emphasises the need to read your code very 
carefully to ensure Such syntax erTors are avoided. 


IMPORTANT POINT 








It is essential that arguments for functions are contained within round 
brackets, for instance cos (x) and that where functions are Imultiplied 
together an asterisk is used, for instance jz) = (Z 十 2) cosZ should be 
WwWTIitten (x+2)#kCcoSs (X) . 














了 Example 1.9 7Re 包 mc 友 o7s We sed 也 如 e Drevious eZa72DVe al took a 527291e 
Q70U70e1t Q5 3111DOt 坊 jor eZam2DVe sZ2 02) athemaicallo We ca7 dejime 甩 mc 友 0o725 
of too or mo7e UVa7iables. ML4T74PB has oa 77nper of itri0sic 用 mc 如 o75 oF 雪 75 
如 pe (such as 坝 e remmazader 用 mctom rem)， 7o see how 妇 ese are eaDVoyed 
21147784B we comsider to ezamalD1es oj sc 多 mc 好 os，o7e of Aicj 如 Kes 
IT0LLLlDVe 2DULS QQ 7etl7925 Q 51291e ouUtptt ad 妃 e oer jicP tpes a 529le 
272DLt QT20 7et772S 72UL 友 DLe Outputs5. 

Ou7 Jrst ezZam1lD1e 25 e MA4TZ4P 负 nctom rem. THe com7ma70d rem(z 1 
calculates 妃 e 7e7atzader WAen 2 15 dozqded by yy For ezZamDVe 12345 三 9 X 
1371 十 6，so 如 e 7emaaader WARem 12345 15 divlqded 0 9 15 egual 10 6.， [Te cam 
deter72l72e 妇 1s Wi 专 1H47T74 了 0 s270D1 Vs29 rem(12345，9)， 

47 eza7zapD1e of a co77700720 WARicR takes a 5?91e ?DuUt ad retu7725 TU1t2D1e 
OutpuUts ?5 factomr WAzci D7ouwtdes 妇 e D721T0e deco7D05? 友 0 oj am teqger， For 
eZQ72DLe 


>> factor(24) 
angs = 


[2 2 2 3] 


丽 ere 如 e solutiom 15 Tetu77ed 0a5 0 Q77QV oj TU1abers 0Q5 胡 e asWUe7r 715 0 0 
SCalar qua1 太 妈 ， 玫 e could TUst as easz Used 妃 e comalaT0 2 = actor(24) 加 
5et 2 equUal to 矶 e aryay 12 2 2 31. Fe cam 7ow check MA4T74PB Pas coryrecty 
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deteryna22ed 记 e DT72T2e decom2D0511070 of 坊 e maper 24 209 702DVV200 妇 e ele- 
710e11ts oj 胡 e ayryay 2 toge 妇 er 如 5 25 700st 7eadzly acpzieved py 5209 a20 雪 er 
201727057C jc 友 07 Do0d(Z)， 


1.3 Format: The Way in Which Numbers 
Appear 


Before we proceed we stop to discuss this important topic. This can be simply 
jllustrated by the following example: 
了 Example 1.10 Comszder 妃 e joliowz7g code 


s = [1/2 1/3 pi sqrt(2)] ; 
format Short ; S 


format ong; S 


format Tat; S 
format ; S 





态 15 gemerates 胡 e ov 如 导 


>> format Short; S 
s = 

0.5000 0.3333 3.1416 1.4142 
>> format Jongj S 


六 关 


0.50000000000000 “0.33333333333333 “3.14159265358979 1.41421356237310 


>> format Tat;i S 
S = 
1/2 1/3 355/113 1393/985 


>> format ; S 


0.5000 0.3333 3.1416 1.4142 
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There are other options for format which you camn see by typing helpP format. 
The default option is format short (which can be reverted back to by simply 
typing format). The above options are 


Short -5 digits 
long -15 digits 
rat -try to represent the answer as a Tational. 


You should note that whilst format Tat is veIy Useful, it can lead to misleading 
answers (in the above example clearly T is not equal to 355/113). At the start 
of a_ calculation it is a good idqea to ensure that the data is being displayed 
in the appropriate format. In this example we have performed an operation 
on four numbers at once Using the vector construction in MATLAB. We now 
proceed to discuss this further. 


1.4 Vectors in MATLAB 


One of the most powerful aspects of MATLAB is its use of vectors (and Ul- 
timately matrices) as objects. In this section we shall introduce the idea of 
initiating vectors and how they can be manipulated as“MATLAB objects”. 


1.4.1 Initialising Vector Objects 


We Shall start with Simple objects and construct these Using the colon Symbol: 
=1:5; 


This sets the variable r to be equal to the vector [1 2 3 4 5] (and the semi- 
colon SupPpresses output, as normal). This js a row vector， which we can see py 
typing size(r) (which returns [1 5], indicating that Y has one row and five 
columns). This simple way of constructing a vector 工 = ai:b creates a Vector 工 
which runs from a to b in steps of one. We can change the step by using the 
slightly more involved syntax T = a:h:b，which creates the vector TY running 
位 om a to b in steps of h, for instance 
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givesr = [135]ands= [11.522.533.5].Wenotethat 让 theinter- 
val b-a is not exactly divisible by h, then the loop will run up until 过 exceeds 
b, for instancet = 1:2:6 givest = [1 3 5]. We can also initiate Vectors by 
typing the individual entries; this is especially useful 让 the data is irregular, for 
instancet = [14 20 27 10];. There are many other ways of setting Up vec- 
tors and for the moment we shall only mention one more. This is the command 
1inspace: this has two SyntaxeSs 


linspace(0,1) ; 


1inspace(0,1,10) ; 





Here s is set Up as a ToOwW vector which runs from zero to one and has one 
hundred elements and t again TuUns from zero to one but now has ten elements. 
Note here that to set Up a vector which runs 位 om zero to one in steps of 1/N,， we 
can usew = 0:1/N:1orW = linspace(0,1,N+1). (FEor example trying typing 
s=0:0.1:1.0; length(s). You will fnd that s has eleven elements!)， The 
command 1inspace is especially useful when setting up mathematical functiongs 
as We Shall discover in the next Section. 


1.4.2 Manipulating Vectors and Dot Arithmetic 


We shall now talk about the idqea of calculations involving vectors and for this 
Purpose we shall discuss dot arithmetic. 工 his allows us to manipulate vectors 
in an element-wise fashion rather than treating them as mathematical objects 
(in fact for addition and subtraction this is the same thing). 

To see how dot arithmetic works let's consider a Simple example: 


>>a= [123]|; 
>> 2#kaj 


ang 三 


2 4 6 
Suppose now we try to multiply a vector by a vector，ags 训 


>>a= [123]|; 
>> b [4 5 6]; 
>> akb 


?9333 ETTOT USing ==> 六 
Inner matrix qimensions must agree . 
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An error message appears because both a and b are row vectors and therefore 
cannot be multiplied together. Suppose however that what we really want to 
achieve is to Imultiply the elements of vector a by the elements of vector b ip 
an element by element sense. We can achieve this in MATLAB by using dot 
arithmetic as follows 


>>a= [123]|; 
>>b= [456]; 
>> a.#b 
amngs. 三 


4 10 18 


A glance at the answer shows that MATLAB has returned a vector containing 
the elements 
[oilpl, azba, a3b3]. 


The . indicates to MATLAB to perform the operation term by term and the # 
indicates we reduire a multiplication. We can also do a term by term division 
with 


>>a= [123]; 
>>b= [456]; 
>> a./b 
和 下 S 


0.2500 0.4000 0.5000 


The result js，as we would expect， 
Q1L Q2 Q3 
0 p2 0 


Example 1.11 卫 e spall create 1o Vectors 7uU70020720 ro ome to 5 ad Jro7n 
52 10 071e Q1d 胡 em demmomstrate 胡 e USse of 矶 e dot arzthmme 帮 cal opera 友 075: 


16 
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T75s D7odauces 矶 e out 导 


>> S+ 七 


>> S. 半 七 


0.1667 0.4000 


0.7500 


1.3333 


36 


2.5000 6.0000 
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1.0000 0.5000 0.3333 0.2500 0.2000 0.1667 


>> S/2 


0.5000 1.0000 1.5000 2.0000 2.5000 3.0000 
>> S+1 
ans = 


2 3 4 5 6 7 


7Pese 7epresent 7005sf Of 雪 e 5S272DVe opera 友 0o75 AZcA WUe 700V Want to 75e. 


We note that in order for these operations to be viable the vectors need to be 
of the same Size (unless one of them is a scalar - as in the last three examples). 


1.5 Setting UP Mathematical Functions 


Following on fom the previous Section we discuss how one might evaluate &a 
function. It is crucial that you understand this Section before you proceed. 

We revisit the topics introduced in the previous section and discuss the 
ways in which you can set Up the input to the function 


了 Example 1.12 9el Da vector C WUAzcP comtaz05s 妇 e Values 方 omm zero to ome 
10 steDps oj one tem 纪 ， 
772s ca be dome 纪 Q Va7ie 怒 oj ays: 
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% First1ly just 1ist al1 the Values : 
x= [00.10.20.30.40.50.60.7 0.80.91.0]; 


Y Use the colon construction 
X=0:0.1:1.0; 


4 Or use the command Jinspace 


x = linspace(0,1,11) ; 





45 To0ted Dreuious1y We 1ot 如 妇 of 态 ere ayre elevem values petueem zero 
ama0 ome (cusiue) Jor a step 1e1g 坝 of one te 成， Yovu nay Want 如 杂 V 
1272SDace(0,1,10) amd see Uhat Values VoU 9et 


Each of these methods are equally valid (and more importantly will produce 
the same answer) but the latter two are propbably preferable，since they are 
easily extended to more elements. 

We now wish to set up a Simple mathematical function，say for instance 
4 一 2Z2. Initially you may want to type x*2 but this will generate the error 
Imessage 


?373? Error Using ==> “ 
MatTrix must be Square . 
This is because this operation is trying to perform the mathematical operation 
XXxxXandthis operation is not possible. Instead we need to use y=x. “2 which 
giveS 
>> y = 和. “2 
y = 
Columns 1 through 7 
0 0.0100 0.0400 0.0900 0.1600 0.2500 0.3600 
Columns 8 through 11 


0.4900 0.6400 0.8100 1.0000 


也 ere we see that each element of x has been squared and stored in the arTay 
y. 了 quivalently we could use y = 开 .#Xj. 


Example 1.13 Comstrucet 态 e polymomialy 一 (zZ 十 2)2(z3 十 1) Jor values of xz 
万 o7m TU5S 07e t10 0o7e 也 steps of 0.1. 
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再 ere 让 WoULd be abo7zous 如 怒 pe ou al 态 e elements of 坝 e vector so 10stead 
We 4se 态 e colom co7lstructom. Je shall also dejine = (zZ 十 2) andg = 一 23 十 1， 
50 胡 at We jaue 太 e code: 


生 于 二 OO 六 在 
X+2 ; 


X. “3+1 
( 王 .> 2) .#k(gE) ; 





710 妨 e comstrVUCc 友 om of 9 We Pave WSed 妇 e dot arit 妇 7ne 太 c 如 cuWbe eacjh elemzerLt 
ad 态 en adad ome 如 让 玫 Rem comstruct1g yy WUe Jrstoy squayre each elermuert 
of j (uiz 纪 F 2) and 胡 en 7naltip1y eacP element oF 雪 15 89 妇 e coryrespomdz729 
elemze7t of 9. 


You should make Sure that you are able to understand this example. 


2 
这 
Example 1.14 Comstruct 雪 e Junc 帮 om y 王 5 下 Jor values ojZ Jrom ome to 
络 


to0 ?7 steDps Oo/ 0.01. 
瑟 ere We merely 9?1Ue 妇 e so1u 友 0 





(Je cowuld have co7mmbiaed 态 e 1ast 雪 ree 1i70es jnto 妇 e si791e ezp7essiom 4 = 
2Z. 2.[(C. 3+1) ;1)， 


For the moment it may be a good idqea to use intermediate functions when 
constructing compjlicated functions. 


Example 1.15 Comstruct 如 e jnc 友 om 


Jor values oj z Jrom ome to 如 ree 妃 steps of 0.02. 
ere，aga2，We se 如 e ?idea of intermzedzate 有 mc 友 o75 
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1:0.02:3; 
X.CoS (X) ; 


广 . “2+3kX+1T ; 
sin(f./g); 





NB MATLAB will actually calculate f/g and in this case 让 will return a 
Scalar value of 一 0.1081. Unfortunately this will not generate an error but 这 
will mean that the answer is not a vector as we Should be expecting. 


1.6 Some MATLAB Specific Commands 


We shall now introduce a couple of commands which can be used to Imake cal- 
culations where the input can take a variety of forms. The first command is 
polyval. This command takes two inputs, Damely the coe 生 cients of a polyno- 
Imial and the values at which you want to evaluate ii. In the following example 
we Shall use a cubic but hopefully you w 记 be able to see how this generalises 
to polynomiajls of other orders. 


Example 1.16 Bovaluate 态 e cubicy = 23 二 327z2 一 2 一 1 at 雪 epointiz 一 
(1,2,3,4;5,6). e provide 态 e so1utiom 如 妃 1s ezammaDple as Q coma7aeited code: 


FirSstJly Set Up the points at Which the polLynomial 
is to be evaluated 
= 1:6; 


Enter the coefficients of the cubic (Cnote that 
these are entered Starting with the 
Coefficient of the highest power first 
0 


Now perform the evaluation Using PolyVval 


= polyval(c ,XI) 





Note that in this short piece of code everything after the y is treated by MATI- 
LAB as a comment and so is ignored. It is good practice to provide brief， put 
meaningful， comments at important points within your code. 
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IMPORTANT POINT 








It is imnportant that you remember to enter the coe 重 cients of the poly- 
Domial Starting with the one associated with the highest power and 
that zeros are included in the sequence， 














We might want to plot the results of this calculation and this can be Simply 
accomplished using the plot command. Consider the following example: 


Example 1.17 Plot 态 e polymnomialy 一 zzZ2 一 1 peteenZ 一 -2 andz 一 2 
(us2720 太 Hy Doz7Tats)， 


1inspace(-2,2,50) ; 
= [1010 = 人; 
= polyval(c,x) ; 
pP1lot(x,y) 





T72s Droduces e out 妇 导 
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In the next chapter we shall discuss plotting in more detail and show how plots 
can be customised. 

There are many other commands which allow us to manipulate polynomials: 
perhaps one of the most useful ones is the zxoots. The polynomial is defined in 
the same way as in the previous examples. The input to the routine is Simply 
these coe 重 cients and the output is the rootgs of the polynomial. 


Example 1.18 Finpd 态 e roots of 如 e polynomial y = 23 一 3z2 十 27 using 妇 e 
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co7m710207Q mootS， 


[1 -3 2 0]; 


roots(c) 





T72s 7retu7925 妇 e a715We7S Q5 Ze70，tUO ad 0o716. 


In fact the converse command also exists，which is polLy. 工 his takes the rootS 
and generates the coe 重 cients of the polynomial having those roots (which is 
Imonic, that is the coe 生 cient of the highest term is unity). 


1.6.1 Looking at Variables and Their Sizes 


Before we proceed we mention a couple of useful commands for seeing which 
variables are defined. To list the variables which are currently defined we can 
use the command whos. This will give a list of the variables which are currently 
defined (a shorter output can be obtained by using the command who). This 
comImand can be used to list certain variables only, for instance whos Tex#k listS 
only the variables whose names start with re, 


了 Example 1.19 7Pe joliowizmng code 


Clear al1 
= linspace(0,1,20) ; 
0:0.3:5; 


三 -于 5 
Whos 





92U65 胡 e out 导 


Name Size Bytes Cl1aSsS 

a 1X20 160 qdqoubJle arTay 
b 1x17 136 qdqouble array 
C 1XT 8 double arTay 


Grand total is 38 elements Using 304 bytes 


瑟 ere We have Vsed 矿 e clear Q171 com11l0720 to 7e7m20Ve al DTeViOVUSLV qdeFmed 
Va7ZQD1es. To 1ook o 妇 e szze of one VQ7QbLe We cam Use 妇 e comm70a2d 1em9gth， 
Jor ?stamlce Wz 雪 妇 e prewiows eZa1m2DVe 1emgth(a) WU 92Ve 妇 e asWwer 20. 你 e 
10te 胡 ot e comza070 sSZ2e(Q) UL 92Ue to di70e7s1075 of 雪 e ar7Qy， 妇 at 15 
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10 17s case [11 2071; 恕 is WU be Pay 让 cuWU1Q7rL se 有 jem We co7sider Tat7r7Ces 
20 de COVW75e. 


1.7 Accessing Elements of Arrays 


This is one of the most imnportant ideas in MATLAB and other programming 
languages which is often misunderstood. Let us start by considering a Simple 
arrayxXx = 0:0.1:1.;. 工 he elements of this array can be recalled by using the 
format x(1) tbhrough to x(11). 工 he number in the bracket is the index and 
refers to which value of x we require. A_ convenient mathematical notation for 
this would be zj where 7 = 1 …… ,11. This programming notation Should not 
be confused with z(7; that is Z is a function of 7. Let us consider the following 
jllustrative example: 


Example 1.20 Comsirucet 态 e 如 nctionm jz) 一 22 十 2 on 如 eset of pointsz=0 
to 2 了 纲 steps of0.1 amd give 妇 e value of Flz) atz=0z2z=1oandz=2 77e 
code to co1mstuUct 胡 e 用 mc 友 om 75: 


0:0.1:2; 
天 2 十 了 


Function at X=0 
f(1) 


% Function at X=1 
f(11) 
% Function at X=2 
f(21) 





TVote 坝 呆 雪 e 加 ree Doits are not 让 0)， 太 (GT) ad 广 (20)7 
In this example we have noted that Z 三 (7 一 1)/10 and hence 2Z1 三 0, 211 三 工 
and Z21 一 2. These three indices are the ones we have used to fnd the value of 


the function. 


IMPORTANT POINT 








In MATLAB f(j) the value of j refers to the index within the array 
rather than the function f(.) evaluated at the value j! 
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The expression end is very useful at this point, since it can be used to refer 
to the fnal element within an array. In the previous example f(end) gives the 
value of f(21) since the length of f is 21. 


Example 1.21 了 e now sPpow how to eZtract VUa73oUSs Parts of 如 e ar7ay 2. 
1inspace(0 ,1,10) ; 


X(1:end) ; % Whole of 式 
X(C1:end/2) ; % First half 


X(2:2:end) ; 4 Even indices only 
X(2:end-1) ; % AlL1 but the last one 





1.8 Tasks 


In this introductory chapter we shall give quite a few details (at least initially) 
concerning these suggested tasks. However， as the reader's grasp of the MATI- 
LAB syntax develops the tasks will be presented more like standard questiongs 
(the solutions are given at the back of the book in Appendix C). 


Task 1.1 Calculate 妇 e values of 雪 e Jollowing ezpyressio71s (to jnd 雪 e MI4T- 
4 commmaa7lds Jor eacj 记 mnc 如 om VoU ca Se 矶 e Gossay7y，5see jor 妃 stamce 
太 e entyry jor tam om page 386 or 妇 e help comz7a22d，PeZD ta7). 


pzZ)=22+3z+1otz=1.3， 
V(Z) = Sin(Z) aotzZ 三 30?， 
jz)=tanrl(z) atz=1， 


9g(z) = sin (cos 1 (z)) oftz = V3 


Task 1.2 Calculate 如 e value of 妨 e junction yz) = zlsinz2 Jor values of 
2 三 T/3 ad T/6 (use 雪 e MA4T74PB comymamzd abs(z) to calculate 2) 


Task 1.3 Coalculate 态 e quantities sin(T/2)，cos(T/3)，tan60? and In(z 十 
V7zZ2 十 1) WhereZz 一 1/2 andz 三 1. Calculate 如 e ezpressiomn ZW/((Zz2 十 1)sinz) 
Where 王 T/4andm 三 T/2. (you are geting stramge asWwers 1 坝 e jorm 
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of ra 友 o7015 VOU 700V Well Pave !e 磊 太 e jormat as rati so 9g0 back to 雪 e dejav 尼 
pb 1D129 Format). 


Task 1.4 已 zplore 雪 e use of 如 e Jumpcio7s roud，cez1 oor am2d 22 jor 轨 e 
ualuesz 三 0.3,2=1/3,z=0.5 722=1/2,7z=1.65 and7z = 一 1.34. 


Task 1.5 Commpare 态 e 14774 忆 包 nciomns rem(z,y) ad mod(z,y) Jor oa va- 
7iety of values of zz and y (tryzD = 3;45 amd y = 3,4) 一 46). (Details of 如 e 
co7m27107d5s ca7 be joumnd 539 雪 e he1D jeatu7e). 


Task 1.6 已 valuate 成 e 负 mc 友 o728 
1 一 2Z23 十 3z2 十 1 





2. 一 sin2z2 

3.y = (sinz)? 

4. 1 三 Simn27 十 Zcos47 
和 = 一 2Z/(z2 十 1) 

6. 2 一 下 si 





和 yy=1 人 z+zZ3/(z4+57sin2z) 
Jorz Jom 1to2 了 steps or0.1 


Task 1.7 已 valuate 妃 e jnpc 友 om 


2 一 郊 让 点 
Jorz=3toz=535 steps of0.01. 
Task 1.8 已 val1uate 妃 e jnpc 友 om 
_ 工 1 3 
一 再 7 


Jorz 三 -2 to7 三 一 1 2 steps of0.1. 


Task 1.9 (D) 77Hpe joliowing code ?4s suDDosed to evaluate 妇 e jncio7 


02 coS 存 7 


TDG+ 可 | 
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Jorze[0,1H using 200 steps). Correct 如 e code ad checF 雪 15 0 evaluati72g 
太 e 包 mctiom at Z 三 1 Vs?29 让 (200) hich should be 一 1/6. 


linspace(0,1) ; 


clear al1 
g = X73+1; 

也 = X+2 ; 

Z =X. ”2; 

y = cos Xpli 
f = ykZ/g*h 





Task 1.10 (D) Debuy 妇 e code Which is supDposed to plot 妇 e polyniomial z 一 1 
betuee Z 三 一 2 ad 2 一 2 5S7729 20 Doz7 友 . 


一 20 人 :25 
[1 0 0 -= 人; 
= polyval(c,Xx) ; 
P1lot(y,X) 





Task 1.11 (D) Debug 态 e code WAicj 45 suUDDosed to set UD 雪 e jnctiom jz) 王 
2Z3cos( 十 1) om 态 egridz=0to3 妇 stepsof0.1 and ge 妇 e value of 轨 e 
junpclomn atzZz 三 2 az 三 3. 


= linspace(0,3) ; 
= X7> 3.#kCcoS X+1; 
驻 


f(2) 
YXx=3 
f(Endq) 





Wimtng 9cmpts and Fuonctions 


2.1 Creating Scripts and Functions 


With the preliminaries out of the way we now turn our attention to actually 
using MATLAB by writing a short piece of code. Most of the commands im 
this section have purposely been written so they can be typed at the prompt， 
>>. 再 owever，as we develop longer codes or ones which we will want to run 
Imany times 记 becomes necessary to construct Scripts. A_ script is simply a fle 
containing the sequence of MATLAB commands which we wish to execute to 
Solve the task at handi in other words a Script is a computer program written 
in the language of MATLAB. 

To invoke the MATLAB editorl we type edit at the prompt. This editor 
has the advantage of understanding MATLAB syntax and producing automatic 
formatting (for instance indenting pieces of code as necessary). It is also useful 
for colour coding the MATLAB commands and variables. Both of these at- 
tributes are extremely useful when it comes to debugging code. The MATLAB 
editor also has the feature that once a piece of code has been run the values 
of variables can be displayed by placing the mouse close to the variable's loca- 
tion within the edqitor. 工 his is extremely useful for seeing what is going on and 
provides the potential to identify where we might have made a mistake (for 
instance, 让 we had set a variable to be the wrong size). 


1 You can of course make use of any other editor you have available on your computer. 
We have chosen to use the built-in MATLAB editor. Its implementation may differ 
slightly fom Platform to Platform. If you are unsure of its use try typing help 
edit at the MATLAB prompt. 
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Example 2.1 了 帮 e pegz 0 ete7209g 072d 7U72720720 如 e code: 


input(?First number ) ; 
input(?Second number ); 


disp([” Their sum is ”num2str(a+b)]) 


disp([” Their product is ”num2str(akb)]) 





7715s 5?1DVe code cam bge etered at 太 e D7o702 坟 pt 圾 at ould dejeat ouw7 
DU17D05e O1 72657209 5C722 es， 作 e sja1l 奶 erejore create or Jrst sc72Dt ad SaVUe 
让 2 Q 万 ie QT2ed tuWomauU1ms.1m To do 地 15， jyrst we 怒 pe edzt 驻 雪 e 4774 了 7 
DT7o7mDt to 07220 e editor Widow 如 妇 e joregrowad ( 矿 让 ezis 好 ) or JUvoke Q 
etU 07e 久 让 does 二 41o7g 坊 e base of 太 e 怒 Di19 ayrea are a set of iap0s. T71ese 
aliow yo to SU?itc 有 petueem yaULtDLe codes Wo 700U be 5272Utlta7eoVWSsL WOo7KE5700 
07. 0920Ce 妃 15 28 oOU1 Jrsi Use of te editor ML4TO4PB Wi Have 9iuem 胡 1s code 
态 e dejauit Tare UptZtLed.m. 

7p pz7oceed We 怒 pe 胡 e abowe code ?to 妇 e editor ad 雪 em Use 妇 e Fle Men 
(SuD itemma 9ave As) 1 cjla7z2ge 她 e Ta1le of 太 e code aad 9ave 让 as tuUomu1ms .1 
Te w?211 meed to erase 胡 e current dejautt name (Uptiztled.m) amd tyDe 胡 e me 
Jename. 4Hter a code jas bgeem aaed We ca Use 妇 e save icom (QUttie picture 
of a discj) to save 续 Ui 坝 ot 雪 e Teed to Use 态 e Fe Mena 大 we mow returm 
to the MA4774B widow amd enter 态 e com72a720 twomuUms at 矶 e Dro7a1 人 方 OU7 
code W?211 ge ezecuted; We Wi pe asked to elter juo TU1mabers ad 14774P ww 
calculate，a7d 7etur， 胡 etr Doduct ad 5sW7 THe content of 雪 e je cam pe 
QisDlaVyed pb 如 DZ729 tyDPe tonsS. 


This simple example has introduced two new commands，input and num2stT. 
The input command prompts the user with the fag contained within the quotes 
 ， and takes the user'"s response from the standard input, in this case the MAT- 
LAB window. In the frst example it then stores ouUr response in the variable 
a. The second command num2str stands for mpe7-to-str00g and instructSs 
MATLAB to convert the argument from a number,， such as the result of a+b， 
to a character String. This is then displayed using the disPp，. 


IMPORTANT POINT 








It is very important you give your fles a meaningful name and that 
the fles end with .m. You should avoid using flenames which are the 
same as the variables you are using and which coincide with MATLAB 
comimands. Make sure you do not use a dot in the body of the flename 
and that it does not start with a special character or a number. 
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For instance myfile.1.m and 2power.m are not viable flenames (good al- 
ternatives would be myfile_ 1.m and twopower.m respectively). Filenames also 
have the same restrictions which we met earlier for variable names (see page 
4 外 . WVhen processing a command, MATLAB searches to see 让 there is a user- 
defined function of that name by looking at all the fles in its search path with 
a .m extension. If you are in any doubt whether something is a MATLAB com- 
mand use either the command help or the command which in combination 
with the flename, for instance help load or which load for the MATLAB 
comimand 1oad. 

You should consider creating a directory for your MATLAB work. For in- 
stance on a Unix machine the sequence of commands (at the Unix prompt) 


mkdir Mat1lab_Files 


cd Mat]lab_Files 
mat1Lab 





will create a directory (which obviously only needs to be done once), the sec- 
ond command changes your working directory to Mat1lab _ Files and the third 
command invokes MATLAB (to check that you are in the correct directory use 
the command pwd to 'print working directory7). In a Windows environment you 
can Use Explorer to create a new folder and then invoke MATLAB by clicking 
on the MATLAB icon. On a Macintosh you can Simply create a new directory 
as you would a new folder2. Depending upon your computing platform you will 
probably need to change to your new folder; the cd within MATLAB allows you 
to change directories. Im MATLAB6 you can use the ... symbol at the top of 
the control environment to change the working directory and this is displayed 
to the left of this Symbol. It is also possible to access files from other direc- 
tories by augmenting MATLAB's search path. Again, this is platform-specific; 
the following works on our Unix Platforms 


path(path，/home/sro/MyYMat1labFiles 7) 


On a Macintosh you can set the path by choosing Set Path from the MATLAB 
File menu. With the search paths set t jg possible to create and manage &a 
Central resSouUrce of user Written library functions which can be accessed from 
any directory on youlr computer. 

One of the most common Sources of problems for the novice Programmer 
Ooccurs When the wrong Script is being run or when the computer cannot fnd 
the Program you have just entered. This is usually because the fle isn't im 
the correct directory，or is misnamed. You can check that a file is the correct 


2 Under MacOS X you can use the standard Unix commands given above. 
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one by using the command type. 工 he syntax for this command is simply type 
filel; this will produce a listing of the MATLAB fle filel.m. If the text is 
not what you are expecting you may well be using a flename which clashes 
with an existing MATLAB command. In order to see which file you are looking 
at, type the command which filel1. This will tell you the full pathname of the 
listed files which can be compared with the current path by typing pwd. You 
can also list the fles in the current directory by typing dir or alternatively al] 
the available MATLAB files can be listed by using what: for more details see 
he]lpP what. 


卫 xample 2.2 矿 we create 014774PB Je called pouer.m 519 雪 e editor 
做 CQ be SQVEQ 72 胡 e cuUyyent directo7y: 必 oWUEeVer 胡 e code W21 Tot or THe 
TeQ507 jor 如 is cam pe See 00 她 D109 Upizcjih Dower UPRzCR Dryodauces 态 e out 雪 寻 


>> Which PoweT 
power is a built-in function. 


9o 1MH47T74DB 2 try 加 TU 坊 e Di 矿 记 友 Pc 友 om 


2.1.1 Functions 


JIn the previous Sections we wrote codes which could be legitimately run at the 
MATLAB prompt. We now discuss the important class of codes which actually 
act as functions. These codes take inputs and return outputs. VVe shall start 
with a very Simple example: 


function [output] = xsq(input) 


output = input. 2; 





Which we will save as xsq.m. It is imnportant that we get the syntax for functions 
correct SO we']l go through this example in some detail. 


- The frst line of xsq.m tells us this is a function called xsq which takes an 
input called input and returns a value called output. The inpnut is contained 
in round brackets，whereas the output is contained within square brackets. 
It is crucial for good practice that the name of the function xsq correspondsS 
to the name of the fle xsq.m (without the .m extension)，although there is 
Some flexibility here， 


- The second line of this function actually performs the calculation，in this 
case sdquaring the value of the input,，and storing this result in the variable 
output. Notice that the function uses dot arithmetic . ”So that this function 
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will work with both vector and matrix inputs (Performing the operation 
element by element). Notice also that we have SupPpressed the output of the 
calculation by using a Semicolon; in general all communication between &a 
function Subroutine and the main calling program should be done through 
the input and output.， 


Having written our function we can now access it from within MATLAB. Con- 
Sider the following: 





了 Here we have initialised the vector X to contain the first ten integers. VVe cal] 
the function in the second line and assign the result，in this case Xx. “2，to 
the variable y. Notice that we have called the function with the argument x 
and not Something called input. The variables input and output are local 
variables that are used by the function; they are not accessible to the general 
MATLAB workspace3. When the function is run it merely looks at what is 
given as the argument. It is therefore important the function has the correct 
input; in our example scalar，vector or Imatrix inputs are allowed. Im other 
cases, 这 the function expects an argument of a certain type then it must be 
given one otherwise an erTor will occur (which will not always be reported 
by MATLAB). Of course it is not possible to call the function just using xsq 
since the code cannot possibly know what the input jg. MATLAB will return 
an erTror stating that the Input argument input” is undefined. As noted 
above this function can also be used for scalars, for instance Xsq(2) returns 
the value 4, and for vectors 


>>A= [123456]; 
>> y = xsdqd(A) 


y = 


1 4 9 16 25 36 


Eunctions can also take multiple inputs and give multiple outputs. Consider 
the following examples: 


了 Example 2.3 9uppose We Want to Dot comltouUrs of a jnmctom of to Variables 
2 一 02 十 02. Te can use 如 e code 


3 You can find out what variables are in use by MATLAB by typing who, which lists 
all variables in use, or whos, which lists all variables along with their size and type. 
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function [output] = func(x,y) 


output = X. 2 + y. 2; 





1Xci SPouUld be saVed 也 训 e Je func.m TPRe Jrst lne Jadicates 如 is 715 0 nc- 
艳 0 jcC 及 六 as 加 Oo TDULS 2 ad ad 7etu75s Q 510Le outptt output THe 
TeZt 872e Calculates 态 e Junctiiom Z2 十 2; again We Paue Used dot aritprmnetic to 
aliow jor 妇 e poss1b28t oj vector or 70atyr2Z Q70U70eT045. or 雪 e calcuiaiom 加 
pe Valid 胡 e vectors 2 ad y TU5sE 7QUe 胡 e sa70e 512e. To plot 坝 e comzitours ( 妇 at 
生态 e level curoes) of 如 e Junctiomn z 一 22 十 92 we Would proceed as jollous: 


x=0.0:pi/10:Ppi; 

y = x; 

[X,Y] = meshgrid(x,y) ; 
f = func(X,Y) ; 

contour (X,Y,f) 

axis([0 pi 0 pi]) 

axis equal 





7T7RZs 92VUe5 LS 妇 e D1ot 

















Eor 态 e 70070e1it We do 1ot meed to WOo77V abott 态 e Diotti79 com2T7207205s Sed 加 
dzisD1aQy 妇 e cuUy7Ves: WUe WU Tetuyrma to D1ott720 友 70o7e detazl ater 2 如 1s capte7. 
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IMPORTANT POINT 








It is just as important that the function receives the correct number of 
inputs as it is that they are of the correct type. For example, we cannot 


call our function using func or func(1) (or with arguments of different 
size). In all these cases MATLAB will give an error message， 














Example 2.4 9upDose We OUw Wait to co1stUct e squayes ad cubes of 纪 e 
elemze7ts of ua vecto7. e cam se 奶 e code 


function [sdq,cub] = xpowers(input) 
sq = input. 2; 
cub = input. ”3; 





49gaz， 态 e 1stUe dejipes 胡 e nciom zpowers， WAic1 jas to outputs sq ad 
cuD 0a70 07e ZOL TPRe seco1d ad 妇 17Q 82es calculates 如 e Values of 27DUt 
SdUa7Ted ad CUbed.， 7T775s Jumpczom 用 ie 7nalst pe saVed as ZDpowers.m ad 做 ca 
be called as joliovws: 


1:10; 


[xsq,xcub] = xpowers (X) ; 





TPRzSs 92VeS 


>> XSd 
XSsdqd = 
1 4 9 16 25 36 49 64 81 100 

>> XCcub 
XCuUb = 

Columns 1 through 6 

工 8 27 64 125 216 
Columns 7 through 10 
343 512 729 1000 


THAe output 315 to 7ow Vectors，o7e co7ltaz13100 e Values of 妇 e Jrst te7m 
ztegey7s 5SqUa7ed ad 如 e secod 坝 e Values of te jirst tem ntegers cubed. Notice 
态 ot Upem 胡 e jumac 丰 0 13 called We 72USE [0oUw WURat jorm of outptut we ezZpec 
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peer 太 ge Q scalar，Q Vector or Q 70atrZ，7TAe ezpected outputs sjouwuld be 
Dlaced wzt 刀 iT sdquUa7e brackets， 


了 Example 2.5 4s5 you 7m0i0gjpt ezpect Q jactiom cam Pave 7UltDle IDuUts amd 
OUtDWLS: 


function [outl,out2] = multi(inl,in2,in3) 


out1l1 = in1 + max(in2,in3) ; 
out2 = (in1 + in2 + in3)/3; 





1Zci SRouUld pe SaVUed as mu1tZ.m 7T73s 92Ues WU5 Q Jinctom called mult2 雪 o 
taQkes three ?TDULS 2701， 7272 ad 2103 ad 7etu7915 to ouUtputs out1 and ovut2. 
TPRe jirst out 妃 巡 33 太 e SU oj 如 e Jrst IDUt ad 妇 e 7022TUIT0 oj 如 e latter 
j00，calculated 52109 矶 e MA4TZ4B 训 厅 sic 记 Pczom maz. THe secomd out 地 
415 5272D10 e arttjprmaetic 70eam (te average) of 雪 e 1Dut， Te cam call 雪 55 
有 mc 友 0m 37 态 e jiowz729 WQV 


文 下 22 65 
[yl1,y2] = multi(x1,x2,x3) ; 


71，y72 





Eor 妨 ?s ezZa7DVe We obtaz0 V1T=7 ad V2=3.3333. 


The input and output of a function do not have to be the same size (although 
in most cases they will be). Consider the following example: 
Example 2.6 Comsider Q code WAizcji retu772s Q 5cala7 7esutt 1ro7m Q Vector 访 - 


Da For eZa70Dle 


function [output] = sumsq(X) 


output = Sum(CX. 2) ; 





Our Junctiom sunsg takes Q Vector (or poten 矶 al a scalar) as am iDUt amd 
Tetu77915 e SU of 坊 e squayes of 如 e _ element of 如 e Vector. THe 1W47748 
201727257C jc 友 070 SU calculiates 妇 e su oj 2 Vector a7gUWmeT 夺 or ?stamce 


ta] 
外 


[12456]; 
Sumsq(X) 


< 
外 


sets y edual to 如 e scalar 12 十 22 十 全 十 5 十 62 一 82. 
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2.1.2 Brief Aside 


For those of you familiar with matrices we pause here and note that the com- 
Imand in the previous example will also work with matrices: 


>> A=[123;456]; 
>> Sumsq(A) 


17 29 45 


The command has squared (and summed) the elements of the matrix A, which is 
two-by-three. This has exploited the property that the sum command sums the 
columns of a matrix. If we want to Sum the rows of a matrix we use sum(A ,2)， 
So that we have 


>> Sun(A,1) % which is equivalent to sum(A) 


Notice that the answers are the shape we would expect: the first is a Tow vector 
Whereas the second is a column vector. Many of the MATLAB commands we 
shall meet in this text, in general those commands which reduce the dimension 
of the input object by one， can operate along the rows or the columns; which 
is Specified using an additional argument， 

Many of MATLAB's intrinsic commands work in the same way and So care 
is needed to ensure that the correct number and form of inputs to functions 
are Used. 
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2.2 Plotting Simple Functions 


One of the most powerful elements of MATLAB is its excellent plotting facilities 
which allow us to easily and rapidly visualise the resujlts of calculations. We have 
already met Some examples of plotting (the line graph plotting of the functions 
and the contour plot on page 32). We pause here to try Some examples of 
the plotting facilities available within MATLAB. We start with the simplest 
command plot and use this as an Opportunity to revisit the ways im which 
functions can be initialised. We start with initialising an arTray, in this case X 


xX = 0:pi/20:pii 


which as we know sets Up a vector whose elements are 
区 交 称 
0， 二 让 人 到 19 元, ) 

20 20 20 
(that is, a vector whose elements range 他 om 0 to T in steps of T/20). This array 
is of Size one-by-twenty one，which can be confirmed by using the command 
size(X) or, 这 we know it is a one-dimensional array as js the case here, by Using 
the command length(x) (in general length gives the maximum of the dimen- 
Siongs of a matrix). We can plot simple functions, for instance plot(x,sin(Xx)) 
or Imore complicated examples Such as 


pP1lot(x,Sin(3*kX) ,X,X. 2.*kSin(3#kX)+COoS(4*X) ) 


(this plots sin 3z and z2 sin 37 十 cos 47). Try these examples out for yourself. 
Now we have an array X we begin using it as an argument to other functions. 
We start with calculating the point on a Straight line 37 一 1 using 


y = 3#+X-1T; 


Again size(y), or Ilength(y), confrms that this array has the same dimensions 
as the vector X. We can plot y versus Z using the command plot(x,y) to 
produce a straight line (in the default colour blue). You can change the colour 
or Style of the line，or force the individual data points to be plotted，using 
a third argument for the plot command; more details will be given later on 
page 45. 

Proceeding to polynomials, the code 


y = 式 . “2+3 ; 


produces a vector y whose elements are given by the quadratic z2 十 3. No- 
tice that py using the dot before the operator (here exponentiation“) we are 
performing the operation element by element on the arTay 
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Example 2.7 7Tp plol 妃 e quadratic Z2 十 77 一 3 from 7 eguals 一 3 to 3 访 steps 
oj 0.2 we Vse 如 e code 


天 二 一 320.233:》 
y = X. “2+7*X-3; 


griId on 
pP1lot(x,y) 





TPRe 7esulti729 Dot 45 92VE7 below 


30 T 





2 下 本 











We have given the plot a grid by using the command grid oni this can be 
removed using the command grid offt. 

MATLAB provides an excellent computing environment for producing re- 
SuUlts which can be viewed quickly and easily. 工 his is essential when we come 
to analyse the results of our calculations，a task that is usually necessary in 
order to obtain useful information from an otherwise mathematical calcula- 
tion. MATLAB is capable of producing very intricate and clear plots，as the 
following example ilustrates. 


Example 2.8 Comsider 妇 e joliowz7g code: 
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0:pi/20:Pii 

length (Xx) ; 

1:n/7:Dn; 

X. “2+3; 
pPlot(x,y,2b:,X(CT) ,y(CT) ，:Tk)?) 
axis([-pi/3 pi+pi/3 -1 15] ) 
xlabel(?X Values'?) 
ylabel(?Function Values'?) 


title(?Demonstration plot)?) 
text(pi/10,0, Nalpha=\beta"`2)7) 





凡 we dissect 她 15 Diece oj code We see 妇 e Jrst 00e Wializes 妇 e Vector 7， 
TPRe secomd ad 妇 i7Q 72es DZCK ouUt eve7y 妇 ?7Q teger VUQRLe peteem 了 ad 
1engt 太 (zz) 71Je jour 矶 1ine computes 雪 e values of 如 e quadraticy 一 22 十 3 
at 志 e Dot 友 记 雪 e Vector 2 (us19 dot arithrnetic to acjhieve 她 13)，JIe 妇 em 
7eac 凡 记 e p1ot col100110. 末 ere We are tel1i109 147T848B 加 plot 她 e curve V/ 
VUe7sus Z ad to colowr 矶 e plot Diue (usi20 妃 e Rag 加 让) 7TJe second part of 
胡 e D1ot co7z7a07ld tel1s 1M4TZ4B to plot every 妇 ird Dotnt om 专 e _ curve (erTe 
7eD7ese1lted 0 ZrD) ald VD)) as Dozats Which are 1apelied wwi a red asterisK 
28S3100 27yk72 THe co7z11007205 directioy Jollowz709 妇 e D1ot com7T0720 a7e sed 加 
72070DUlate 如 e Jal oog of 如 e Dot THe comm7ma7d azzs 5e 好 妇 e start and 
ed Doit5 of 专 e 1Po7izomtal ( 方 om 一 T/3 如 区 十 T/3) amd 坝 en 纪 e verzcal 
Qa245 (Jom 一 1 to 15).， 7je commmaamds z1abel ad VLabel add Iabels to 妇 e 
几 o7Z2o7taQl QQ Ve7 友 caQl QZes ad 如 e co770072d te 70t SU7D7053720L0 aqdds 妃 e 
jbe 如 妇 e jgure. 7TJe commmaa7a2d tezt aliows e User to add tezt to 如 e jgure 
at Q coo7dzaate sDecijed Wi 态 e UL1 oj 志 e plot THe arguments oF 雪 ese 
co1110207205 ?CUQe Q st172720 RCR starts ad eds Wi 雪 0 quotatiom 700786，77e 
tezt ca CUde 700720 caracters bjere We ave 了 Cuaded CTee 有 1etters， 572709 
态 e 玉 TBX2 comstructiomn \alpjpa jora and \peta jor .7T1e properties of a Figure 
CQ be edtzteqd 8320 奶 e drop qdow7m 70e7a5s om 15 WoWw.， 7T175 ?cludes pez700 
able to cease 妇 e 8512e of 如 e characters Vsed 1 1abel1s.， DBV cha70200 如 e 070e 
jcCP sets 妃 e 1He to 


tztLe(2Demomstratzo1 D1ot7，2FotS7T2Ze 24) 
We See quite Q draaatc c1amge 记 训 e size of 妃 e characters 7 雪 e 友 丰 e. 
4 ITRX is a language that is almost universally used for typesetting mathematics. 


It is available for almost all computing Platforms and operating Systems. Further 
details can be found by consulting any good ITFX text. 
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Demonstration plot 
15r T T T T T 





Function values 
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There are a wide variety of other plotting options available. For instance 
loglog(x,y) produces a log-log plot. Similarly semilogx and semilogy PTIo- 
duces a log plot for the Z and V-axis, respectively. You should also be aware of 
the commands cl1f which clears the current figure and hold which holdqs the 
current fgure. We will explore the use of these commands in the tasks at the 
end of this Section. 

One of the excellent features of MATLAB is the way ip which 让 handles 
two and three-dimensional graphics. Although we will have little need to exploit 
the power of MATLAB'S graphical rendering we should be aware of the basic 
commands. Examples serve to highlight some of the many possibilities: 


linspace(-pi/2,pi/2 ,40) ; 
7 = xx; 
[X,Y] = meshgrid(x,y) ; 
sin(X.”2-Y. 2) ; 
figure(1) 
contour (X,Y,f) 


figure(2) 

contourf (X,Y,f ,20) 
figure(3) 
Surf(X,Y,f) 





This gives the three fgures 
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-2 -2 


These fgures are, respectively, a contour plot (created using contour (X,Y,f))， 
afilled contour plot with 20 contour levels (created using contourf (X,Y,f,20) 
and a Surface plot (created using surf(X,Y,f)). The function f is plotted on 
a grid generated using the command meshgrid(x,y). As the name suggestSs 
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meshgrid sets UP a grid of points by generating copies of the X and y values; 
See helP meshgrid for details ofthis command. To further explore the Potential 
of MATLAB”s plotting facilities see the MATLAB demo topics Visualization 
and Language/Graphics. 


2.2.1 Evaluating Polynomials and Plotting Curves 
We return to the topic of functions by first constructing a simple program to 


evaluate a quadratic. We shall start with a code to generate the value of a 
Specific quadratic at a Specific point: 





This code sets x equal to 3, calculates Z2 二 Z 十 1 and then displays the answer. 
We now expand the above code so that the user can enter the point and the 
coe 重 cients of the quadratic. In general suppose we have the general quadratic 


色 
2 一 Q22 十 Q10 十 Q0. 


Firstly we need to define the quadratic and this is done by fixing the three 
coe 重 cients ao, al and az2. This can be done using the following script，which 
we will call quadqratic .mm 


quadratic . 
This Program eVvaluates a quadratic 
at a Certain Value of X 
The coefficients are stored in a2，al and a0. 
久 SRO & JPD 
儿 
Str = ”Please enter the ”| 
input([str coefficient of x Squared: ?]) ; 
input([str coefficient of x: ?]); 
input([str ”constant 上 erm: ?]) ; 
input([str ”value of x: ?]); 
= 3a2#XkkX+aT#kX+a0 ; 


Now display the Tesult 


disp([?Polynomial value is: ” num2str(y)]) 





Again we have a code where the frrst few lines of the code start with a 
percent Sign %. MATLAB treats anything coming after ay Sign as a comrment. 
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Comments at the start of a code have a Special signifcance in that they are 
used by MATLAB to provide the entry for the help manual for that particular 
Script. 工 he manual entry can then be accessed by typing help quaqdratic at 
the MATLAB prompt to produce 


quadratic . 茵 
This Programme eValuates a quadratic 
at a Certain Value of X 
The coefficients are stored in a2，al and a0. 
SRO 《 JPD 


Notice the manual entry terminates once MATLAB reaches a line in the fle 
quadratic.m in which the first character is not a 4 Sign. The line later on in 
the code which starts with a percent Sign is again a comment. In this case we 
have inserted this line to Provide information to the user about the calculation 
which is to be performed; in this case display the result of our calculation. 
Judicious use of comments throughout a code makes it readable by a person 
who Imay not be fully conversant with the precise details of the calculations to 
be performed. It is good programming practice to insert text as a manual entTry 
at the start of any code as well as including comments on particular aspects of 
the calculation which may not be transparent to the user of the code. Note 让 
js also possible to obtain a complete listing of the code from within MATLAB 
by typing type quadratic at the Prompt. 

Back to our code. The first three non-comment lines use the input command 
to prompt the user to enter the values of the constants a2, al and a0. As we 
Saw earjier the input command takes an argument in the form of a character 
string，contained between quotes, that acts as the Prompt which appears on 
the Screen. Here we have introduced a variable str which is equal to ?Please 
enter the ，, a phrase which is common to each of the input statements. The 
argument to input is then a vector containing strings. Notice in this example 
we have appended to the prompt a colon followed by a space so that when the 
User types the values, rather than them being fush against the fnal character， 
there is a Space. This is not necessSary but Simply a style convention we will 
usually adopt. 

For the moment we shall assume the user responds to the prompts by en- 
tering values which are reasonable. The user is then prompted for the value of 
2 at which they wish to evaluate the polynomial. The following line actually 
does the calculation of evaluating the polynomial;i at this stage we have used 
the fact that Z2 二 和 X2, but of course we could use a2*+x“`2+al#x+a0. There are 
Imany ways of wTiting polynomials, for instance this could have been written 
Tecursively as 

ao 十 2(al 十 Za2). (2.1) 
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This general recursive form goes under the name of Horner's method. With 
the function evaluated the answer is displayed，using the function num2stT 
(mumber-to-string”) which takes as input a number and returns a character 
string which is then appended to the phrase Polynomial value is: ”. The 
concatenation (joining together) of strings is achieved by writing them as ele- 
Iments in a Tow vector and then using the disp function to write them to the 
Screen ， 

There is no obvious reason why we couldn't type the commands given above 
at the MATLAB prompt and enter all the values required for the calculation 
to proceed. However, it i8 preferable to carry out the calculation by simply 
typing the command quadratici this also allows Us to have access to a general 
program which calculates the value of a quadratic. An even better approach is 
to write a user callable function. We will use this example to build up the level 
of complexity of the function until we have one which is as general as we can 
possibly Imake 站. 

Firstly let?7s Suppose the values of the coe 重 cients in the quadratic are knowmn 
a Drior 丰 . For example, suppose we want to evaluate the quadratic y 王 3z2 十 
22 十 1. We could then use the function 


儿 
# evaluate_poly .m 


儿 


function [value] = evaluate_poly(x) 
Value = 3#X. “~2+2#kX+1 ; 





Here we have again used dot arithmetic in the construction X.“2, thus making 
this function able to take both a scalar or vector (or even a matrix) argument. 
Ags we have seen earlier if this function is called with a vector, then a vector is 
returned as outpnut. 

Now we can use the function evaluate_poly, in the form evaluate_poly(2) 
orX = 2;y = evaluate _poly(x). Note within MATLAB we are able to call a 
function with a variety of different inputs; whether this is valid depends upon 
the structure of the function56. With this in mind we can now use our function 
to generate a vector containing the values of the polynomial at a number of 7 
points and plot the result using 


002575: 


5 A very similar command already exists in MATLAB，namely polyval，but this 
function is developed to demonstrate the construction. 

5 This is similar to the idea of overloading which is intrinsic to object orientated 
languages jlike C++ and Java. However，in those languages a different function 
js called depending on the type of inpput，whereas here it is one function which 
apparently deals with all the cases. 
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>> y = evaluate_poly(x) ; 
>> plot(x,y) 


Which givegs 


90 
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2.2.2 More on Plotting 


At this point we briefy return to the problem of generating plots using MAT- 
LAB. The simple code given above first sets up a vector which runs from z = 一 5 
toZ=5in steps of 0.5. The value of the quadratic at each point is then calcu- 
lated, using our newly defined function. 工 he final plot (x,y) command Simply 
draws a line through these points. 工 he way the plot is constructed can best 
be seen by making the zZ-grid coarser (that is，with less points); we then fnd 
the plot is constructed by drawing a Straight line through each pair of points. 
MATLAB is slightly more subtle than this in that 让 checks whether there is a 
window open ready for plotting, and 让 not it opens one. The axes are automati- 
cally rescaled and tick marks are drawn. The default settings are generally fine， 
although at some points you Imay want to look at certain regiongs of the Plot. 
At the moment we will not worry about the details of how this is achieved 7. 
In general we shall introduce the features of the plotting package as we need 
them. Here we extend our plotting capability by considering the impact of a 
7 Try the commands h = gca. This returns what MATLAB calls a 'handle' to the 


current axis, and then the function get(h) lists all the properties of the axis. There 
is also a command gcf which returns a handle to the entire figure. 
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third argument of the plot command, Such as in plot(x,y,2T.). The string 
Which is passed as the third argument conveys information as to how the plot 
should be presented: here the first character r is the colour (red) and the second 
is the symbol (in this case a dot .) to be used at each point (as opposed to a 
line joining the points). The colour options are 


了 yellow In Iagenta 
C Cyamn Ted 

g green b blue 

双 white 上 black 


and the choice of symbols are 


Point V triangle (down) 
0 circle 又 triangle (up) 
X-Iark < triangle (left) 
十 Plus 次 triangle (Tight) 
四 star P pentagram 
8 Square hexagram 
d diamond 





It is also possible to control the line style. Instead of using a Symbol, as in the 
previous command，we can draw the line using one of the following options: 
- Solid 
dotted 
-. dashdoft 
- - dashed 


Ags we Saw earlier (on page 38) we can also plot more than one curve on the 
same graph. One Simple way of achieving this is through the following code 


>>x = -pi:pi/20:pi; 
>>pP1lot(x,sin(X) ，r- ,xx, cos(X) ，b: 2) 


This generates the plot 
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二 让 上 | 上 | 上 | 上 | 1 
-4 -3 -2 -1 0 1 2 3 4 





位 om which the command syntax can be deduced; a plot of sin(zZ) versus Z using 
a solid red line and a plot of cos(Z) versus 2 using a blue dotted line (让 the plot 
Were to be viewed in colour). This could have been achieved in another way 


Xx = -pi:pi/20:pi; 
C] 工 
plot(x,sin(x) ,2Tr-?) 


hold on 
plot(x,cos(x) ,2b:) 
hold off 





As you might infer from this, using the command plot clears the current plot 
and replaces it with the new fgure，unjless the figure is being“held”. So here 
we plot sin(Z)，hold this current fgure using hold on and then plot cos(2). 
The current fgure is released using hold off. 

We could add a legend to this plot to help us identify which line is which. 
This is accomplished with the command 


legend(:sine, cosine)) 


Which now gives 
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证 间 上 上 | | 上 | 上 | 上 | 1 
-4 -3 -2 引 0 j 2 3 4 





In this case the legend has been placed in the top Tight corner，however itS 
location can be changed, see helP Jegend for details. 

We now return to ouUr discussion of functions and consider in Imore detail 
functions which can be called with more than one argument and return as Immany 
arguments as we Wish. In constructing functions we do need to take some care 
with how our outputs are returned; we have already seen that 这 the function is 
called with a vector then the“output”is, in general, a vector. However, there 
js no reason why there should not be two (or more) outputs returned. Consider 
the following modifcation to the function evaluate_poly from page 43 


儿 
% evaluate_poly2.m 
儿 


function [E，fprime] = evaluate_poly2(x) 
丰 = 3#kX. ~2+2#kX+1 ; 


fpPTime = 6*+X+2; 





This MATLAB function calculates the values of the polynomial and its deriv- 
ative. This could be called using the sequence of commands 


和 二 570.555， 


[func,dqfunc] = evaluate_poly2(x) ; 





We can further generalise our code by passing the coe 伍 cients of the quadratic 
to the function, either as individual values or a vector. he code then becomes 
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儿 
% evaluate_poly3 .m 
儿 


function [f,fprime] = evaluate_poly3(a,X) 
f = a(1)*x. “2+a(2)#x+a(3) ; 
fprime = 2*xka(1)*X+a(2) ; 





which can be called using 


5 
1] ; 


evaluate_poly3(a,X) ; 





Before proceeding，we make one fnal comment regarding the general form for 
function fles. 开 he only communication between the function and the calling 
program is through the input and output variables; the function should not 
prompt a user for input nor should it echo the result of any calculation. 工 his is 
not a necessary constraint on MATLAB functions but more a useful program- 
Iming convention which is worth following. 

This fairly Simple routine evaluate_poly3(Xx) was chosen to demonstrate 
some of the particulars of MATLAB function fles because MATLAB has a 
built-in function, called polyval, which also evaluates polynomials. 工 he extract 
位 om helP polyval yields the information 


Y = POLYVAL(P,X) ，when P is a Vector of length N+1 whose elements 
are the coefficients of a polynomial，is the Value of the 
Polynomial evaluated at 共 . 


Y= 了 PCD)*XxN + P(2)*X>~(N-1) + ... + 了 PIN)*X + PCN+1) 


Care needs to be taken with the order in which the coe 重 cients of the polyno- 
Imial are presented. In fact these are in the same order as in our routine. This 
example provides a good opportunity to investigate the full code for this built- 
in function; the code jlisting can be obtained using type polyval. Compare 
this with our three-line function evaluate_ poly3(X) . 


Example 2.9 玫 Fe cam Use pol1VVQL to evaluate Dolymao70ials，[e W2L se 让 
to test a jpo 她 esis 态 of 态 e values of m2 十 见 十 41，Wwhere 7 1 am 入 teqger，a7e 
DT7Je (at least Jor 纪 e jirst eu 各 teger values of m: obuiously 如 15 15 mot so Jor 
见 一 41).，Comsiqder 
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[1 1 41] ; 
1:40; 


polyval(P ,x) ; 
isprime(f) 





态 e 有 mc 友 om ZsDTZ1e (P) 7etur7s 0 Value of 1 太志 e element of Ps apD7z0e amg 
0 矿 让 ?zs 10 THe 7resuit of ouwr calculato7m 15 Q st72729 of 39 omes demo7strati720 
太 ot al11 bo 红 态 evalue jor 史 = 40 are prime (402 二 40+41=40x(40 二 IT) 十 41 = 
41 xx(40 十 1) = 42)， Je note 妇 ot 如 e value of quadratic 2 一 见 十 41 25 also 
D7W1le jor al itegers WUD 如 amd ?cuuad2720 7 三 40， 


2.3 Functions of Functions 


One MATLAB command which provides us with considerable freedom in writ- 
ing versatile code is the command feval which loosely translates as 用 mc 友 om 
eValua 友 07. The simplest use for this command is 


y= feval(sin?,Xx) ; 


evaluate the function sin at X. This is equivalent to sin(x). In general the argu- 
Iments for feval are the name of the function, which must be either a MATLAB 
built-in function or a user defined function，contained between quotes, and the 
value (or values in the case of a vector) at which the function is to be evaluated. 
The utility of feval is that 过 allows us to use function names as arguments. 
By way of introduction we provide an example. Consider the function 


jz) 一 2sin27z 十 3sinz 一 1 


One way of writing code that would evaluate this function is 


function [hj = fnc(x) 


h = 2*xkSsin(X) .ksSin(X)+3kSin(Xx) 一 1 





了 owever we can recognise this function as a composition of two functions 9(Z) 三 
sin(Z) and jz) 一 2z2 二 37 一 1sothat ](z) = jg(z)). We can easily write &a 
function fle f.m to evaluate jzZ) 


function [y] = f(x) 


y = 2#kX. “2+3#+X-1T; 
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(using dot arithmetic to allow for the possibility of vector arguments Xx). To 
use this in calculating the value of the composite function 几 (Z) we need to be 
abjle to pass the function name to f as an argument. We can do this with the 
following modification to our code 


function [y] = f(fname,X) 


Z = feval(fname ,X) ; 
y = 2#kZ. “2+3#kZ-1T; 





Calculating the function h(zZ) js now as Simple as 


x = -pi:pi/20:Ppi; 
y=f(sin),x) 
pP1lot(x,y) 





This gives a plot of the function 忆 (Z) as 


4 

















A more useful example is given by the function plLotf 


function plotf (fname ,X) 
y = feval(fname ,X) 
plot(x,y) 


griId on 

axis([min(x) max(x) min(y) max(y)]) 
Xlabel(?x)7) 

ylabel([fname ”(x)?]) 
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This function takes as input a function name and a vector X and produces & 
labelled plot. Notice although there are two inputs for this function there are 
no values outputi the figure is the outpnut. 





和 T 


0.8 上 村 


0.6 上 时 


0.4 二 


Sin(x) 
章 











The command feval has a wide range of uses, Some of which we will exploit 
later throughout the text， 


2.4 ETrrors 
2.4.1 Numerical Errors 


We mentioned right at the start of this text that numerical methods are usually 
not exact (that is, they are approximate methods). In fact it is very hard to get 
computers to perform exact calculations. If we add (or suptract) integers then a 
computer can be expected to get the exact answer,， but even this operation has 
its limits. Once we try to perform the division operation we run into trouble. 
We are happy with the fact that one divided by three is a third，which we can 
wiite as 1/3, but 计 we need to store this on a computer we run into dj 重 culties， 

For the moment let's Suppose we have a _ virtual computer that works in 
decimal. By this we mean that any number which can be written as a terImji- 
nating decimal (that js, one which stops),can be stored 'exactly” (provided we 
do not reduire too many digits). We know that a third does not have a finite 
Tepresentation，So there is no Way we can store this number in our imaginary 
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computer other than by truncating the sedquence, We would use the notation 
1/3 交 0.3333. Obviously the more three's we retain the more accurate the 
anSwWerT. 

Almost all numerical schemes are prone to some kind of error. It is important 
to bear this in mind and understand the possible extent of the error. Intrinsic 
to this has to be the knowledge of how much we can trust the results which are 
produced. Errors can be expressed as two basic types: 

Absolute error: This is the difference between the exact answer and the 
Dumerical ansSwer， 

Relative error: This is the absolute error divided by the Size of the answer 
(either the numerical one or the exact one)，which is often converted to a 
percentage. 

(In each case we take the modulus of the quantity.) 


了 Example 2.10 9uwppose am eryor of 上 17175570de 2 0 Ja7mczal calculatiom oF 7- 
terest om 志 5 ad om 二 1000000. 7 eacj case 矶 e absolute er7or 15 元 1，UAereas 
志 e 7elatiuve eryors are 20 匈 and 0.0001 务 respectiuely， 


了 xample 2.11 9uppose a 7elatliue error of 20 务 15 made 砚 妇 e above ?mterest 
calculatio7s 0 二 5 ad 过 1000000. 77je coyryrespomqdz109 Qwbsotute er7o7s are 工 了 
aad 寺 200,000. 


卫 xample 2.12 匹 sb70ate 如 e ery7or 0Q5s0ctated WwW? 地 tai19g 1.6 to pe a yoot of 
态 e_ equation Z2 -Z 一 1 一 0. 

Tjpe ezact ualues jor 妇 e root5 are (1 土 V5)/2 (let us 如 Fe 妇 e positioe root. 
45s sucI e absolute er7or 1 


1+V5 
2 








一 1.6| 之 0.01803398874989 








a12d 妃 e 7elatiue er7or 15 态 e abso1ute error diuided by 妇 e Value 1.6 (or alter- 
matiUely e ezact root Which 1 approzzmaately equal to 0.01127124296868 or 
7.7127 儿 . 

人 e _ could also substitlte 2 三 1.6 52to 胡 e equa 友 om to see 1oWw Wro1g 让 25: 
1.62 一 1.6 一 1 = 一 0.04. 41 太 ougj 让 站 下 记 cu ti waderstand jhow 态 15 cam 
be Used, 让 5 often 专 e only op 友 om (Particularlty 太志 e ezact answer ca72720t De 


Jou7zd). 


This method can be used to determine roots of a function. We now discuss 
an example which uses this technique: 
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Example 2.13 Determzzme Q Value of 7 suCcCP 地 xt 
jz) =z22 二 4z = 40. 
人 e start UV 9ues5270 奶 at 三 675 奶 e yoot We 7eduUz7e: 
2 一 6，jF6)=60 > 40 wpich is too 0%9, tr = 5， 
2 一 5，jF(5) 王 45 > 40 Which 715 st11 too 09，1 杂 yy 2 = 4 
2 一 4 jd)=32< 40 mowt 妇 is 3s too sa11 so WUe shall ty 7 = 4.5， 
2 一 4.5，j4.5) 一 38.25 < 40 a 0it too sa11 好 /7Z 一 4.75 
2 一 4.75，j(4.75) = 41.5625 > 40 a bt too 089，back down aqgai to 2 一 4.625 


2 一 4.625，j 帮 (4.625) = 39.890625 < 40 a 0 too sall，back VD aqgaim to 2 = 
(4.75 十 4.625)/2 


2 三 4.6875，j 帮 4.6875) = 40.72265625 > 40 amd we cam co7lti72Ue 妇 15 Drocess. 


瑟 ere We jaue TUst oved arouUad to ty to jd 妇 evalue of z suchn 坝 ot 7Z) 一 
40，pbut We could have dome 妨 1s 纲 Q systemaa 友 c Ta7072e7 (actual1y 5s1029 胡 e size 
of 如 e eryors)， 


It appears that in order to work out the error one needs to know the exact 
answer in which case the whole idea of an error would seem to be superfuous. 
In fact when we focus on erTors we are merely trying to work out their size (or 
magnitude) rather than their actual numerical value. 

Before we move on we revisit the MATLAB variable eps. This is defined as 
the smallest positive number Such that 1+eps is different from 1. Consider the 
Calculations: 


1+eps ; 
XT- 工 


1+eps/2; 
(X2-1)#2 





In both cases using simple algebra you would expect to get the Same answWer， 
Damely eps; but in fact y2 is equal to zero. This is because MATLAB cannot 
distinguish between 1 and 1+eps/2. The quantity eps is very Useful, especially 
when it comes to testing routines. 


了 Example 2.14 Coalculate 奶 e absoute ery7oy7s Qssociated Wi 雪 妇 e joliowz7g ca 
CuULa 友 0705: 
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sin(15*kpi) 
(sqrt(2) ) >2 


1000*0 .001 
1e10*rle-10 





To calcaulate 奶 e absolute eyy7o7s We meed to Hom 胡 e ezZact asWers AicA a7e 
0, 2, 1 and 1 respectivel， 人 e cam Vse 妇 e code: 


abs(sin(15*#kpiy) ) 
abs((sqrt(2)) ”2-2) 


abs(1000*0.001=-1) 
abs(lel0+xk1e-10-1) 





[Dotice 砚 雪 e last case 雪 e ezZpo7lent Jorm of 雪 e Taber takes precedence 和 妇 e 
Calculationm: We could of course 7make suUTe of 雪 1s Us729 bracFets)，7T7e erro7s 
are 10- 于 10-16 and zero (in 成 e 1ast too cases). 


2.4.2 User Error 


The elimnination of user error is critical in achieving accurate results. In Practice 
User erTor is usually more critical than numerical errors, and after Some practise 
their identifcation and elimination becomes easier. User error is avoidable， 
whereas many numerical errors are intrinsic to the numerical techniques or the 
computational machinery being employed in the calculation. 

The most Severe User errors will often cause MATLAB to generate error 
Imessages; these can help us to understand and identify where in our code we 
have made a mistake. Once all the syntax errors have been eliminated within 
a code (that is MATLAB is prepared to run the codej, the next level of errors 
are harder to fnd. These are usually due to: 


1. 47 ?cozyrect WSe 0O variQble 7LQ70e5. 
This may be due to a typographical error which has resulted in changes 
during the coding. 

2. 47. coryrect WUse of operators. 


The most common instance of this error occurs with dot arithmetic. 


3. wmtactical er7o7s WAich st Droduce jeasible 1M4774P code. 
FEor instance in order to evaluate the expression cos Z, we Should use cos (X) : 
unfortunately the expression cos X also yields an answer (which is incor- 
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rect); somewhat bizarrely cos pi yieldqs a row vector (which has the cosines 
of the ASCII values of the letters P and i as elements). 


4 Mathemazical ery7o7s co7rporated ?to 雪 e Tale7Ycal Scene 妇 e code seeK[s 
to 272DVe72e7z 志 
工 hese usually occur where the requested calculation is viable but incorrect 
(see the example on page 181)， 


5. Zoogzcal eryors 妃 胡 e algo7zth7m. 
This is where an error has occurred during the coding and we find we are 
Simply Working out what i8 a wrong answer， 


Avoiding all of these errors is something which only comes with Practice and 
usually after quite a lot of frustration. The debugging of any Piogram is qi 引 cult， 
fortunately in MATLAB we have the luxury of being able to access variables 
Straight away. This allows us to check results at any stage. Simply removing 
the semicolons 位 om a code will cause the results to be printed. Although this 
js not recomImended for codes which will produce a deluge of results, it can be 
Very Useful]. 

In Task 2.10 at the end of this chapter and similarly in other chapterss，we 
have included some codes with deliberate errors. They also contain commands 
位 om future chapters: however Imost of the errors do not rely on understanding 
the nuances of these unfamiliar commands. Hopefully by trying to locate the 
erTors in these you should start to develop the debugging skills which will 
eventually ensure you become a competent programmer， 

We shall start with a couple of examples which demonstrate some of the 
Imost common Sources of problems. Of course t jg impossible to predict all 
possible errors which could be made, but the more you are aware of the better! 


Example 2.15 7715s code Du7Dozts to obtaz 如 ree TIpers Q D amad c 帮 omm 0 
4WSse7 Q72d 专 em produce 妃 e resulls ua 十 十 ca/(0 十 cl(c 十 oa)) amd a/(bc). 


8 These tasks are marked with ( 卫 ). 
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input(” Please entere a ) 
1nput(” Please enter b ) 
Input ”Please enter C ， 


a+ B+d 
a/((b+c) (c+a) 
a/bxkc 


disp() a +b+c= ， int2str(vl)]) 


disp([v2 = ”num2str V2 ] 
disp(['v3 = mnum2str(v4) ] ) ; 





作 e sjall 0ow Wo 态 roug 凡 妇 e 140es ome-bgy-ome detazli72g Where 妇 e er7ors QTe 
amud ouw 胡 ey ca7m be jzed. 


Q 


VI 


= ?IDUt(” Please eltere QQ ) Frsto e sgle 1e 太 Pa7md quote 7007 SPouULd 
be bgala7mced by a coyy7esDpo7d27209 7407 太 Pa72d quote 7007. 了 T 刀 e co7T70072d 5 玫 oULQ 
also ed Wi 雪 Q sey10colo7. 7T715s WU stop 妇 e Value of a pez29 D7U7ated oz 
ajier ti 5 etered. THe 7075sDel12009 oF 妇 e word emter 15 a7700V27209 but 2 
0t QctLalo apect 矿 e 7U7100720 of 雪 e code: Rowever 让 15 Wo 二 cor7ect729 
久 om jor py7esenta 友 os 5aKe. 


= 17pUt(” Please enter D ) 49ai We Have am 10alamce 记 矶 e sg1e 
QUote 700I6 aa0 地 eVack of au semicolom. 了 e also jave 如 e jctl 雪 at 77DUt 
几 Q5 beco7le 17DUt， 


= Jpput ”Please enter C ”Dere we have a capitalised co7720720 (WAic 
1447784BP WwW ac 刀 al Doz0t out 训 2ts eryror 70essa9e -1 厅 V 怒 D109 Tnpzt 
2 14774B) 49aim we are 10055519 雪 e semmlicolomn，put 胡 e 7ore SeVeTe 
ey77075 jeye aye 胡 e lacg of pracketls ayrowd 胡 e 70essage ad 如 e jact 坝 寺 
We Q1e 7eset10 妇 e VQ17Iable QT715s erases 雪 e pyeuwious Value of a ad also 
does mot set 胡 e VanLe of c as We ?Itemded. 


= Q+ B+d THe spac?z1209 15 UL2TDOo7ta1t ad 15 Te7ely Q 70atter of style. ere 
Q9Q270 WE SouUld ada a se710icolo7. 7T7e 7a272 D70ble71 六 ere 15 矶 of 坝 e va7zable 
b5 jas beem capitalized to 末 and sce 14T74B 715 case se71514Ue 态 ese are 
treated as difperent va7iables. 470o 矶 er mew Va7iapble d Pas also sliDDped 7 
77155 70ea715 14774B WwW ez 太 er co7aplaim 胡 at 雪 e va7yable jas 70t bee7 
272lt20l2sed 0O7 WU Se Q DT7euU1OUS VUQLULe WAic1 jas 1.0 妈 9g 1 do WwW 地 雪 75 
calculaom. To auVozd 地 15 让 25 0 90ood idea to sta 人 E 砚 e code Wz 胡 clear 017 
to clear al va7iables 万 o7m 70e70077/. 


V2 = QA(C(b+c) (c+ra) 7T15Ss co701700720 Dreselts Q Up0e7 of eryo7s 1 e eva 六 


2&at0o70 0o 成 e demomz2ator of 如 e Jraciom. 7T1e Jrsti of 雪 ese 15 妇 e 7n07s52720 
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QsSste7is5 petaueem 胡 e to jactors and secomdly We have Q Upalamced bracket 


V3 = QA[bxc 7T155 has ome ery7o7 D 让 2 one of 雪 e most com71007 07165. 45 
70672 友 072EQ D7eV1OUSLU 胡 15 eVQ1uates (2) C. 了 玫 e meed to jorce 妇 e calculatom 
bc to pe perjormed jirst by 15109 bg7acket， 5 坝 雪 is (amd 坝 e preuious to 


coO72712072ds We 7104g1t Want to elect to add semazicoloms to stop ezZtra outputb). 


dzsDp(” at+fb+rc= ”72t2strvl)7) 7T15s co771a0720 715 707551720 Q Le 让 squUa7e 
b7rQcket to 5s1ouw 专 at We are go11g to display Q vector (Wi 雪 s 杂 17295 as5 ele- 
7le1lt5s) Je aue Sed 妇 e _ com000d 2t2str RicP 11es am 2teger ad 
Tetl7925 Q CPParacter 5 杂 120. 再 owever of 10 Doz1 几 aVe We spec 原 ed 妇 at oa， 
D amag c aye ?tegers，[e sjpouUld ?stead se 地 e _ coma0720 TU12stT WURZCR 
co7mUe7t5 Q 9e7eral TUIaper to Q character 5t 杂 100. 


dzsD(L7V2 = ”TaU1m2str V2 1 TH5s co7712072d 15 7700551729 Q 7OUT2d b7rQcFet ro77 
如 e end of 妇 e ezZpressiom ad Q Da oj brackets 10 S1ow 胡 ot TuU1m2stT 215 
be220 QDDLied 如 奶 e Varzable V2. 


dzsD(L7V3 = TU12str(V4) 7) ere We are 1073551129 Q sg1e quote 10 5S1oWw 
态 ot 雪 e st 杂 109 jas ended (after 雪 e equals s197)，Je have also erro7eous1y 
Zroduwced Q TeW VUQTIQDLe UV4 RCR SPould be V3. TPRe semnicolom om 如 e ed 
of tis Le 15 5UDerjuows 52ce 妇 e dzsD co7112020 disD1aWS 胡 e 7esut 


The coyrrected code looKs jiKe: 


Clear al]1 
input(” Please enter a ?); 
input(” Please enter b ?); 
input(” Please enter C ?); 


ar+b+c ; 
a/((b+c)*(c+a) ) ; 
a/(b#c) ; 


disp([) a+b+c= :num2str(vl)]) 
disp([” v2 = ”mnum2str(v2)]) 
disp([” v3 = ”num2str(v3)]) 





2.5 工 asks 


Task 2.1 尼 pter am2d 7 如 e code 
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input(?Enter a : ?); 
input(?Enter b : ?); 
res = mod(a,b) ; 
StTr1I "The remainder isS ，; 
StTr2 ” When ” ; 
Str3 ” is qivided by ”| 


disp([str1 num2str(res) str2 
num2str(a) Str3 二 





jci SPouUld be saVed as remazders.1. 已 ZDe721le1t Wz 志 妇 2s code 5 7U72725720 
让 Wz 遍 UQ77OUS Values jor a ad b. Maoke suUre yoU Wuderstamd Row 胡 15 code 
07Ks，?2 Da7 丰 CUiar 胡 e mod com70070 ad 地 e dzsD co7m27700700. 


Task 2.2 Mod 访 如 ecode 夺 Task 2.1so 让 returns 妇 e anlswer to ab amd chamige 
刻 e character st1r0095 str1，str2 ad st73 so 雪 0t 雪 e Jormat of 雪 e asWer 15 
(je answer 55 ab Upeml a 咎 raised 加 态 e power 07 


Task 2.3 了 rte Q code WRzcP takes a Va7iable Z amd 7etu77s 妇 e Value of 27 
Maoke suU1e 胡 at Wowr code Wo7rKs Jor va77aples Which are scalars，Vectors a72g 
0Qt77CE5. 


Task 2.4 By mmodzjipg 态 e 用 nctiom func.m given ear1ier om page 32) repeqt 
太 e ezZaaple jor 态 e jnctions 22 一 72 and 妇 en sin(z 十 四) (eztending 妨 e ramzge 
to [0,27] 筷 态 e Jatter case). 


Task 2.5 Mouzjy 奶 e code zpouwers.m to 5270allta7eously 9g2Ue 雪 e Values of 雪 e 
负 mnctions sinZ，coszZ amd sin2 z 十 cos2 7， 


Task 2.6 Modzjy 如 e code mu1t2.m 2 尼 ZaalDle 2.5 to0 Wo ott 雪 e Values oF 
态 e 7007: 

Zr (zz 十 2 

(十 2 细 ， 





Where (ab 2 e remaaiader when a 313 diuided 07 D ad cam pe calculated Vs7279 
态 e 147784 忆 多 Pceiom mod. 太 D ss UVU 切 态 15 75 矶 e Jactiomal par 直 了 T155s mew 
mciom W21 taKe to 20DU 好 ad ret to outputs， 
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Task 2.7 THPpe code 


Clear X Y 
天 "20 


y = 9-X. “2 ; 
plot(x,y) 





Dlots 如 he junceton y = 一 9 一 22 JorzeE[-2)2] 委 steps of1/10. Modit 负 加 e code 
50 加 he Junctiony =23 十 37 505 plotted beboeen 太 e same Jits amd 态 en Jor 
2 E [一 4;6] 记 steps of 1/4. CU you ca 和 isee 妇 e _ current jgure 友 pe FEI9uUTe(I) 
Which Should pb7372g 让 to 专 e joregrouad) .715s code cam be ru 方 om 雪 e D7o7nDt 
o7 cQ17 be eltered Vs2129 edzt ad 妇 em saQVed. 


Task 2.8 Comnsider 态 e guarticy 一 2Z4 二 z2 二 a. Forhich values ofa does 雪 e 
edtuatiom 有 几 QUEe tUO 7eQ1 7root59 


Task 2.9 Pilot om 女 e same grazp 雪 e 有 nctions jz) = 十 3 9(z) 一 22 十 1 
jzZ)g(Z) and FIz)]g(z) jor 态 e range Z E [一 HH (You meed 如 decide 1ow 
72070 DO0245 to Use to get Q 511000 妇 cuUy7VUe， ad WAeter 如 set UD 如 e Vector 2 
eti 妇 er 4s1729 妇 e colom comstyruc 胡 om or 171sSDace)， Youw also ?eed to 7e7em2ber 
to Use dot a7itjrmae 友 cc SCe WOVU QTe 0DeTrat79 072 VEecto7S. 


Task 2.10 (D) 7715s tasj comitai15s codes Which are Written Wi 坝 deliperate 7005- 
tkes， You Should 1 如 qdebug 妇 e codes so 妇 ot 妇 ey actually perjorm 如 e ca 
CuUlato75 妇 ey a7e SUDDOSsed to: 


1. Perjorm 妇 e calcula 龙 o708 


2 一 4 

2Z 十 2 一 4 
1 

2 





2.，Calculate 如 e su 





1 1 


2 一 工 
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UUAere 太 e VSser 47DUL5 TV. 


N=input(?Enter N ) 


for :=1:Dn 
sum = 1/j + 1/(j+2)*(j+3) 


end 


disp( ” The answer is ” 8S]) 





Maoke suU1e 妇 e code 91Ues 妇 e coryect asWUe7 Jor ?stamnce jor N = 1 


3 Calculate 雪 e jnpc 友 om 


化 COS 宛 


/一 便 +DCT 可 


Jorz Jom0t 如 Il 了 纪 steps of0.1. 


X==0.0:0.1:1.0; 
f=XCcos X/#([x>2+1]*#(Xx+2) 





引 oOoet upD 如 evector 13335373209 


ones(9) ; 


wW(C1) = 1; 


for j = 1:4 
VW(2j) = 
WwW(2j+1) 





Maokpe suU7e 太太 e code 7eturs 胡 e coryect Values of 雪 e entryes oj 以 


Task 2.11 77Pe joliowimg codes s1ouwld pe Written to Droduwce co7Ue7Ss1072 peta0ee7 
SDeeds 记 1erent 25. 
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(@) Comstyruct a code W1icj co7Uerts Q speed 纪 71iles per ou7 1 让 1ommzetres Der 
几 0U7-。 


(8 了 rite a code Whicji comuerts 7netres Der seco1ld to nlles Der Ahour amd Vse 
广 to deteyry712370e oOoWw jost ua sD7Uater WARo 7uU705 e 100 7netyres 和 70 seco7ds 
15 taVUel157209 ?7 7n0tles Der ]ouUr (om avVerage)， 


(c) Reuwrite youw7 code 廊 omm part (a) so 地 虹 让 和 绍 moU anctom 专 ofi tkFes 0 
52110Le ZOL 志 太 e spDeed 2 710t1es De7 ouU7 ad 7et7725 Q 5129le outpt 比 妇 e 
SDeed 也 lo7aetyres Der 几 OVU7 


(d) Nouwmod? 谍 态 e code you wrote 饮 Dart (D) to deterrnaiae 妇 e sD7imter5s speed 
272 Ki1o72etres De7 joU7 0 call00 e 用 mc 友 om 方 om 妇 e DewiouUSs DaQT 记 


(NB: 17mie = 1760 yarqds; 1 Vard = 36 iches; 1 人员 三 2.54 cm 7 三 100 
CT 
Task 2.12 77e 包 mncto7zs FIz) and 9(Z) ore defined by 

jz) = 


Trite MA4ITZ4B codes 1o calculate 雪 ese 多 mcio7s ad Diot erm om 坊 e teruat 
(一 T/2,T/2). 41so pl1ot 万 e 包 nctiions FUg(D)) aad 9g(FZ)) om 态 25 2terual. 


au20 0(Z) 一 tanZ， 


Task 2.13 [rzte Q code Which enables Q User 1 IDUt 雪 e coe 太 czent1 of 0 
duadratlic dg(Z) = azZ2 十 br 十 c and plot 态 e jnctiion dg(Z) Jorz = siny wpere 
VE [0,T]. 


必 


Loops and Conditional 9tatements 


3.1 Introduction 


We now consider how MATLAB can be used to repeat an operation many times 
and how decisions are taken. We shall conclude with a description of a condi- 
tional loop. The examples we shall use for demonstrating the loop structures 
are by necessity simplistic and, as we shall see, many of the commands can be 
reduced to a Single line. The true power of computers comes into Play when we 
need to repeat calculations over and over again 

In order to help you to understand the commands in this chapter， 这 js 
Suggested that you work through the codes on paper. You Should play the role 
of the computer and make sure that you only use values which are assigned at 
that time. Remember that computers usually operate in a serial fashion and 
that they can only use a variable once it has been defined and given a value. 
This kind of thought process is very helpful when designing your own codes. 


3.2 Loops Structures 


The basic MATLAB loop command is for and it uses the idea of repeating an 
operation for all the elements of a vector. A_ simple example helps to illustrate 
this: 
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儿 

% 1ooping .mm 
儿 

N=5; 

for ii = 1:N 


disp([int2str(ii) ， squared equals ， int2str(ii>2)]) 


end 





This gives the output 


1 Squared equals 1 工 
2 Squared equals 4 
3 Squared equals 9 
4 squared equals 16 
5 Squared equals 25 


The first three lines start with % indicating that these are merely comments 
and are jignored by MATLAB. They are included purely for clarity，and here 
they just tell us the name of the code. The fourth line sets the variable N equal 
to 5 (the answer is sSuppressed by using the semicolon). The for loop will run 
over the vector 1:N, which in this case gives [1 2 3 4 5],setting the variable 
ii to be each of these values in turn. The body of the loop is a single line which 
displays the answer. Note the use of int2str to convert the integers to StringSs 
So they can be combined with the message 
the end statement which indicates the end of the body of the loop. 

We pause here to clarify the syntax associated with the for command: 


中 


“squared equals ”. Finally we have 





This repeats the commands for each of the values in the vector with ii 一 
1 2 ,N.IHinstead wehad for ii = 1:2:5 then the commands would be 
repeated with ii equal to 1, 3 and 5. Notice in the code above we have indented 
the disp command. This is to help the reading of the code and is also useful 
when you are debugging. The spaces are not required by MATLAB. Iyou use 
MATLAB bnuilt-in editor (using the command edit) then this indentation is 
done automatically. 


Example 3.1 77e joliowing code WwWrttes outf 胡 e sevem 友 10e5s tapble D 如 ten 
SeVUE11 5. 
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” 七 imes SeVven 1S ，; 


j = 1:10 


天 
disp([int2str(j) str int2str(x)]) 





TPRe jirst 7e se 好 雪 e va7iable str to be 如 e str529g “1 如 es SeVE7 15 ”ad 加 15 
Djp7rase W?21 pe Wsed 2 D7U0400 0 太 e asUe7. 1 妇 e code 妃 15 character st7709 
15 comtaiaed Wit1370 5191e guotes. 玉 al1so has a sDace o 雪 e start ad end (iside 
志 e quotes); 圾 1 ensu7es 妇 e asWwe7 35 Dadded ov 

THe start of 妨 e for loop om 好 e 如 id je tells Us 奶 e Va7Wable 7 75 1 7 
万 om 1 to 10 (7 steps of 雪 e dejfaut value of 1)，amd 雪 e comm7ma72ds 记 雪 e or 
/ooD are to pe yepeated jor 妇 ese Values. THe comzaa72d om 地 e jour 胡 ne se 好 
太 e Va7VQpble 2 加 be equal to sevem 如 es 胡 e cuUy7et Value of 7 THe 用 纳 1pe 
Co1S1UCcts Q Vector co78151120 of 坝 e Value of 7 奶 em 雪 e s 杂 0g st7r ad nally 
态 e a115Uer 2. 49ai We jave Used 妇 e co7a72d zt2str to cja7ge 雪 e va7iables 
IT amgd 2 Zato cRaTracter 51 杂 1195，WURZCP are 妇 em co700310ed W? 坝 矶 e 70es5Q9ge St7. 


了 Example 3.2 7T7e joliowz7g code pr of 地 e Value of 坊 e ?mtegers Jromm 1 
to 20 (iclusive) ad 胡 eir Dri772e /ctors. 

To calculate 如 e D1U1ae Joctors of an iteger UVe Use 矶 e MA4T74P com7rma7md 
actom 


for TI = 1:20 


disp([i factor(i)]) 
end 





T7155 1oop rums 方 om equals 1 10 20 ( 纪 UL steps) ad displays 太 e jnteger 
a12d 1ts DT10e jctors. Tjere 45 10 meed to Use mt2str (or TuUm2st7r) ere 5171Ce 
al of 妃 e elements of 态 e vector are 了 tegers， 


The values for which the for loop is evaluated do not need to be specified 
inline, instead they could be set before the actual for statement. For example 


1:3:19; 
for ii = 


disp(ii) 


end 





displays the elements of the vector TY one at a time, that is 1, 4, 7，10,， 13, 16 
and 19; of course we could have used more complicated expressions in the loop. 
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The following simple example shows how loops can be used not only to 
repeat instructions but also to operate on the same quantity. 


也 xample 3.3 Suppose We Want 如 calculate 雪 e duaz 太 翅 5 jctorial (6! = 
6x5x4x3x2x1l) sg 4774. 
COme Do0551D1e QU 18 





7pD WwWmzderstamd 妃 15 eZa7aD1e 让 55 Petpjl 加 wd 妇 e oop ad see WURot 
code jhas actually ezecuted (we sjnall put 如 o comaamalds om 胡 e same Vine Jor 
eas5e1) 


fact = 1; 

II=2; fact = fact 
iI=3; fact = fact 
II=4; fact = fact 
i=5; fact = fact 
i=6; fact = fact 


i; At this point fact is equal to 2 
i; At this point fact is equal to 6 


i; At this point fact is equal to 120 
i; At this point fact is equal to 720 


闭关 


工 
工 
1I; At this point fact is equal to 24 
工 
工 


T7Pe sa7mae calcula 友 om coUld be dome 45210 矶 e MM4T74P commmamd Factorzal(6). 


了 Example 3.4 Calculate 胡 e ezpressio0 "CCm jor oa va7ye 怒 of values of 7 ad 
IT0，7778 15 7ead as 多 cloose 7 ad 15 妇 e TUa2ber oj ays of cjoos2729 77 
ob1ects 廊 omm 1. TARe 7na 妇 era 如 cal eZD7ess707 Jor 让 75 


可 加 7 
Cn = al(T0 一 TD) 

作 e_ could 7US51 2 00 Wo ott 雪 e 如 ree jactorials 绞 e eZpyess1o，07 
We couUld 1 杂 V to pe QUttie ore elegaz 引 Zet's comlsider mL (7 一 ?mL 2S equal to 
几 X (有 一 1) x (7 一 2) xxX ( 吧 一 到 十 上 Fe ca7 态 erejfore wse 她 e 1oop s 杂 ruct 刀 7e. 
Note also 矶 of 胡 eye ae 70 te77105 和 遍 1s D7oduct as 如 ere are 记 7 50 WUe ca 
do bo 坝 calcula 友 oo7s W?z 刀 1 ome 1oo7 
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prod = 1; 
mfact = 1 工 ; 
for 1 = 0:(m-1) 
mfact = mfact * (i+1) ; 


prod = prod * (Cn-i) ; 
end 
Soln = prod/mfact ; 





Breakzag WUD 妇 e calculatiom VEe 奶 1s cam yead to Dropblems jor /ay7ge Values of 7 
al0 50 这 53 oftem best to Wo ot 人 地 e asWer directly 


Soln = 1 工 ; 
for 寺 = 0:(m-1) 
Soln = Soln k (n-i) / (i+l) ; 


end 





T75s D7oduct couwld also pe W73ttem 05: 


Soln = 工 ; 
for 1 = 0:(m-1) 


soln = Soln kk (n-i) / (m-i) ; 


end 





TPRZzs VerSs1o7 120U 用 aUe Q 5159At com2DUtatomal aduamtage scCe 妇 e ter70s QD- 
Dea7720 也 态 e 廊 ac 好 os ae closer 10 700075tL0e. THat 妇 ese 如 0o VerSsi1o75 QTe 
ze72 友 cal ca be See7l 9 7eW746700 如 e Droduct a5 


和 
4 () (2 (2 和 二 (2 全 二 ， 


This example could also be done using the MATLAB command prod, which 


calculates the product of the elements of a vectori in fact MATLAB has a 
comImand nchoosek designed for just this calculation. In order to use Prod we 








O7 QS 








could use: 


1:m; 
(n-1+M) ./M; prod(t) 


(Cn-1+M) ./(m-M+1) ; Prod(s) 
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where t and 8s correspond to the two expressions above. 
So far we have dealt with products: in the next example we shall consider 
a simple summation. 


Example 3.5 Deteryrni7e 妇 e su70 of 雪 e 9geo7netric D7og7e5s5107 
6 
六 2. 
一 1 
172s 1s Qcco7D15S1ed 5200 态 e code: 


total = 0 
for nn = 1:6 


total = total + 22mD; 


end 





1Xci 92Ue5 e asWUe7 126，as Wo 7030pt eZDpect 方 om 雪 e jormula jor 如 e su 
of oa geometryric D7og7es5707 





peye Q 2 矶 e jyrst tery 7 33 如 e 7ato of 雪 e terms ad 7 25 雪 e Tber of 
te77105. 11 ouU7 case Q 一 2,7 三 2 oa00 见 三 6，wWhich gzVes 9 = 126. 


We now go through the ideas of summing series more thoroughly since 进 
Provides important information on how loop structures woOrK. 


3.3 Summing Series 


In Example 3.5 we have Summed a Series: we now describe this topic in more 
detail. We start by constructing a code to evaluate 


TV 


| 
己 


Firstly，we note that we do not necessarily know AN so this will need to be 
entered by the user or on a command line. We will first do one case by“hand”. 
Let us consider N = 4, So we wish to determine 


中 
己 
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H 开 we were to do this on paper we would probably write down all the terms in 
the summation and then add them up: evaluating the terms in the series 


>》 这 =1+4 二 9 十 16 


i 一 1 
and adding them up we obtain 


30. 


At this stage we can add the terms up in our heads: however，what would 
happen 让 N was larger, for instance 10. In this case note the answer is given 


by 
10 


3 一 1 十 4+9+16 上 +25 上 +36 上 +49 二 64 十 81 二 100. 
和 
But in fact we may actually do it like this: 


- The first term corresponds toi 一 1, for which 2 = 1. 

-_ The second term, that is1 一 2, has 记 二 4andadding to the previous answer 
gives [十 4 三 5. 

-_ The third term, that is1 一 3, has 记 =9and adding to our previous answer 
gives 5 十 9 一 14， etc. 





We can automate this process by using the MATLAB code: 


input(Enter the number of terms requiredq: ，) ; 


1:N 
S + II 2; 


disp([?Sum of the first ” int2str(N) 
” Squares is ” int2str(S)]) 





As we mentioned earlier the command int2str Converts an integer to a String. 
This means we can concatenate these strings into a Sentence. I we tried 


apple = 8;dqisp(['I have ” apple ” apples)?]) 


MATLAB misses out the number and gives“I have apples”，whereas the com- 
Imand 
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disp([:I have ， int2str(apple) ， apples?]) 


gives “TIhave 8 apples”, as required: for more information on this command see 
page 185. 
We can break down our Summation code as follows: 


一 he first line Simply asks the user to enter the value of N when prompted 
with the string contained in the input statement. 


一 工 he second line sets a variable s to be zero: this will be used to store the 
cumulative sum. he blank line is included to make our code more readable. 


一 The next three lines form a loop. The loop variable is 1 which runs from 1 
to N. 工 his means the command in the loop will be repeated for each of these 
values. The value of 1 2 will be added to the Previous value of s. 


一 After the loop there is another blank line (again purely for readqability). 


一 Finally, we display our results using the disp command. We have constructed 
a ITow vector with four elements: the first and third elements are Imerely the 
Strings Sum of the first ” and ) squares is ”whereas the second and 
fourth are the values N and s converted 位 om integers to Strings Using the 
MATLAB command int2stT. 


We can now Imodify the above code to determine the value of the summation 


了 7 
> 1. 
4 


Previously we were asked to calculate the sum of square terms and now we 
need the Sum of cubes so the lines = s + 1I 2; needs to be modified to s = 
s + 工 3;. We also need to change the range which the loop runs over from 
1:N to 3:7，which is accomplished by changing the argument of the for loop 
to = 3:7.Ihe modified code will now work, however it will ask for a value 
of N which is no longer relevant. We can comment out this line by prepending 
让 with a percentage Sign. This instructs MATLAB to ignore everything else 
on this line. This can be very useful when you want to change a code but do 
not want to just delete lines. It can also be used to include comments So yo 
can Understand the code. Finally, we need to change the line which outputs the 
results, the amended code looks like this: 


input(?Enter the number of terms Tequired: ) ; 
S = 0; 
3:7 
S + II 3; 


disp([?Required value of the summation is ” int2str(s)]) 
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Again we have used the command int2str to change the variable s into &a 
String. 工 his only works correctly 让 s is an integer. 开 s is not an integer we 
need to use the command num2stTr which changes a general number to a String. 

In all the cases so far we have only been interested in the final answer. Let'7S 
consider instead the problem of determining the values of 


TV 


where the f(i) are defined by the problem at hand. At the moment we will 
stick to f(i) = 二 2. Again we shall start by doing an example by hand, let us 
determine the values of I_N for N equals one to four. FirstlyN = 1 








andN = 3， 
3 
五 = >》 人 妇 王 1 十 4 十 9 一 14， 
and fnally N = 4，which gives 


4 
五 =>》 妈 =1+4+9 二 16= 30. 
i1 
You should have noticed that IL2 = I1+2” 2, 工 3 =I 工 2+3 2 and I4= 
I_3+4 ”2: These are just like the elements of an array (or vector). In general 
TV =Tw21+N2， (3.1) 


It is exactly this kind of recursion relation which a computer can take advantage 
of. In order to calculate these values we can use the code: 
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maxX input(?Enter the maximum Value of N required: :); 
I(1) 1”2; 


for N = 2:maxN 
ICN) = IIN-1) + N7>2; 
end 


disp(['Values of I_N?]) 
disp([1:N; 了 I]) 





This code uses a vector I to store the results of the calculation. It frst Prompts 
the user to input the value of N，which it stores in the variable maxN. The 
first value of the vector is then set as 12. Equation (3.1) now tells us the 
relation between the first and second elements of I，which we exploit in the 
loop Structure. The final two lines display the string Values of IN and the 
actual values. The answers are given as a matrix, the first row of which contains 
the numbers 1 to N and the second row gives the corresponding values of 工 _N. 
This produces the results: 


Enter the maximum Value of N required: 10 

Values of I_N 
工 2 3 4 5 6 7 8 9 10 
1 5 14 30 55 91 140 204 285 385 


(for N = 10). This can be compared with the analytical solution，see equation 
(3.4). UP until now we have considered very Simple summations. Let's now see 
how we can Sum the series where the terms are defined by some function f(i). 
We use a separate MATLAB program to construct the series. Let's consider 


We Start by using a code f.m which will return the coe 重 cients we are going to 
Sum. You Should enter this code and save it as 工 .m. 


function [value] = f(inp) 


Value = inp *k Sin(inpkpiV/4) ; 





一 The first line tells the computer this program is a function, which should take 
as input a value inp and return the variable value (f value is undefined 
MATLAB will complain). 
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一 The second line simply works out the required value. Notice that MATLAB 
already has a variable pi. 


The above code is now modified to: 


maxX input(?Enter the maximum Value of N required: :); 
IC1) = 工 (1) ; 


for N=2:maxN 
IGCN) = IN-1) + f(CN) ; 


end 


disp([?Values of I_N?]) 
disp([1:N; IJ) 





This produces the result 


Enter the maximum Value of N required: 5 

Values of I_N 
1.0000 2.0000 3.0000 4.0000 5.0000 
0.7071 2.7071 4.8284 4.8284 1.2929 


(for N = 5). We note that here we have a good example of the differing mean- 
ings of the command y(n). In the case of TI(N), this refers to the Ntn entry of 
the array I,， whereas for f(N) ,it refers to the function f evaluated at the point 
N. This subtle difference is criticall 


入 
3.3.1 Sums of Series of the Form > ,IJP,DPEN 
了 一 工 


Let's consider the simple code which works out the sum of the first N integers 
Taised to the power 7D: 
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Summing SerieSs 


= input(?Please enter the number of terms Tequired ?) ; 
input(Please enter the Power :); 


SuUms 
for j] = 13:N 


sums = Sums + jp; 
end 


disp([?Sum of the first ” int2str(N) 
” integers Trailsed to the Power 
int2str(P) ; is ，” int2str(sums)]) 





SO this produces 


We note the formula when p = 1 is given by N(N +1)/2. We pause here to 
think how we could work this out. I we substitute in the values V =1N=2 
andV=3(alforp=1) we woud obtain three points on the'curve” and 
these will uniquely determine its coe 重 cients (assuming it is a quadratic). We 
assume that SN 一 aQV2 十 DDNV +cand use the three values above to give three 
Sitmultaneous eduations from which we can determine the coe 生 cients w，b and 
c, these equations are: 


N=1 Q 十 0 十 c 王 91 = 三 1 (3.2a) 
N=2 4a+2+c=9 一 1+2 一 3， (3.2b) 
NV=3 9ua 十 3 二 c=593=1+2+3=6. (3.2c) 











From (3.2a) we see that c 王 1 一 4 一 band this can be substituted into the other 
two equations to yield 

3a 二 D 一 2， (3.3aj 

8a 十 2 一 5. (3.3b) 


Now using (3.3a) in (3.3b) we fnd a = 1/2 and then in (3.3a), 5 = 1/2 and 
fnally using (3.2a) we have c = 0. Hence 
和 5 
Sw= 5N2?+5N，for 六 =123， 


In order to prove that this js true for all N we can use proof by induction， 
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It seems reasonable to expect that the sum for a certain power of p will be 
of degree 2 十 1. In order to determine the coe 重 cients of a polynomial of degree 
了 十 1 we reduire 2 十 2 points. Consider this example: 


ClLear al1 
format Tat 


pP = input(:Please enter the Power you require ); 


points = Pp+2; 
Dn = 1:points; 
夺 or N=D 
sums (N) =0 ; 
for j = 1:N 
sums(N) = sums(N) + j”P; 
end 
end 


[coe] = polyfit(n,sums ,p+1) 


format 





This code is worth dissecting, since it is our first example of nested loops. 


一 工 he first line ensures all values of variables have been cleared. This is good 
programming Practice Since it means Undeclared variables will be noticed 
rather than used incorrect1y. 


一 工 he second line sets the format for the duration of this run to be rat, forcing 
MATLAB to try to print the answers as rationals (notice this is coupled with 
the fnal line which merely resets the formatting to the default). 


一 工 he next line asks the user for the value of p. As noted above we need to 
determine 2 十 2 coe 重 cients and as such we need Dp 十 2 equations. A_ vector 了 
is set Up running over these values. 


一 We now have a nested for loop structure which sets up the points (from 1 
to 了 十 2). 


一 开 he next line sets the initial value of the element of the array sums to be 
Zero, Teady to be set to the required cumulative sum. This sum is calculated 
within the inner loop. We note again that each for statement needs to be 
balanced with an end. 


一 Now we use the MATLAB intrinsic _ command polyfit which gives the 
coe 生 cients of the required polynomial. Ihe syntax of this command is 


76 3. Loops and Conditional Statements 





polyfit (x,y,na) which returns the coe 生 cients of order 7 through the points 
in (Z,V). 
Eor the examples2p=2 and7Dp 三 3 wehave 


>> SumSser2 
Please enter the power you require 2 


1/3 1/2 1/6 水 


>> SumSser2 
Please enter the power you require 3 


1/4 1/2 1/4 水 炒 


Notice here we have asked the code to try to give us Tational answers. The 
asterisks are Imerely where MATLAB cannot express zero (or something close 
to it) as a rational. In the first case we have 





TV 
NI NMN2 N N 
2 一 | 二 2N 十 1 工 3.4 
2 (G 攻 


(where we have factorised our answer) and in the second case 


(NW+DHD?. 





六 4 3 2 2 
人 全 生生 二 

4 2 4 4 
式 直 


We could use this procedure for any integer value of Dp: however a rigorous proof 
requires mathematical induction (or another similar process)， 
3.3.2 Summing Infinite Series 


We now consider examples where we need to truncate the series. 


卫 xample 3.6 7je Taylor series jor a Junctiom jz) about wa pott 2 一 Q 05 
92UE7 DV/ 


j@= jg@+ 呈 至 -9 Ja 
虽 冯 和 ” 
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作 e cam Vse 矿 1s 如 apDpyozZ7ate Sinm 0 am 3170ate Se77es 人 05 


Of course 如 US52209 Q com2DUter We ca120t QctuaLi take N t be jzt，D 寻 
We SRall toke 让 to be lorge 记 雪 ejope 地 0 态 e error W2 be s70014， 玫 e ca7m wzte 
胡 e above seryes (takiag N = 10) amd evaluate 坝 e se7ies at 妇 e point 好 0，0.1， 
0.2, 0.3,，0.4 amd 0.5 sz2m9 


V=0.0:0.1:0.5; 
sinx = Zeros(size(v) ) ; 


N = 10; range = 0:N; 


ints = 2*range+l; 
for Dn = Tange 
Sinx = Sinx+(-1) ”nxVv. ”~ints(n+1)... 
/(factorial(ints (n+1))) ; 





772s 15 De7rjaDs 太 e Most co7alDlicated code We have produced so jaor so WUe SRall 
Dause QQ b7eap 让 do 


4 = 0.0:0.1:0.5; set 岂 雪 e Vector w 7U72025720 ro Zey7o to 0 Palm steps of 
Q ten 坝 . 


S170 = Ze10s(s12e(V)) ;710 order to Unuderstamd 太 15s co707120720 75 best to 
Sta7t Wt 雪 ULat s ?81de 如 e bracpet. THe comzaa70 s72Ze(V) 91VeS 妇 e 512e 
of te vector v ad 雪 em 奶 e co7m10072d Ze7o Se15 UD SI 05 0 077QV oO 
Ze705 0/ 雪 e sa70e 5126. 


有 由 = 10; 7ramge = 0:N sels au Va1iable Nto pe equal 1 170 amd 矿 en se1 UD 0 
Vector ram9e WPRZCP 7U725 万 o70 Ze7o to 及 


2tS = 2Qy1Ta19ge+1 7T155 91U6es 妇 e 700 妇 eaical eZp7ess100 27 十 1 jor al 如 e 
elemem 好 of 雪 e vector ramge Qud DuUts 妇 erm 7 纪 7tS， 


Jo 人 册 = 7029e ..... ed 7755 LooD StrUctuyre 7epeats ts arguUeTlts Jor 7 
equal to a11 胡 e elememnts ora729e， 


SI = SZIZA+(-1D) TIxU .20tSs(+T)ACfactorzal(zts(+1))) THzs700 妇 - 
e7001CQL eZD7ess107 eVUQ1Lates 妇 e SUb7Tect of 雪 e su72700 妈 om 05 Q 有 mc 友 07 
of 7. (Votice 妃 e mecessayry oj 的 et When rejerri7g 1 圾 e elements of its， 
Jor istamce ?ts(1) 7ejfers to 如 e Value Re L 王 0). 41so mote 如 e use of 

”je opeTratg 0 V 0Q5 如 is 1 Q Vecto7'. 


尽 U72720720 妃 2s 97UEeS 
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>> SnX 
SInX = 三 


0 0.0998 0.1987 0.2955 0.3894 0.4794 
T7jese Values ca7 be co7lDayed to 雪 ose calculated directy MA4T74DB 如 gzve 


>> Sin(v) 
ans = 
0 0.0998 0.1987 0.2955 0.3894 0 .4794 


>> Sinx-sin(v) 


1.0e-16 # 


0 0.1388 0.2776 0 -0.5551 0 


22Ce al 妇 e elements of 雪 e vector sz72-sS7(V) sS1ayre au jactor of 1.0e-16 
态 季 jas peem ezZtracted. TH5s 7esult5 sows 态 at ouUr aDD7o22720 友 07 几 as Ored 
VEe7V We (for relatiuely jew ter70s).， For Jarger Values of zz 7mo7e ter7a0s 710007Lt 
be meeded. For a value ojz = TUe Jpnd 太 e sane TU1lper oF tery05 0Q5 Sed 
above prodauces auw Value of ~ 10-11， Which 2 st a good approzimza 矶 om (si7uce 
太 e actual value of sinT 415 zero)，but mot quUite as 900d as 坝 ose 51howm above. 
TPRe ?jnate se7yes 91UeT QboVe Qctual1y co7ve7ges jor al values oj 7 


了 Example 3.7 Calculate 如 e su 


Ce 
> e 
勾 一 0 


772s Doses Q D7oble7m jor VS sce We ca obuUtouSs1 0t add VD am 22tte 
TUIl0e7 O 太 te77125，WE eed 1 困 Uacate 妇 e calcula 友 om 7 如 1s case We do Tot 
meed Ver 70070 te77105 51Ce e 7 ge15 Ve7y 5S7102011 Ve7V guUz2CKL， 人 e ca VSse 奶 e 
code: 
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total = 0; 
for nn = 0:TN 


total = total + exp(-n) ; 


end 





To test jor comvergence of ou7 7esult We Should comzDare ou asWer Jor di 太 
jerent Values of NM FEortaately， 2 雪 15 case，Ue a7e able to Wo of 矶 e Value 
of 太 e 杂 UWacated serie5s， 3517ce 让 5 Terely Q 9geomaetyric DT7og7e5ss1o7 (the jormula 
Jor 妇 e sum of a geometric D7og7essio7 45 9g1VUe7T 0 Dage 68). THe rst ter7m 55 
e0 = 1 amid 态 e ratio petueen Successiue ter7105 18 1/e, jenice 妇 e su 1 
矶 ,二 1 一 eVT+Dl) 

1 一 e-1 


1 友 e 1 as N 一 oo 怒 1s tends to 


1 _-_ e w1581977. 


cs 1-e= e 一 1 


必 


太 fwe compare 态 e resulls jor N = 10 如 e error 和 already ~ 10-5. To jind a 
Jormnaula jor 妇 e eryor We 7eed to calculate |9N 一 9，w1icjn 25 


e 一 人 


e 一 工 


1 一 erCNT+DH) 1 


1 工 一 e-1 1 一 e-1 





SN 一 oo| 人 


) 











Which decreases (exponentially fast) as NV increases，. 


3.3.3 Summing Series Using MATLAB Specific 
Commands 


So far we have used commands which are common to Imany programming lan- 
guages (or at least similar to) and have not exploited the power of MATLAB. 
In the first example, given above, we mentioned the idea of adding things up in 
our head. MATLAB is very good at this type of exercise. Consider the previous 
example 


Firstly we set Up a vector running from one to ten: 
二 = 1:10; 


and now a vector which contains the values in i squared: 
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1I_squared = 工 . “2; 

Now we use the MATLAB command sum to evaluate this: 

Value = sum(i_squaredy) 

(mo 她 ce ere We Raoue 1e 有 大 o 太 态 e semmicolom so 雪 e 7esultt 45 displayed auto7ma 友 - 


calJ). The full code for this example is 


1:10; 
ii_squared = 工 . “2; 


Value = sum(i_squared) 





This can all be contracted on to one line sum((1:10) . 2): Wo SAouwUld 7naKe 
5U7e WOU HOU 1oU 妇 15 WOo7KES/ 

Using the command sum allows us to Simplify our codes: however it is es- 
sential we Understand exactly what it is doing. Consider a problem where we 
have a set of values W1, V2 UP to VN，where for the sake of argument N is taken 
to be odd. The problem is to work out the sum of the series 


TV 


Where Fi 和) 王 1when7iis odd and ji) =2 whenyis even. We can set Up these 
values of 三 using the commands: 


iodqd = 1:2:N; 
ieven = 2:2:(N-1) ; 


f(ioddq) = 1; 
f(ieven) = 2; 





which gives 


1 2 二 2 工 2 半 2 1 2 工 


This can be achieved in one command,， namely 2-mod(1:11,2). We can DowW 


Use a Similar code to those we wrote earjlier to Sum the series. For example 让 


4 一 22，we have 
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This kind of expression will prove to be very useful when we come to consider 
numerically evaluating integrals in a later chapter. 


了 Example 3.8 已 valuate 如 e ezZpyessz07 
和 
2 
[[ (4 十 2 
7 
惫 过半 


Jor N=10 (je synbol [[ mmeans 态 e product of 如 e termas，7T0UCP 记 胡 e sa770e 
QU > 970eQ725 5U72700 契 0) 77jis ca71 pe do7e 4s?729 专 e code: 


卫 1:10; 
ft = 1+(2) ./n; 


pr = prod(f) 





TPRe jirst ie se 好 ULD 0 Vector Wz 扫 element 好 7uW7000720 1omm 1 如 70; 雪 e secomdg 
070e setls WUD Q Vector Uhose elemenlts have 妇 e Values 1 十 2/m; Totce 让 05 
胡 e samae shape as 9. Je Paue diuided 2 0 Q Vector amd so WUe Pauve USed “A] 
7Q 志 er 刀 am Ts 2 不 you wa 如 see URat 雪 e code does, Just leave o 太 妃 e 
Se110COL075; 18 WU show VOoV 妇 e Vectors WARzcR are gemerated. 2500100， 态 e 1ast 
0702e 92U65 妇 e D1oduct of al 妇 e elemmem 好 of 雪 e vector 丰 

7T72s 92Ve5 妇 e asWer 66. TRis cam be seem 0 Q 5s129At 7eay77a7mgemaent of 妇 e 





EZDT7e557107 
2 
II ES -TI -一 
1 mn/ 1 上 
ee 一 作 


ULey7e We jaVUe Sed 态 e 如 cf [Too 刀 = (Too)([o). Vow actualiy evaluatng 
态 e pyroducts: 














_(NW+2N+HD 3 
NU-T 1 
(YX+2U(C2D (CA+2ON+DH) 
本 NI 2 


人 jpen N =10 如 is gives aw Value of 66. 
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3.3.4 Loops Within Loops (Nested) 


Many algorithms reduire us to use nested loops (loops within loops)，as in 
the example of summing series on page 75. We jllustrate this using a Simple 
example of constructing an array of numbers: 


for ii = 1:3 


for jj = 1:3 


a(ii,jj) = ii+]jj; 
end 
end 





Notice that the inner loop (that is，the one in terms of the variable jj) is 
executed three times with ii equal to 1, 2 and then 3. These structures can 
be extended to have further levels. Notice each for command must be paired 
within an end, and for the sake of readability these have been included at the 
same level of indentation as their corresponding for statement. 


Example 3.9 Calculate 太 e suU7727700 友 0725 


TV 


区 


JJ 一 1 


jor P equal io ome, to and 如 ree jor N = 6. 
人 e could perjform each oj 如 ese calculatio7s separately bt sce 胡 ey aye 50 
52110Ula7 太 15 better to perjormm 圾 er Wi 雪 讽 Q yoop st 杂 rcture: 


sums (P)+j ”~P; 


disp(sums) 





The order in which the loops occur should be obvious for each problem bnut in 
Iany examples the outer loop and inner loop could be reversed. 
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3.4 Conditional Statements 


MATLAB has a very rich vocabulary when it comes to conditional operations 
but we Shall start with the one which is common to many programming lan- 
guages (even though the syntax may vary slightly). This is the if command 
Which takes the form: 


if (expression) 
Commamnds 


end 


As you Imight expect,， if the expression is true then the commands are 
executed, otherwise the programme continues with the next command imme- 
diately beyond the end statement. There are more involved forms of the com- 
Imand，but before proceeding with these let's first discuss the construction of 
the expression. Firstly there are the Simple mathematical comparisongs 


a < b True 让 ais less thanb 

a <= b True 让 ais less than or equal to p 

a > b True 这 ais greater than or equal to b 
a >= b True 这 ais greater than or equal to b 
a == True 让 ais edual top 

a ~ 人 = b True 让 ais not equal to pb 


More often than not we will need to form compound statements，comprising 
Imore than one condition. This is done by using logical expressions, these are: 


and(a,b) ag& hb Logical AND 
or (ay,b) a | Pb Logical OR. 
Dot (al) 作 a NOT 
Xor (ab) Logical exclusive OR. 


The effect of each of these commands is perhaps best illustrated by using tables 


AND false true 
false | false | false 
false | true 





true 


OR. false | true 
false | false | true 
true 





true | true 


XOR. false | true 
false 
true 





false | true 
true | false 
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NOT (~) This simply changes the state so ~(true)=false and ~(false)=true. 
We pause and just run through these logical operators: 


aAND b This is true 让 both a and b are true 
aOR b This is true 这 one of a and b is true (or both). 
aXOR b This is true 让 one of a and b is true, but not both. 


In many languages you can define Boolean (named after George Boole) 
variables and these will have actual logical meaning. For instance in Excel you 
can set values to be True or False. mm MATLAB zero represents False and 
any other value implies True. We shall adopt the convention that 1 (one) is 
true and 0 (zero)j is false. In fact sometimes it is useful to define variables such 
that false=0; true= (~false). This statement is read as set true to be 
equal to not false; we have added the brackets for clarification. 


了 Example 3.10 太太 e Joliowz72g ezZa7aDles 广 7000 be Re1D 有 to adraw Dict7es， 
bt We 51ouUld at least teacj you to 7ead 妇 ese stateaents. 卫 e yecall 坝 ot 7 如?s 
co1tezt Q 5S9UQ7e b7Qcket 10ea1715 Q closed set ( 坑 at 05， 和 cluai09 态 e end Doz7) 
Rereas Q 7oU20 bracjet 1dicates am 0De7 set ( 纪 at 45， mot icluadz7g 雪 e ed 
Do27z 芭 ). 

Deterynl270e e sets Jor Which 雪 ese statemaem 好 QTe t 订 VEe: 


1. 2Z>1 6 DZ<2 
全 e cam 7ead 态 1s co7znaa70 as 人 5 greater 胡 amu ome aad 1ess 雪 ao7m to7” 
T775s ?5 0ODuUious1y 厅 Ue om Jor values petueemn ole ad to (aot 纪 clusiVe). 
7715s 4 遍 e opem set (1,2). 


2.zZ<0 / z>=1 
15s co7m7a2a70d cam pe 7ead as 人 1ess a7 zero or greater 雪 am (or equal 
to) one” TH1is set jas 1uo parts: Z 5strictoy megative or 2 g7eater 矶 am (or 
equal 如 ome). Bence 妇 e set 45 (一 co,0) U [1 co)， 


3. Z>1 / zZ<2 
772s co7270070 ca be 7ead as 他 greater 矶 ao 1 or 2 1ess 她 an 2 7 jaoct 
al Values oj 7 are greater 奶 am ome o7 less 妇 amu 2 Remce 妇 e asWUer ?8 
(一 co co)， 

4 z<=1 / zZ>=1 
T717s ome 5QV5 入 15 1ess 雪 am (or equal to) 1 or Z 15 greater 专 am (or equal 
to 1)” 715s again 75 tuUe Jor al values of zz， hemce 妇 e answer 1 (一 oo, co)， 


0. 2Z<=1 6 7Z>=1 
7715s o7e ?5 5371001a7 如 妇 e DyewiouUs ome Wz 雪 one Worg cpamlged so 让 10U 
7eQd5: 人 生 1ess 坝 o7 (or equal to) 1 ad 7Z 25 g7eater 雪 a7 (or equal 如 也) 
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THPe oly Value Which 15 1ess 雪 am (or equal to) ole amd greater 雪 am (or 
eduWal to) ome 15 ome ?itse 凡 THe answer 33 妇 e si79le Value one，Writtem as 
了 上 

0. ~ (z>2) 
712s 15 oU7 Jrst eZam2D1e of mega 友 0，WRzCP 15 Tead 0a5 人 18 10t g7eater 


态 o7 2 WARici 15 杂 Ue Jor values of z 1ess 态 am (or equal 如 ) 2 坝 at 5 妃 e 
set (一 co, 2]. 

7 (zz>1) 6 (~(z<2)) 
ere We Pave 人 15 g7eater 矶 om 1 ad 7 18 Tot 1ess 妇 aomu 2 7TPe secomd 


Dozt of 妃 1s ezpyressiom 70ea715 矶 at Z 15 g7eater 胡 am (or equal to 2) (and 
太 e jirst part 45 always tuUe jor 妇 is 7ra7lge) so 态 e solutiom 15 [2, co)， 


86. abs(z-1) < 2 
瑟 ere We jave am eZD7ess107 JU0LU220 Q 700 妇 em2atcal mc 如 om 奶 15 ome 15 
Tead a5: “级 e Yodulus of 7 72US 1 18 1ess 雪 am 100” 7T715s 7nea7s Doz015 
Which are Wi 2 0its of 态 e potnt 1 雪 ot 53 (一 1 3)， 

9.，7rem(m 4) == 
77H2s co707120720 calculates 雪 e remaazder WAem qiUided py 4 amd checps to see 
久 太 13 45 equal to 71. ThRe va1ues Jor Who 雪 1s 35 好 Ue are {402 十 1: 风 EZ 


3.4.1 Constructing Logical Statements 


We Shall now actually construct logical arguments which can be used in if 
stateImentSs. 


Example 3.11 Zetl Us co7ms1qder Q co77120720 WARZCP 25 om ezZecuted 太 Q VQULe 7 
jies petueel 1 ad 2 or 让 215 g7eater 雪 am or equal to 4 ee sall ty to descripe 
纪 e 妇 ougHAt DTocesses 10U0LUed: 


一 刀 order 妇 ot aoalue es petueem ome ad to, 让 Pas to be greater 妇 am ome 
and /ess 妇 am to 50 奶 1s comaDo7e10t 15 ritte7 0Q5: 


(x>1) 女 (x<2) 


一 了 zis greater 妇 omu or equal to Richn Is Wittem 52702D10 as Z>=4. 


一 E502Q4V， We meed to co70p0210e 遍 ese comdz1o75 0Q72d 雪 15 45 dome 5120 妃 e 1ogzcal 
0ODeru 友 07 07，5211Ce 太 e Value oj Z couUld je 和 ome o7 雪 e o 妇 er of 圾 e regioms， 
玖 emnce We Pave 
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((x>1) & (x<2)) | (x>=4) 


作 e couwld wse 如 e _ coala71ds 纪 0 direrent jorm 


and(x>1 ,Xx<2) ; 
(x>=4) ; 


or (ab) 





0 702015120 USe of 雪 e and ad om co1111207105. Votice Rere We Raue 0c 九 Q11 set 
“Booleaz” va7iables ab ad c (人 0 邦 cf 坝 ey are only 70772aQL va71QD1es Nic 有 
take 妃 e Values ze7o 07 071e1)， 


We can also use these commands for vectors and matrices (comparing them 
element-wise). Consider the following 


>>X= [1203]|; 
>> and(xX>1,Xx<4) 


>> A = eye(2) ; 
>> and(A==1,A>0) 


If two sets do not intersect then by definition 4m 巨 =V (the nul or empty， 
set). In terms of logical statements we Say that the conditions are mutually 
exclusive. For instance, the condition (X>1) 友 (x<0) is never true, since Z cannot 
be greater than one and less than zero. 

Notice that we have used brackets to group the terms in the Previous exam- 
ple. This is not always necesSary but it jg very good practice，especially since 
WwWe cannot guarantee that the precedence in other languages will be the same. 
In fact although the expression (Xx>=4) | ((x>1) & (x<2)) is the same as 
that given above, removing the brackets from both of them yields different re- 
Sults, In the former case the expression still works，whereas in the latter case 
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MATLAB complains about precedence and invites the user to fnd out more 
by using help precedence. 

It is convenient at this stage to introduce some of the other commands 
which are available to us when constructing conditional statements，Damely 
else and elseif. The general form of these is given by: 


if (expressiony) 
Commanqs ... 


elseif (expression) 


commands ... 
elSse 

commands ... 
end 





Notice that each if statement must be paired with an end statement，but we 
can Use as Imany elseif statements as we like，but only one else (within a 
certain level). We are also able to nest if statements: again it is recommended 
that the new levels are indented so as to aid readability. 


Example 3.12 Co7msider 胡 e joliowzg Diece of code WARzicjh deter70z72e5 WARZC 
mWUIl0e75 petuee 2 ad 9 9o0 ?to Q spDeczjied 2teger eZQcto 


StTr = ”DiVisible by ”; 
input(:Number to test: ?); 


for j = 2:9 


if rem(x,j) == 0 
disp([str int2str(j)]) 
end 


end 





TPRe yesultls of 怒 1s code ca7m pge cjecked 1s200 如 e Factor co70a700，[e ave 
4WSsed 妇 e co7za712072d 7rem to obtaz7 妇 e 7e7203720er. 


了 Example 3.13 ere we comstyruct Q co1dz 好 0o7Q1 state7aent WAzcP eValuates 太 e 


甩 mc 友 070 
0 Z<0 
也 0 和 芯 Z 乞 1 
1 2 一 2 1<2Z 近 2 
0 2 


O7Te of 坝 e Doss1ble so1u 友 o75 如 妃 15 DT7ople7m 75: 
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Volice 矶 0 让 jas 0t gee7 ecessa7g to 1 困 eadt 坝 e end comdi 丰 0o705 sepa7ately; 
态 ey are bo 态 icluaed 妃 e jal else clause. 


了 上 xample 3.14 (Nested if statements) 7Tjhe ideas pe1i7d Tested 矿 state- 
70e12t5 ?5 2Qde clear 0 如 e joliowz729g ezZa702DVe 


if Training 
if money_available > 20 
Party 
elselif money_avVailable > 10 
Cinema 
elSe 
comedy_night_on_tel]Jy 
end 
elSse 
if temperature > 70 & money_availabJle> 40 
beach_bbd 


elseif temperature>70 
beach 
elSse 


you_must_be_in_the_UK 
end 
end 





3.4.2 The MATLAB Command switch 


MATLAB has a command called switch which js simijlar to the BASIC com- 
mand select (the syntax is virtually identical). he command takes the form: 
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SVWitch SVWjitch_expr 
Case CaSe_eXxpT1T 
commands 


case {case_eXxpr2,case_expr31 


Commands 
otherwise 
Commands 





We Shall work through the example given in the manual documentation for this 
comImand: 


Switch lower(METHOD) 
case {)1Linear，,，bilinear?]} 
disp(?Method is linear7) 
CaSe ”cubic， 
disp(?Method is cubic')) 
CaSe ?nearest， 
disp(?Method is nearest)) 
otherwise 


disp(?Unknown method.) 





This code assumes that METHOD has been set as a String. The first command 
lower (METHOD) changes the string to be lower case (there js also the corre- 
sponding command upper). This value is then compared to each case in turn 
and 让 no matches are found the otherwise code is executed. 


Example 3.15 了 玉 e rejer 1o 如 e old myrmne 妇 of aliows Vs 如 7emmember 九 e 
TUIlb0e7r oO days 2 0 Da7cular 7007 妇 . 


TH27ty days 几 a 胡 9eptemaper 
4D721， .JuUme ad Voue7aper 
411 态 e rest 1ave 如 27 怒 -o70e 
屯 Zcept Febyrua7y Qlo7me 
PRZCR as 1Uenty-ezgRt days clear 
ad tjUenty-TU2e 0 1eaD Wear 


TH5zs 71s eZDlozted ?2 如 e code: 
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msg = Enter first three letters of the month: ”; 
month = input(msg，,s?); 
month = month(1:3); XY Just use the first three letters 
if Jower (month)==?feb， 
leap = input(?Is it a leap year (y]mm) : ”，"s?); 
end 
Switch Lower (month) 
case {2Sep ,apr，jun?，?nov 7? 
days = 30; 
Case )feb， 


SVitch Lower(leap) 


CaSe ?y? 
dqays = 29; 
otherwiSse 
dqays = 28; 
end 
otherwiSse 
days = 31; 





Bejore we pyroceed 让 1 Wo7r 雪 uiscuss270 Q coWDie of 坝 e _ comaa72ds sed above. 
T1je 1W4774B comymamd 1ower jorces 妇 e characters 刻 雪 e s 杂 人 9 1 be 1ower 
case: Jor Mstamce 久 妇 e Vser 怒 Ded Te 六 坊 e comm700720 1owem OULd 7etu7T 0 
ffe Pave also ?cluded a com700720 WARzcP 70QKes 5sU7e 如 e code om1y cos1qde7s 
态 e Jrst 妇 ree cparacters of Rat 胡 e ser 772DUV1 好 .THe co7m7700720 27DVUt 275 USeQ 
je7e Wi 遍 Q seco7d ay7gUle1t 2s ”jcR te11s 147748 坊 of a strig 15 eZpected 
05 QT 3101 万 W 太 ov 态 15 e WSer WoUWld 7eed to adad sz0le guotes at 坝 e star 
ad ed of 坊 e st 杂 7100. 

You 71091t at to co7zs1der WUWRat yoU Would meed to do to checF 雪 e Ser jas 
20Dtt Q VUQL2d 70070 雪 .TPRe mezt co7m2770072d 1 VE7U USejul jor 如 5s [2d of prople7m. 


3.5 Conditional loops 


Suppose we now want to repeat a loop until a certain condition is Satisfied . 
This is achieved by making use of the MATLAB command while，which has 
the Syntax 


while (conqition) 
commands . . . 
end 
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This translates into English as: while condition holdqs continue executing 
the commands . . .. 工 he true power of this method will be found when tackling 
Teal examples，but here we give a couple of simple examples. 


Example 3.16 人 孜 rite ou 坊 e values of z2 Jor all positive integer Values 7 suUC 
态 aot 23 < 2000. 7Tp do this we will use 态 e code 


区 
while X>3 《“ 2000 
disp(x”>2) 


到 二 和 


Value = floor((2000)”(1/3))>2; 





T717s jirst se 好 记 e Va7iable 2 如 be 妇 e s712011est Dositioe 1teger ( 纹 at 1 ome) ad 
矶 em cjhecks WUhe 太 er Z3 < 2000 (wo1icj 让 他) .Since 妃 e comaditiom 1 satisFied 放 
ezZecutes 态 e_ coalam2d Witjpim 记 e 1oop， 太 of 25 证 displays 妃 e values of z2 amd 
盛 em ?creases e Value of zZ 09 ome. 


The final line uses some mathematics to check the answer，with the MATLAB 


command floor (which gives the integer obtained by rounding downi recall the 
corresponding command to fnd the integer obtained by rounding up is cei1). 


Example 3.17 Co7msider 妇 e ome-dz72e7s1072Q1 7007D: 


2 克 中 3 
滨 一 一 十 一 一 
刀 十 工 2 27z，， 
SUb7Tect 10 胡 e 纺 记 Qi comdz 友 om Zn 三 1. Zets detery7a372e WPat 有 aDDe7s 05 几 


ZLC7EQSe5， 卫 e 1000te 胡 ot 如 e jzed poz 嫩 of ts TaD， 雪 at 55 妇 e Dot 好 WAReye 
2Z1n+1l 三 Zn，QTe 91UE 09 妇 e solu 丰 075 of 坝 e equa 友 070 


WjicjP are Zn 二 士 V3.， Te cam use 如 e code 





While abs(xznew-xold) > 1le-5 


Xold = Xnew; 
xnew = xnew/2+3/(2*xXxnew) ; 
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717s checks to see 矿 2pHl 三 Zn to WitRi aa certazm toleramce.， 7T755s D7ocedu7e 
gliues Q yeasomable approzizaation to V3 and would improve 矿 如 e tolerance 
(1e-5) Was 7educed. 


3.5.1 The break Command 


A command which is of great importance within the context of loops and 
conditional statements is the break command. This allows loops to stop when 
certain conditions are met. For instance，consider the loop Structure 


if X > 10 


break 
end 
end 





The loop Structure while 1==1 .. .end is very dangerous since this can give 
Tise to an infinite loop，which will continue ad ?2 帮 nitl72; however the break 
command allows control to jump out of the loop. 


3.6 MATLAB Specific Commands 


We could have coded the Example 3.16 using the MATLAB command find， 
which returmns an array of locations at which a certain condition is Satisfied. 
The condition is formed as above using logical expressions and combinationgs 
of them. 


Example 3.18 FT0 alL ?tegers petueemn 1 ad 20 jor which 如 etir s272e 15 me0- 
at2Ve. 

Ersty We set UD 妇 e aryay of integers, 妇 em calculate 雪 eir se5 Q72d SUDSe- 
QUe7tl0 test WURe 妇 er 胡 ese Values a7e egative， 


1:20; 
sin(iiy) ; 


il1 = find(f<0) ; 
disp(ii(il)) 
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We briefy dissect this code, 
一 In the first line set Up a vector which runs from one to twenty; 


一 the second line calculates the Sine of the elements in vector ii and stores the 
result in the vector 节 ; 


一 in the third line we use find to determine the locations in the vector f where 
the sine is negative. The command returns a list of positions in the vector 工 
(and equivalently ii) where the condition is true. 


一 工 he fnal command prints out a list of these integers. 


Other similar commands are any and al1. 了 xamples of their use are: 


光 0.0:0.1:1.0; 
V = Sin(x) ; 
if any(V<0) 
disp(Found a negative Value )) 
elSe 
disp(?A11 values zero or positivVve”) 
end 


if al1l(v>0) 
disp(?A11 values positive)) 
elSe 


disp(0ne value is Zero or negative)) 


end 





Some care is needed with the logic at this point and these commands Seem to 
be, in some sense，complements of each other. 

There are many other commands which test the properties of a variable, for 
instance isempty，isreal etc. 


Example 3.19 Now We evauLate 胡 e ezZpy7ess107 


1 


4 (ZTCz 二 2 二 3 





ou Q 977d of poiats /10 jor 兄 三 1 加 兄 =40 Jor which 雪 e ezpressiom 715 ite， 
else 妇 e Junctiom 15 to pe ye 如 urmed as 2VaN 
172s 1s Qcco7D15S1ed ?5100 态 e code: 
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X = (1:40)V/10; 
g = (x-1) .k(x-2) .kk(x-3) ; 
izero = find(g==0) ; 


ii = find(g~=0) ; 
f(izero) = NaN ; 
f(ii) = 1./g(ii) ; 





THRZs allows US 如 Diot 胡 e 甩 mc 友 om RiLSst 707551720 ou 态 e 各 Jnate Da7t.， TPRzs 
WouUld be acco7D15sRed 4s32700 妇 e coTla700 D1ot(z， 户 ) 


15 T T 





<= 寺 0 上 上 习 








-15 1 1 1 1 1 1 1 
0 





3.7 Error Checking 


To this point we have assumed the data made available to a code is suitable; this 
js generally a very dangerous assumption. We have found MATLAB will object 
to mathematically impossible tasks: however it will happily perform operations 
provided they are viable (which unfortunately they are more often than not). 

Now that we have seen conditional statements we can Imake sure ouUI codes 
are more robust. The Ultimate aim would be to make them totally“idiot proof”， 
but this is virtually impossible. No matter how Imany diferent Scenarios & 
priogrammer comes UP with, they can never predict everything a user will do. 

MATLAB gives us three very useful commands in this context: break， 
Warning and error. The first of these we have already Imet. he latter two 
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allow us to either warn the user of a problem or actually stop the code be- 
cause of an irretrievable problem，respectively. Both the commands warning 
and erTror are Used with an argument，which is displayed when the command 
is encountered. The typical Structure might be: 


if code_fails 


ertror() Irretrievable error ) 


elseif codqe_problem 
Varning(” Results may be suspect )) 
end 





The actual use of the commands is perhaps best demonstrated by a couple 
of examples: 


了 xample 3.20 Zets mow Write Q code Which asks 地 e User Jor am ?nteger ad 
7etl771s 遍 e D7U0e jactors of 坝 ot zte9ge7. 


msg = ”Please enter a Strict1ly Positive Integer: ”; 
msg0 = You entered Zero 7 ; 
mSg1| ”You failed to enter an integer ?; 
msg2 = You entered a negative integer ? ; 
x = input(msg) ; 
If X==0 

error (msg0O) 
end 
ifE round(xX) ”= XX 

erTror (msg1) 
end 


if sign(x)==-1 


Varning(msg2) 


disp(factor(x)) 





Eortately 胡 e co7n712072d 2Z7DUt 天 0s 2 oWUP e77o7 CPPecp27209 7oVUt72e 072d ZL 
072LV jet yoU ?DaUt Ta0e75 (《 矿 yoU t7y DuUttiT00g Q 5s 杂 109 让 WU comDplaz72)，ITe 
10U Ceck to see WAe 妇 er zeyo 5 enteyed，70 Rich case 妇 e code stops after 
必 QVU2720 Zajfory7naed 妃 e User 胡 ot 雪 ey emntered Q ze7o. 92710tla7l， 矿 圾 e VSer ente7s 
Q .707 2lteger 妇 e code W2L stoD. 矿 如 e User enters Qu 1eqgatue teger 妇 e code 
07725 e Use 胡 ey Raue dome so but 5s2772D10 72QKes 让 equal 1 胡 e co7ryesDpo7mud2720 
Dosz 友 ve VQ1ULe. 


96 3. Loops and Conditional Statements 





THe co727700720 2Z7DULt QLloUSs LS to DLL Q 7001732，WRICc OULQ cause OU7 
DTogra7ma to ji (7 jact 妇 e routine Factor 15sUes am e7707 70e5509e)，JYe could 
2Co7Dorate Q Check to esU7e 妇 aot WURat 45 entered 715 Q scala7r， THzs cowuld be 
QCco1m2D15s1ed 8 25200 妇 e comldz1om 地 of 志 e 1emgt of ua scalar ?15 UV2 芭 To 
态 15 emld We could add (below 态 e Znput statemzenztj): 


msg3 = Code needs a Scalar integer ”; 
if length(xX) "= 1 | x> = floor(Cx) 


error (msg3) 
end 





When MATLAB encounters these commands it produces a Imessage which 
indicates on which line they occurred and in which code. This is very helpful 
when debugging codes， 


Example 3.21 Now comsider Q code WAzch co7znDels 如 e Vser 如 enter Q jov7 
character 5s 杂 1700 ad 7 友 ! 遍 ey jave 妇 e code W21L mot Droceed. 


msg = [?Please enter a ， 
?four character String ，] ; 
msg0 = ” is not Valid，Please Te-enter  ; 


str = XI); /4 Clearly not valid 
first = 1; 
While length(Cstr) ”= 4 
if “~(first) 
Warning([str msg0]) 
end 
first = 0 


str = input(msg,s7); 


end 





1 order to auVotd 妇 e Wayr721009 70e55Q9ge du7200 妇 e jirst ru，We 7aVe ?Sed 
态 e jag Fizrst WAzcP paszcally says 太太 5 18 如 e Jrst 训 0e 妇 roug 有 don 7ssue 
胡 e Way770729.， 77155s ses Q UhILe Loop to 7epeat Un 友 ! 坝 e User eters Q 5t72720 OF 


/eg 专人 4 


As we can see this additional code can make the program cumbersome, but 
Sometimes it ij8 necesSary，especially 让 other users are going to read and use 
your codes. Again, it also helps when it comes to debugging. 
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Another very useful command in this context is exist. This can be used to 
check whether the requisite variables exist. This is particularly useful 让 input 
is required from another code. 


Example 3.22 Zetl Vs comsider 如 1s peaqer jor a code: 
msg = [The variable Z does not exist ， 


and Will be required for this code?] ; 
if “(exist(?Z?)) 


erTror (msg) 


end 





作 e mote 如 is code Wi mot org Qt 坝 e D7o7m1 坊 572ce 妃 e co72720720 errom 2 
om 7U7 du7370 妨 e eZecutom of am 7n-je. 


3.8 Tasks 


Task 3.1 Modutzjy 妨 e code om page 71 加 calculate 妇 e Value of 如 e su 友 0 
100 1 

之 ， 丽 ， 

i 一 1 


(Notice 态 e answer Wi Dropgably mot pe am integer so yoU UL Pavue to mnodt 记 
矶 e display Je to Use muUm2stT)， 


Task 3.2 Moduzjy 如 e code Jom Task 3.1 如 only su 胡 e Values cory7esDpo7ud2720 
to odd values of 1 ( 甩 1 二 7T15s only Juvolves Q Very 7n0ior chamge to 妇 e For 
/ooD. Yow sjould check 妇 e asWer yoU get ?5 saller 矶 om 妇 e ome 放 om 态 e 
DTeUiOUS tas5.) 


Task 3.3 Modz 久 妃 e jnctiom Fnm (om page 72) to calculate 胡 e values o 太 


sin 于 
二 尖 
天 志方 二 于 


于 


Jor N UD to N=20. 
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Task 3.4 Comstruct Q prog7a7m 1 如 display 雪 e values of 雪 e 用 nctiiom jzZ) 三 
2Z2 十 1 Jorz=0to7z= 克 各 steps ofr/4. 7Tjhe jey jphere 和 to set up am array 
of poiat5 廊 om Q 如 日 steps of 彤 (you ca either se 坝 e colom con7maa72d or 
121SDace). Mape sure VoU 7e7emaber to 15se 妇 e dot operato7. 


Task 3.5 CRamge 妇 e code 9iVe7 1 已 Tam12DVe 3.6，VUsed to evaluate SinZ， to ome 
纪 ot calculates coSZ Whose Ser1e5 eZDQ7T15107 15 92VET 0 


N 
了 27 


0 CT 


Co7maDaye 胡 e apD7ozZi120 她 015 to 态 e values calculated directiy 太 om 14774 
Jorz=0,1/4, 1/2 and 3/4. 45s Jor Erzrample 3.6 you Wi meed to t 杂 umacate 妇 e 
SU10100 友 070，C1Oos32110 人 V to be suztapbly Varge， 





Task 3.6 Calcuiate 奶 e su of 妇 e series 9N，VWAe7e 

一 、1 
Jor djerentl values of N. Given 如 al as N 一 co SN 一 T2]/c where ci 0 
comstazt， Deterraiae 太 e Value of c. (Bere you should modi 记 one of 雪 e codes 
Jor sua7aato7 太 e best ole 15 DTobab1y 胡 e sofutiom to Tas5 3.71.) 


Task 3.7 Calculate 胡 e su7727100 万 07.5 


Jor D equal to one to 妇 ree ad jour (usi79 a mested 1oop structuTe). 


Task 3.8 6517ouw 太 咏 to Wi 太 筷 矶 e _ accuracy Dery7maltted 0 4774P， 
N N 


sc- 更 
人 


也 一 


Task 3.9 7ite dowmn (om paper) a 1ogic ezZpressiom WAich 15 好 Ue Jor values of 
Z 5 矶 at2<Z<4. Maoke sure yoUr ezZpyress1om WorHs jor zz 三 1 3 and 5. 
Repeat 态 e ezeTclse jor 雪 e Wiom of 轨 e setg2 > 3 and z < 一 1. (You meed 如 
1te 妃 e as5Uers 也 矶 e jorm of te combzaa 友 om of Z 25 greater 雪 a7 5om0et 如 2729 
aadV[or 2 7 1ess 专 amu so7me 刀 19 else). 
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Task 3.10 了 玫 rzte dowm a 1ogzcal eZp7essiom WAZc1 18 t 困 WUe jor evem Va1ues of 7 
天 zte7ld 妇 1s to ol be tuUe jor even val1ues of 7 greater 雪 am 20. (Bot 人 YY 
4110 态 e 1U47745B comaa7zld mod: jor zjormatiom om 胡 e co7m7aa70d 怒 De he1p 
mod.) 


Task 3.11 7T7y to Work out Upat vatue of z 万 e Jollowimag code returms (27240110 
Witozt ruU727207209 全 ). 


if tan(73*xkpikX/4) >= 0 
和 三 23 
else 
X = pI; 
end 
if floor(x) == X 
驻 10 ; 
else 
驻 7 ; 


if isprime(Xx) 


X = 2 True”; 
else 
= False，; 





718 友 15 7esull 1 困 Ue WARichever Value op 2 WUe start Wi 砚 9 (You ca7m Jing out abott 
太 e_ comaa72g ZIsDprZme b0 1 妈 D1709 he1D IsDmZme.) 


Task 3.12 (#) 了 7ite oa 1oop structure Which iterates Zn+Hl = 5znll Jor zn 王 
17]7 ua21 让 retuz7s 如 坝 e sqle Value (use hz1e). 


Task 3.13 (#) Determine all integers bgetueen 1 and 50 jor wii 3 一 0 十 40 
15 g1eater 妇 aom0 7000 ad 风 25 7T0t qiuls1ble 0 3. 47e any Integers betueem 了 amd 
0 Derjfect ( 专 at 35，are 胡 ey equal to 雪 e su of 雪 eir Jactors)9 


Task 3.14 了 rzte Q code WARzc 有 om aliows 妇 e VSser 如 DuUt am 10teger 风 pe- 
tueemn 1 ad 10 (iclusive) amd 妇 en DT7iats ouUt Q st 杂 109 of 雪 e jirst7 yetters of 
太 e alpPapet (Bt You could start Wi 态 a str10g of 坝 e Jorm “abcdej 加 77 ) 
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Task 3.15 (#) 降 rite a code Which aliouws 她 e User t 和 DuUt Q 妃 0 character 
St 杂 100， 妇 e Jirst bgeing Q etter and 妇 e seco7zld being a dig 洲 (CVote 坝 at to check 
矿 Q character 和 5 Q letter We cam se ?equalities om 5t7r17095.) 


Task 3.16 (#) By mmodijing 雪 e code om page 858 Use 妇 e find com2770072d to 
Diot 妃 e jncto7 

0 2Z < 一 1 

也 一 和 芯 2Z 和 所 1 

1 1<2<4 

0 2 过 4 


MD 


帮 Z) 二 


Jor the razge 2 E [一 3,5] usag one Polared pozats (try Us109 太 e comm7aa7d 
21271SDace to set UD 妃 e aryTay of Doz70tS)， 


Task 3.17 (#) Vsz7g 态 e com7maa22d Fim2d，a72d 72odiji0g 妇 e code om pa9ge 95， 


Diot 妃 e jnc 好 o7 
上 


COS 下 宛 





帮 Z) 二 


JorzeE[-3,3]. You wineed 如 chazzge 她 e code 如 detery7a2ie When 妇 e demo7mm- 
20Qtor pgeco70e5 5S71104，7ather 雪 a70 WAem 让 35 1dem 友 Call zero， 


Task 3.18 (D) 77e joliowing code 1 supposed to evaluate 胡 e 用 mctiom 


0 Z<0 

人 0 和 芯 Z 乞 1 
由 

0 人 


x=1lnspace(-4,4) ; 
工 ength 式 


for ] 


if X(j)>=0 and X(i)<=1 
f(j) = X(j); 

elseif Xx(j)>1 or x(i)<2 
f(j) = 2 - 工 

elSe 


f(j) = Zero; 


end 
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CoyrTect 胡 e code so 雪 中 让 accom2D15s1es 如 715. 7T15s ca7T pe checped 0 1s220 妇 e 


co1112020 D1ot(Z 记 ad co72D074110 如 e jgure 1 WURat yo eZpect 胡 e 甩 mc 友 0 
to /oo /Ke. 
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Aoot 广 naing 


4.1 Introduction 


In many problems we are required to determine when a function is zero. 蕊 
Should have become clear even for relatively Simple examples there were Imany 
Subcases. It is our intention to discuss methods which are in some Sense robust 
and So the form of the actual function we are studying is not important，at 
least in the construction of the method. 

We now re-introduce the MATLAB function feval which may seem a little 
like an extra step，but 让 will enable us to write Imore general codes. This 
function has the syntax feval(f ,xl,...,xn) andasyouImight expect from the 
Dame evaluates the function f using the arguments xl1, ...,xn. It is normally 
used within other functions which require a function Dname to be passed to 
them. This function can be used as 


feval('sin7,0.3) 


feval(mycode: ,0.2,0.3) 





In the first example this gives sin(0.3) and in the second it returns the value 
of mycode(0.2,0.3). 
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4.2 Initial Estimnates 


In order to determine a root it is usually essential to have an initial estimate 
of its value. In some cases you Imay have Imore than one root (or none) and 
you Wish to identify which one you are concerned with. The method we will 
describe now involves user interaction and js used as an jllustration， As we 
are developing the ideas in this chapter we could consider how they could be 
generalised to include root Selection. In general the methods we will considqer 
will reqduire either an initial guess for the root or a bracketing interval containing 
a Toot. 

We will use the graphical capabilities of MATLAB to identify the root (or 
this bracketing interval). Firstly, we shall set up a small m-fle called userfn.m， 
which will used to specify an example function. 


function [value] = userfn(x,parl1,par2) 


Value = X-par1lksin(x.”par2) ; 





This gives jz) = 2 一 alsinz22，where al and a2 are parameters，which the 
User will specify. Now in order to plot the function we select a Tange and use 
the plot command. The commands are 


去 -2.0:0.01:2.0; 
y = feval(userfn?,Xx,2,2) ; 


plot(x,y) 
grid on 





This code sets Up a vector X Iunning from -2 to 2 in steps of 0.01. 工 he next 
line calculates the value of the function z 一 2sin z2 at these points and puts the 
answer in y. Note we could also have used the command y = userfn(x,2,2) ; 
for this purpose. We have used the feval format so that we could potentially 
Vary the function name. 工 he next two lines plot the graph and add the grid 
lines. 
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From this initial fgure it is not that clear where the zeros lie. There appears 
to be one at the origin，which we camn see Straight away from consideration of 
the function，j(z) = zz 一 2sin7z2. By adding the command grid on (either to 
the Programme testplot.m or at the command line) we camn see two additional 
Zeros (one near 0.5 and another near 1.5: there is also a hint of an extra one 
to the left of the figure，which could be determined by extending the range 
leftwards). In order to investigate further we use the zoom on command. By 
clicking the left-hand mouse button we can enlarge areas of the figure，and 
using the right-hand button we can pull back. Typing zoom off disables this 
feature. 

This can give us a good idea of where the roots lie. Notice this command is 
only working using the original data and 这 we zoom too close we will be able 
to see the straight line segments used for the plotting. Here we have exploited 
401 points, so this should not be a problem. 

We can now use another command ginput to actually return a value rather 
than just using ouUr eyes. The Syntax we will exploit is 
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Modified testpJlotm .m 
-2.0:0.01:2.0; 
feval('userfn?:,X,2,2) ; 
disp(?Click the mouse near the Zero)) 
disp(and when you have finished press)?) 


disp(the return Key)) 


pP1lot(x,y) 

griId on 

[xvalues ,yvalues] = ginput 
[yy,ii] = min(abs(yvalues) ) ; 
disp(xvalues(ii)) 





The frrst few lines are the same as testplot.m and the next line Uses the 
command ginput. 工 he way ginput works is to allow the User to Select pointSs 
in the window (using a cross hair) by clicking one of the mouse buttons. 工 his is 
terminated by pressing the return button. he results are stored in the arTayS 
xValues and yvaluesi these essentially contain the Z and V coordinates of al] 
the points which the user clicks. The next command fnds the minimum value 
of the function and its integer location within the array. Finally the value of 7 
at this location is displayed. 工 his gave a guess of 0.4977 for the zero near 0.5 
and 1.4931 for the zero near 1.5. 

Using these initial guesses we can now proceed with our description of some 
of the techniques available to use. We shall also comment on the likely failings 
of the methods and we Should be mindful of how these failings could manifest 
themselves and how we might monitor them. 


也 xample 4.1 Determmzme 店 0l estiaates jor 奶 e zeros of 妃 e junctiom zz) 三 
2ZsinzZ 一 VZ petlueen 0 amnd 10. 
5275st9 We comstrucl 矶 e 14774P code: 


function [value] = Userf1(x) 


Value = X.#kSin(x)-sSqrt(X) ; 





QQ 7.OUW 7 矶 e co7710700s 


驻 


y 
pP1lot(x,y) 
grid on 


1Zc1 Vield 


linspace(0,10) ; 


feval(userf1， ,X) ; 


4.2 Initial Estimates 107 




















作 e cam see 胡 ot 雪 eye are zeros of 0 ad meay 1.2 2.5 6.7 and 09.35，[Te 
could 1Wse 胡 e abgove data set bE 让 OUid see70 se7ls1be to co75zder eaQcP DOT 


SeDpayately，Eor 妇 ?s DU7Dose We Use 妇 e code: 


input(?Start of interVval ); 
input(Endq of interval  ?); 
linspace(a,b) ; 
feval(userf1，,Xx) ; 

Cj] 工 

pP1lot(x,y) 

griId on 

Zoom on 





有 RU7704720 如 is code Wi 砚 圾 e 和 DuUt 1 amd 2，Wwe obtaz7: 
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0.15 上 | | 


o4 上 上 | 


0.05 


-0.05 上 | 


-0.15 上 寺 





1.05 141 1.15 1.2 1.25 1.3 1.35 1.4 1.45 1.5 





0.08 上 | 


0.06 上 | | 


0.04 上 了 


0.02 上 | 


-0.02 上 : 了 


-0.04 上 习 


-0.06 上 了 


-0.08 上 了 








141 1.15 12 1.25 1.3 





004 上 


0.03 上 


0.02 上 上 


001 


-0.01 


-0.02 上 


-0.03 上 


-0.04 上 











1.12 1.14 1.16 1.18 1.2 1.22 





0.02 


0.015 


0.01 


0.005 


-0.005 


-0.01 了 


-0.015 


-0.02 上 了 











1.15 1.16 1.17 1.18 1.19 1.2 
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1 1 1 1 1 1 
1.16 1.165 117 1.175 1.18 1.185 1.19 


aQjter sWccess?1Ue clicks of 如 e le 大 YoUse puttom. TPRzs aliows Vs 如 obtazm 0 better 
estialate of 坝 e 7oo 坟 1Q72e1y 1.175.， Yow sjPould 杂 y 如 is terval ad 7epeat 如 e 
eZe1Clse jor 胡 e o 妇 er 7oots， 


In reality you should plot the function and then use a combination of the 
grid and zoom commands to obtain estimates for the root or intervals which 
contain them. This also helps to ensure that the answers you obtain are sensible. 


4.3 上 ixed Point Iteration 


Most of the techniques we will discuss are iterative in nature and the first 
one is called the fxed point iteration Scheme. Instead of looking for a zero of 
the function jz), t determines a fxed point of an equivalent equation. The 
equation is rewritten in the form Z = 9g(Z)，so when Z is Substituted in the 
function 9g(Z) t returns the value Z, hence the nomenclature fxed point. The 
conversion of the equation jz) = 0 into one of the form Z = 9g(Z) is not 
always Straightforward and definitely can be done in many waySs. For instance 


the previous example， for which jz) = Z -2sinz2 could be rewritten as 


2 = 2sinz2 (where g(z) = 2sinz2) or Z = \/ sin 和 .Although the former 
version Imight be more intujtive, there are many examples in which this choice 
is not so. For instance consider the quadratic F(z) = Z2 二 2z -- 3,， which could 
be manipulated to givez = (3 一 z2)/2 or z = V3 一 27. With these two forms 
Deither of them seems to have any advantages over the other. Further the 
equation could be written as Z 一 3/(Z 十 2) and so on. Before we try to resolve 
this issue let us Say how this is then implemented as a numerical Scheme. 
We rewrite the equation as 


Zn+l 一 9(Zn) 逢 二 0 
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which is a recursion formula. It starts with an initial guess, namely zZo (which 
Imay be determined graphically or by another means). 
Just about the simplest code for this purpose would be 


XO = |; 
for j=1:10 


Xx0 = g(Cx0) ; 
end 





Where we have a routine g.m which deftines the function 9g(Z) and x0 = 1 isa 
Suitable initial guess. This runs through the iterative process ten times. 工 his 
kind of code presupposes that it is going to work and will converge in ten StepS 
(or an appropriate number). You will quickly learn that you can't rely on this 
kind of thing. 

We need to pause here to think what we Imean by convergence. We could 
work out the value of the function jzZ) at the current iterate as a check. We 
would require this to be less than a certain tolerance (the accuracy to which 
we would expect to know the answer). Notice that this is slightly different to 
knowing the root to within a certain tolerance. 

Alternatively in this case the code may be deemed to be successful when 
the difference between Zn+l and Zn is less than a certain tolerance. In this case 
we have ZnflS on 全 2Zn sg(zn) 人 jzn) 盖 0. This tolerance reflects how 
well we want to know the answer and the Parameter maxits is how Imany times 
we are Drepared to perform the iterations. This is to eliminate problems with 
Cases Which donYt converge and hence cause infinite loopS. The code we shall 
Use for this is: 
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办 
%Y fixed.m 
从 


function [answer,iflag] = fixed(g,xinit) 


gLobal tt 上 tolerance maxits 

iflag = 0; 

iterations = 0 ; 

xnext = feval(g,Xinit) ; 

While (iterations<maxits) 娄 abs (xnext-Xxinit)>tolerance 
iterations = iterations + 1; 
Xinjit = Xnext ; 
Xnext = feval(gE，xinit) ; 

end 

if iterations == maxXits 
iflag = -1 ; 
anSwWer = NaN; 


iflag = iterations ; 
anSwWer = Xnext ; 


久 

X edqn .和 

儿 

function [g] = eqn(x) 
区 = 2ksin(x. ”2) ; 





and the main function 
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从 

% mfixed .m 

从 

gLobal tolerance maxits 
tolLerance = 1e-4; 


maxits = 30; 
[root ,iflag] = fixed(eqn7,0.2) ; 


SWitch Ifl1ag 
CaSe -| 
disp(?Root finding failed?) 
otherwise 
disp([” Root = ”num2str(root) 
” found in ”num2str(iflag) ， iterations ] ) 





We have exploited the new command gLobal which allows variables to be 
Used by any routine which contains a global statement referring to the Same 
variables，or a subset of them. This is useful when a duantity (or group of 
quantities) is unlikely to change and it saves on long argument lists. We have 
also used the number le-4 which is 1 x 10-4 (refer to page 7). 

The code above is run and gives the result of s 1 x 10- 坟 after only four 
iterations. In order to identify the other roots (near 1/2 and 3/2) we must use 
guesses close to these values. Starting around 0.5 (for instance guesses of 0.4 
and 0.6 lead to the code finding the root at zero again). Starting close to the 
other root has a variety of outcomes: starting below it produces the zero root， 
Whereas above leads to the iterations diverging. 工 he reason for this is linked 
to the derivative of 9(Z). In fact the errors are multiplied by |9(z)| at each 
iteration and 让 this value is greater than one, the method will fail. In this case 
we recall that g(z) = 2sinz2 so that g'(z) = 47cosz2 which when 7 一 亏 
equals 1.9378 and when Zz 王 记 gives 一 3.7690. Near the origin the derivative is 
very small and consequently the technidque works well. 

It appears this method is only able to fnd one root and is thus not very 
Useful. 再 owever,， at this Stage we could change the code eqn.m to 


儿 
Wedqn . 茵 


儿 


function [g] = eqn(x) 
g = sqrt(abs(asin(x/2))) ; 
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This form of the code is a simple alternative way of writing the equation jz) 三 
0 as given above,， We use the function abs to ensure that the Square Tooft 
function will not lead to imaginary quantitiesl. In this case the code finds the 
root near 2 = 1/2 but again fails to obtain the other one. There may well be 
a form of the function which gets this root but any Imethod which requires 
this amount of manipulation and user interaction is not suitable for detailed 
calculations. There are many 人 iaws with this method and consedquently it is not 
widely used for one-dimensional problems. However，there are Some higher- 
dimensional (and more complex) problems for which it is the only feasible 
option. 

We shall discuss whereby this method is improved upon and instead of using 
Substitution into a function it uses the fact that a zero corresponds to a change 
in Sign, 


4.4 Bisection 


In the previous example we used an initial estimate for a root: here we shall 
use a bracketing interval. Our initial assumption is that this interval contains 
a Single root. In order to check this hypothesis we shall build in checks at each 
stage. 

Ithe initial interval is between Z = ua and z = 0 we know that ja) and 
jb are of different signs (for the interval to contain a single root): in which 
case their product must be negative. As the name of the method suggests we 
bisect the interval and define the point c = (十 Q)/2. We can now evaluate the 
function to obtain jc)， 


1 To evaluate the arcsine we have used the MATLAB command asin，as you might 
expect there are also acogs and atan, as mentioned previously. 
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This must either be positive or negative (or 这 we are very lucky zero). 王 
Which case jc) will have the same sign as either Fa) or 人. The new interval 
can then be defined as c and whichever end of the previous interval represents 
a change in sign of the function. 

A simple version of a code to use this method in an interval [oa, 中 would be 


a=1;b=5; 
for ]j 1:10 
= (a+b)/2; 
if f(c)*f(a) > 0 


a = Ci; 


elLSse 





where in this casew = 王 1,0 王 5andthe function 帮 z) is defned in aroutine f.m. 
This method is perfectly adequate 这 you know that the method will converge 
in ten steps, the interval [ao, 吕 actually contains a root and no future iterations 
actually coincide with a root (see Task 4.8). 

开 we wish to be slightly more careful we would use the codes 
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从 
% bisect .mm 
从 


function [answer,iflag] = bisect(fun,a,b) 


glLobal tt 上 tolerance maxits 
iflag = 0; 
iterations = 0 ; 
f_a = feval(fun,a); 
f_b = feval(fun,b) ; 
While ((f_a*kf_b<0) & iterations<maxits) 《 (b-a)>tolerance 
iterations = iterations + 1 ; 
c = (b+a)/2; 
f_c = feval(fun,c); 
if f_ckf_a<0O 
b=c; _b 
elseif f_bx*kf_c<0O 
a=Cc; f_a 
else 
iflag = 1; 
end 
end 
SWlitch Iterat1ions 
CaSe maxijitSs 
If1ag -1; anSWez NaN ; 
Case 0 
If1ag -2; anSWeL NaN ; 
otherwise 
iflag = iterations;j anSWeI 
end 


从 

% func .m 

六 

function [f] = func(x) 
f = X-2#+kSsin(Xx. 2) ; 





and the main controlling function 


116 4. Root Finding 





儿 

% mbisect .am 

久 

gLobal tolerance maxits 
tolLerance 1e-4; 
maxits 30 ; 

X]LOWeL 0.4; 

Xupper = 0.6; 


[root ,iflag] = bisect():func，,XlLlower ,xupper) ; 
& PP 


SVWitch Ifl1ag 
caSe 一 | 

disp(?Root finding failed?) 
Case -2 

disp(Initial range does not only contain one root 7) 
otherwise 

disp([， Root = ”num2str(root) 

” found in ”mnum2str(iflag) ” iterations?]) 





This method is guaranteed to work provided only one root is in the relevant 
interval and the function is continuous. It may work 计 there are three rootSs but 
this is not recommended: in fact 过 appears to work provided there are an odd 
Dumber of roots, because each iteration may remove a number of roots which is 
guaranteed to be even. We note that the length of the interval after 7 iterationgs 
is (一 Q)/27". Hence 计 we wish to know the root to within a given tolerance 
We can Work out how many iterations we need to perform. For instance if the 
reduired tolerance is e， we find that we need 





也 xample 4.2 Top deterrzzae a 7oot of a com 如 PuUOouUs 甩 mnc 友 om jzZ) petueen zero 
amad one 9iuem 矶 at 0O)FG) < 0 to wuit 人 1x10-47regulires7 > ln(104)/in2 
13.28: 妃 o 妇 er ords jourteem itera 如 oms， 


We shall now discuss other methods for solving equations of the form jz) 三 
0 which exploit the form of the derivative (or at least an approximation to 这) 
as well as the function,， 
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4.5 Newton-Raphson and Secant Methods 


These methods are related and often confused. We shall derive them in tandem， 
Since in Teality they only differ in the last stage. 工 he central Premise for both 
Imethods is that the function is locally linear and the next iteration for the 
reduired value can be attained via linear extrapolation (or interpolation). 


4.5.1 Derivation of the Newton-Raphson Method 


We will start using a Taylor series to derive the Newton-Raphson technique2. 
We assume the current guess is 2 and this is incorrect by an amount 尺 ， So that 
Z 十 几 is the reduired value. Inow remains for us to determine 丸 or at least 
fnd an approximation to it. The Taylor expansion for the function jz) at the 
point Z 十 Ris given by 


Flz 十 站 = jz) 十 Pz) 二 OA 


This can be interpreted as: the value of the function at Z 十 必 is equal to the 
value of the function at Z plus the gradient times the distance between the 
points. This can be considered to include further termsi at the moment we are 
fitting a Straight line. 

In this expression we have used the term O(12): loosely this means some- 
thing the same size as 12 and also the prime means differentiated with respect 
to the argument of the function. We now note that Z 十 彤 i8 supposedly the 
actual root so jz 十 尹 ) = 0, and discarding the higher-order terms we fnd that 





人 (4.1) 


This Presumes we are close to the actual root，and consequently we camn dis- 
card the terms proportional to h2 since these should be smaller than those 
DPIroportional to 几 . 

This allows us to construct the iterative Scheme 


化 二 : 流 闪 eg 人 三 回放 232 
0 
This method can also be derived using geometric arguments. In these derivar- 
tions the function is taken to be approximated by a straight line in order to 
determine the next point. 


2 If you haven't seen Taylor series refer to the geometric argument on the next page. 
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The value of /is determined by using the fact that the ratio of the two 
sides 玉 and jzn) has to be equal to 大 (Zn). 

At the moment we shall presume that we have two routines func.m and 
func_prime .m which give us the function and its derivative. For ease let us 
consider the function jz) =Z 一 2sinz2, so j(z) =1 工 一 47zcosZ2 (using the 
chain rule). The code func.m is given on page 115 and the other one is: 


儿 

% func_prime .mm 

包 

function [value] = func_prime(x) 
Value = 1 - 4#+X.kCcoSs(X. ”2) ; 





Notice that we have used the dot operators，even though this routine is only 
ever likely to be called in this context Using a scalar. This permits the routine 
to be used from other codes in a portable fashion. 

This can be coded Simply using 


1:10 


X - func(x)/func_prime(Xx) ; 





Where we have set the initial guess to bezZz=1 and supposed that the method 
will converge in ten iterations. We now give a Imore robust code to perform the 
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iterations 


儿 


% Newton_Raphson .mm 


input(?Starting guess :7); 


tolLerance = 1e-8; 
iterations = 0; 
While (iterations<30) & (abs (func(x) )>tolerance) 
= Xx-func(x)V/func_prime(X) ; 
iterations = iterations + 1; 
end 
if iterations==30 
disp(?No root found7) 
else 
disp([” Root = ” num2str(X,10) ” founqd in ， 
int2str(iterations) ， iterations.，]) 





了 opefully you camn see the difference between the two codes and see that Ulti- 
Imately the second version is more useful. By entering the values 0.1, 0.6 and 
1.5 we can obtain the three roots we are concerned with. Notice we have in- 
creased the number of digits Printed in the answer to 10 using the form of the 
MATLAB command num2str which accepts two arguments. 

We shall discuss the possibilities open to us when we do not know the 
derivative of the function，but we are able to evaluate the function. This relies 
on the classical definition of the derivative，which we shall write as 


/ ， jz 二 9) 一 用 2) 
人 

This allows the previous routine to be rewritten without using func_PTrime .m， 
but we need to define a practical value of 0 for this purpose. In general a value 
of around 10-5 is suitable, but this may need to be changed depending on the 
problem. There is also a version of the method whereby 0 js changed during 
the iteration process (dependent on the current value of P, see 下 quation (4.1)). 
The previous code is now changed to be 
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久 
% Newton_Raphson_S .m 


input(?Starting guess :7); 


tolerance = 1e-8; 
iterations = 0; 
delta = 1e-6; 
While (iterations<30) & (abs (func(x) )>tolerance) 
f0 = func(Cx) ; 
fl = func(x+delta) ; 
X = X-f0*xkdelta/(f1-f0) ; 
iterations = iterations + 1; 
end 
if iterations==30 
disp(?No root found7) 
else 
disp([， Root = ” num2str(X,10) ” found in ， 
num2str(iterations) ) iterations.]) 





or alternatively the short version would be 


1:10 


X-delkfunc(x)/(func(x+del)-func(x) ) ; 





We have changed the name of this method to Newton_Raphson _ S.m Since it i8 
similar to the next method we will discuss, namely the secant technique. 

This method starts with two values of z, namelyZz = zo and7 = 21. 和 A 
straight line is drawn between the points (Zzo, j(zo)) and (21, /zi))，which has 
the equation 

/一 /xzo) 人 一 Z0 
jz 一 Aczo) 2Z1 一 2Z0 


We wish to find the value of z (Z2 Say) for which y = 0 which is given by 








2 一 20 /zao) TD 人 jz0) 


We then move on So that we are going to useZz = 一 21 and2 王 2Z2 8S the next 
two points. This is coded to give: 
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办 

% Secant .mm 

办 

x0 = input(?Starting guess point 1 :?); 

xl = input(?Starting guess point 2 :); 

tolerance = 1e-8; 

iterations = 0; 

While (iterations<30) & (abs (func(x1l1) )>tolerance) 
iterations = iterations + 1 |; 
f0 = func(x0) ; 
fl = func(xl1) ; 
Xx2 = Xx0-f0*k(x1-x0)/(f1-f0) ; 
XO = X1; 
Xl = X2; 

end 

if iterations==30 


disp(?No root found7) 


elSse 
disp([， Root = ” num2str(Xx1,10) ;found in ， 
Dum2str(iterations) ， iterations.，]) 





This method works far better 这 the two initial points are on opposite sides of 
the root. In the above method we have merely chosen to proceed to use Z1 and 
the newly attained point Z2: however we could equally have chosen Zo and 7Z2， 
In order to determine which we should use we require that the function changes 
Sign between the two ends of the interval. This is done by changing the lines 
where the next interval is chosen . 
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久 

% False_Position .mm 

所 

x0 = input(?Starting guess point 1 :?); 


xl = input(?Starting guess point 2 :); 
X2 XO ; 
tol = 1e-8; 
iters = 0; 
while ((iters<30) & (abs(func(x2) )>tol))1|1(iters==0) 
iterations = iterations + 1 ; 
f0 = func(x0) ; 
fl = func(xl1) ; 
X2 = Xx0-f0*k(x1-x0)/(f1-f0) ; 
if func(x2)*kf0O < 0 
X1 = X2; 
else 
天 D 三 汶 2， 
end 
end 
if iterSs==30 
disp(?No root found7) 
else 
disp([， Root = ， num2str(xX2,10) ”found in ， 
Dum2str(iters) ， iters.:]) 





卫 xample 4.3 Je comsider 太 e jpctiom jzZ) =2Z7 一 QUhere ua > 0. 77e 7oot5 


1/mm 


of 妨 1s eguaziom are 鸡 Q om WUritten ao 坑 er UQV，aQ 了 .For 妇 is edquatiom We 


ca ULte 胡 e Neuwtomn-Rap1hsom scRerne 05: 
化 一 0 一 一 一 一 ， 
窜 半 于 也 你 二 1 
Jicj ca7 be 5272D10Hjed to Wield: 


工 Q 
mL 三 0m | 二 十 庆 二 霹 。 


Volice 妇 1s 15 ezZactigy 坝 e naD soluved 也 训 e eZa7zaDle om page 91 UV 记 =3 amq 
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了 Example 4.4 Vsing 她 e Newtom-Raphsom 7outme deter7a20e 妃 e zero of 妇 e 
记 ncetion jzZ) 一 ez 一 e- 科 十 1. 7Tjizs cam be domne by setting 2D 态 e 有 nctions 


function [value] = func(x) 
Value = exp(x)-exp(-2*+Xx)+1; 


function [value] = func_prime(x) 


Value = eXxp(x)+2*kexp(-2#X) ; 





T715s Vields 妃 e 7esv 此 


>> Newton_Raphson 
Starting guess :-2 
Root = -0.2811995743 found in 8 iterations . 


[ui 太 ua tolerance of1x10-10). jaoctue can solue 如 is equationm 00 2ntroducing 
胡 e va7iable 基 一 ez，amd 10410 专 o 习 45 mever zer0，JYe cam yewrite FUZ) as 


1 


(2 


TPRZs equatliom ca7 be 5oluved directiy ad 奶 e real root 1s Joumd to be 


V100 十 12V69 本 2 1 
6 3a100+12V65 3 


07 0 44511009 矶 e MA4TZ4P code co=11 1 0 -11 roots(co). Themn to 7etryeve 
态 e yoot of 坊 e equa 友 om We Vse 如 e jct 加 atz 三 mxX， 





区 一 


4.6 Repeated Roots of Functions 


Here we shall briefy discuss an additional technique which can be used to 
determine repeated rootSs. We Shall presume the function is knowmn analytically. 
We hote the bisection method reqduires the function to change Sign and the 
Newton-Raphson method requires that the first derivative is non-zero， Both 
of these limitations pose potential problems. Consider a polynomial p(Z) with 
a repeated root (of order 由 > 1) at the point zZ = 入 This means that we can 
wiite D(Z) as 


(Z 5 入 )“ d(Z)， 
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Where dg( 入 ) 夭 0 (since the root is of order 7m). Let us now consider the derivative 
of p(Z) at Z 一 和 , So that 


This means the methods which use the derivative are bound to fail. 
Let us return to the derivation of the techniques using a Taylor series, where 
we recall that Z 十 刀 i8 deigned to be the correct solution， So that 


0= jz 二 站 = jz) 十 天 户 (z) 十 半 六 人 十 O(13). 


We now note that near the reqduired repeated root 炙 (z) will be almost zero, so 
we consider the extra term which is proportional to 12. To find 刀 we solve the 
duadratic: 











1 _ 二 包 国 十 VC 和 一 27() 太 人 
2 大 人 柯 
And we can define the next point in the sequence as 


的 -mh 











化 


But we do not know whether to take the positive or negative root. In the follow- 





ing code we calculate the value of the function at each of z 人 ) and determine 
which has the smaller magnitude. 


.1; 

itSs=1:20 

[f,fp,fpp] = fun2(x) ; 

hl = (-fp+sqrt(fp”*2-2*xf*fpp))/(2*fpp) ; 
h2 = (-fp-sqrt(fp”*2-2*xf*fpp))/(2*fpp) ; 
[fl1,flp,flpp] = fun2(Xx+h1) ; 
[f2,f2p,f2pp] = fun2(x+h2) ; 


if abs(fl)<abs(f2) 
= X+h1 
elLse 
X+h2 
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which calls 


function [f,fp,fpp] = fun2(Xx) ; 
广 . “4+3*+kX. ~3-12#kX. “2-20#X+48 ; 


fp = 4*X. “3+9*+kX. 2-24#*X-20 
fpP = 12*X. “2+18*+X-24; 





We note that the above code is not limited to real numbers. In this example 
we have considered the case p(Z) = ZL 十 323 一 12z2 一 207 十 48 which has roots 
atzZ 三 一 3,2Z= 一 4and7z 王 2(twice). 

There are other methods of getting round these Problems, and indeed these 
can be applied for higher-order zeros. 


4.7 Zeros of Higher-Dimensional Functions(*) 


We note that the Newton-Raphson scheme is readily extended to a technidque 
Whereby one can locate the zero of a higher-dimensional function. Let US con- 
Sider the Zero to occur at X = X” and the function is f(x). For instance 
f(z,y) = (sin(z 十 办,Z2 一 2)，which has zero at the origin (0,0)， We can 
derive this scheme using the multi-dimensional Taylor series. We presume that 
We have a current iterate xy and that X”* = xy 十 h. By definition f(x*) = 0， 
hence 
0=flxo 十 b) =f(xo) 十 Vflx :n+O(hl2) 


where we shall explain the notation Vf . h in due course，but we note that 
this can be written as a Imatrix A times the vector h. We can Solve the above 
equation for the h (where we assume that O(|hl2) is sufEciently small enough 
to neglect). This gives 

h = 一 A-:f(xy). 


We now discuss the entries of the matrix A. Let us consider 工 : 琢 ” 一 及 "， 
in other words 


f(x) 一 (万 (zl ) Op) ) 万 (Z1 人 ) 
The elements of the matrix A are 


0 


加 zj 





Qi 


The guess for the value of xw is then updated. 
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了 Example 4.5 Determine 态 e zeros of 态 e 名 inction 了: 限 2 全 限 2 sucji 成 o 


fx) = (由 = (到 一 因 二 3 (十 2 一切 


WAey7e We 用 QUe Sed (Z1;22) 三 (7 人 7 雪 1s case 妇 e nat 杂 这 A 105 


O 忆 
交 芝 二 ( 220 一 27 】 
训 如 2(Z2 十 2) 一 1 


= 1:10 
= [xg”`2-yg”`2+3; (xg+2) ”2-yg] ; 


[2*xg -2#+kyg; 2*k(xg+2) -1] ; 
Ph = -ANf; 
xg = Xg+h(1) ; 
yg = yg+h(2) ; 





Tis gives Values (一 0.6410,1.8469) amd 态 e value off of 加 e order of 10 瑟 . 
Je com cjpecj 万 1 0 moting 妨 atyy = (Z 十 2)2 amd 态 em substtuting ito ZU 
We 几 aVe 


zZ2 一 (z+2)4+3 一 22 一 (z4+8z3 二 247z2 十 32z 十 16) 十 3 
一 -2z 一 8z3 一 23z2 一 32z 一 13. 





TPRe rootls oj whicih cam be jound Vs2009 妇 e com277007205 


= [-1 -8 -23 -32 -13] ; 


= Toots(a) 
= (x+2) .2; 





1Zcj We sjal1 eet 77 duUe COU17Se. 了 155 972VE5: 


-4.1124 
-1.6233 + 1.51541 
-1.6233 - 1.5154i 
-0.6410 
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>> y 


y = 


4.4623 
-2.1546 + 1.14171 
-2.1546 - 1.14171 
1.8469 


Voice We Ja amo 妇 er 7eal root and Daz7s oj co7DVeZ a7SWEe75. 


In this example we have just performed 10 iterations: however in reality 
we would wish to stop once a _ certain tolerance is achieved. This could be 
accomplished by adding an if statement: 


if norm(f) < le-12 


break 
end 





The command norm calculates the magnitude of the vector (see helPp norm)， 
This code should be added after the line evaluating f. We should also check 
whether the calculation has actually converged or Imerely exceeded the Imaxi- 
Imum number of iterations. This can be done by adding the code 


if norm(f) > le-12 

disp(?Routine did not conveTge )) 
else 

disp(:Answer is)?) 


disp([，x=， num2str(xg)]) 
disp([，y=，” num2str(yg)]) 
end 





In general we will not be able to determine the partial derivatives of the 
functions analytically and we rely on the local approximations to the derivatives 
Such that 


0 _ jz+0) 一 zy 0 _ jz,y+0) 一 zy) 
DR 6 四 5 








We note that this method can be used to find turning points of functions， 
in higher dimensions. For instance consider 厂 : 豚 ? 一 了 the turning points are 
such that Dj/oz = 0j/6y = 0, so we define f as (DJj1/6z,0j/6y) and seek zeros 
of 工 . 
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4.8 MATLAB Routines for Finding Zeros 


4.8.1 Roots of a Polynomial 


As we have seen MATLAB has a specific command for fnding the roots of a 
polynomial, namely foots. The coe 重 cients of the polynomial are Placed in &a 
vector c and the routine returns the corresponding roots. It is very simple to 
Use, but care ji8 need when entering the coe 旨 cients， 


Example 4.6 Pind 加 e rools of 态 e guintic equatiom jz) 一 25 一 2 十 2Z3 十 
222 一 1. 
172s 1s Qcco7D15S1ed 5200 雪 e code: 


c=[1-1120- 革 ; 


roots(c) 





There are a couple of things to note from this example: 


一 工 he polynomial's coe 和 cients are listed Starting with the one corresponding 
to the largest power， 


一 LI is crucial that zeros are included in the seduence where necessary (in the 
above we have included the zero times 2Z term). 


一 As a Simple check，a polynomial of order Pp has DP 十 1 coe 生 cients，i.e. &a 
duadratic has three coe 重 cients and a polynomial of degree D will have 7 
roots. So as long as the coe 重 cients of the polynomial are real, the roots will 
be real or occur in complex conjugate pairs， 


4.8.2 The Command fzero 


The MATLAB command fzero is very powerful. It actually chooses which 
Scheme should be used to solve a given Problem. Let us try the form of the 
command 


fzero(func”，0.4，optimset(?dqisp，?iter?)) 


This produces 
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Func-count 式 夺 (x) Procedure 
1 0 .4 0.0813636 Initial 
2 0.388686 0.0876803 Search 
3 0.411314 0.0745675 Search 
4 0.384 0.0901556 Search 
5 0.416 0.071613 Search 
6 0.377373 0.0935142 Search 
7 0.422627 0.067296 Search 
8 0.368 0.0979791 Search 
9 0 .432 0.0609148 Search 

10 0.354745 0.103721 Search 
11 0 .445255 0.0513434 Search 
12 0.336 0.110687 Search 
13 0 .464 0.0367268 Search 
14 0.30949 0.118215 Search 
15 0.49051 0.0139394 Search 
16 0.272 0.124167 Search 
17 0.528 -0.0223736 Search 


Looking for a zero in the :interval [0.272，0.528] 


18 0.488914 0.0153797 interpolation 
19 0.504837 ”0.000616579 interpolation 
20 0.505484 -1.5963e-06 interpolation 
21 0.505482 1.80934e-09 interpolation 
22 0.505482 “5.32907e-15 interpolation 
23 0.505482 0 interpolation 


Zero found in the interval: [0.272，0.528] . 
ang = 
0.50548227233930 
The command uses many different forms but here we are looking for a root of 


the function defined in func.m near the valuezZz = 0.4 and the options are set 
to display iterations. 


Example 4.7 Determine 如 e zero of 态 e 如 nction jz) 一 工 一 Z2sinz mearest 
to2Z 三 1. emeedto setupDp 妇 e code 
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function [val] = myfunc(xy) 


Val = X-X. ”2.*#kSsin(X) ; 





amd 妨 em Wse 她 e Me co70072d zerof(2mgy uc 17)，7717S 091UES 


>> fzero(myfunc， ,1) 
Zero found in the interval: [0.84，1.16]. 


4.9 工 asKks 


Task 4.1 Moduzjy 如 e codes VserfPm.m amd testplotn.m to deter7mzT0e 她 e 1o- 
catio15 of 万 e roo1 of 雪 e 负 nctiom FzZ) = ZsinzZ beteem 0 and 10， Use 妇 e 
927DUt co10020 to 205e SU7e 地 at yo jave 7easomable estates of 坝 e 1o- 
cato75 of 妇 e zer0s，Nolice 如 e code serjm.m as 让 stamgds takes 1UO DLL 
Da7a7aete7s，?tWRereas 奶 15 用 mc 友 om does 1ot Teed a72W Dara7ueters ad Q5 5UC 及 
态 e jpc 友 om ca pe cjamlged to only Pave ome ?TD ma70e1y 2Z. Yo SPould also 
20Ke SUW7e WOU USe Q dot 1 太 e calculatiom， 5272ce 妇 e jctiom Wi be apDDlied to 
VECto75. 


Task 4.2 Cem 如 at ez > 0 VZ show 妇 of coshZ Pas mo zeros and SinhZ 
j 几 as ol o7e，Co7lseguentiy com7aent 0 胡 e zeros of 太 e junctom jz) = 
cosh”zsinh”" zz Where mn,70 E N. 


Task 4.3 Determine 态 e 1ocatiom of 如 e roo 好 s of 轨 e polynomial FUz) = 2Z2 十 
0 十 1 ER，9230209 detazls of hem yo ezZpect 妇 ere to pe mo 7eal roots，o7e 
70015 07 to 7eal 7oo 好 (4tternapt 记 1s 700 胡 eazcal1y bt 态 em VSe MA4T74DB5 
Dlott72g routimne to ve7 your dz7295. 1) 


Task 4.4 Comsider 如 e junction jz) = snz+Dcosz OO ER and derive am 
eZD7e551072 jor 奶 e Value of 态 e zeros of jz) ma 妇 ematical1y，Use MA4T74 加 
Verzjy Vour asWer jor certaiz Values of 0 (Derpaps Vs1n9 zero ad ome as 0 
Sta7t). 
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Task 4.5 Modiz 负 如 e code eqm.m (page 112) to determmime 妇 e zeros of 如 e 包 mc- 
友 om jzZ) 一 2cosz 一 Sinz betoeen 一 27 amd 27 .51729 妇 e jized point Te 成 od. 
(You 7nay meed to Use a Dilot of 万 e 有 nczom to idem 友 育 吏 庆 al guesses Jor 如 e 
VUQ1ues./) 


Task 4.6 Comsider，1S82729 e jzed Dozt 7e 妇 ood， 胡 e zeros of 妇 e 甩 mc 友 0 
jzZ) 三 22 二 bzTT1and 妃 e to Ways of rewriting 态 e 记 nctiom 识 态 e reguired 
Jorm as g(z) = 一 (22 十 1 and g(z) = 一 V 一 (bz 十 了 Using 妇 e results rom 
Taosk 4.3 state WAich neod ?5 approp7iate (if either) Jor a given Value of 0. 
(Recall we 7eqauire |9(zZ)| < 1 Jor 雪 e mme 妇 od to wo7rK.) 


Task 4.7 Use 矶 e bsec 友 om 70e 妇 od t deterrni0e 太 e zero of 雪 e jnctiom 
jz) = 2z2 一 2Z3 二 Sinz beboeem one amd 如 ree. Youw will meed to enter 态 e 
codes bzsect.m mbzsect.m and Junc.m The code bzsect.m does mot meed 
720d27icaio7m: 几 LotWUEeVer yoU meed to cha7ge func.m to evualuate 雪 e 用 nctiomn 7z) 
at Q Dott Z (agai Tree7aper to Use 坝 e dots 九 妇 e coryect Dlace). Yo also 
Teed to cha7zge mbzsect.m to yehectl 雪 e jacti 坊 at we are seeki1g Q Zero of 如 e 
有 mc 好 om dejned 也 Pumac.m 人 矶 eramlge 了 Tto39. 


Task 4.8 Comsider 态 e 包 nctom jzZ) = cos 3 betueem 0 and T. Comarnent o7 
遍 e bsectio7 70e 专 od Vs?729 专 e ra72ges [0,T，[0,7T/8] amd jaliy [7/8,T. 天 委 
10t ECcessa17g to Write a code to solue 如 is DoDblermy WoU Shouwld sketc1 e cu7Ve 
ad Wo7rK out UPat 15 05ely to ]appem. 


Task 4.9 Vszg 态 e Newtom-Raphso7m 70e 胡 od calculate 太 e 7oo1 of 如 e 九 mc- 
好 ons jzZ) = zcosz 一 sinz and g(z) = (z3 一 了 Z)sinz， These should be done 
Q5 100 separate calculatioms.， Youw WU Teed to Write to MA4TZ4B 帮 nctioms 
Jor eacjh case to evaluate 地 e 包 nctom and ?5 derivatue. THese sPould pe calied 
Jumac.m amad juac DrZme.mn so 雪 of ey ca be called jrom Neutom_ Rapjhso7 
(altermnatiuvely yo could chamge 万 e Vine 砚 Neutom_ Raphsomm to 7rehect 态 ot 
VoU a7e US51109 derent 用 mc 友 om ma70es)， 


Task 4.10 Vszg 妃 e mme 妇 od of False Poszjom jd 地 e roots of 如 e 甩 mc 友 0 
sin(z 一 Z3) betueenrZ = 一 0 andZz=6. 


Task 4.11 Vsing 如 e jnowledoe 态 ot 雪 e polymnomial p(Z) 一 23 一 472 十 57 一 2 
/as au 7epeated roo 太 dete7710072e 3ts 1oca 龙 0o7. 
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Task 4.12 Vsz9 态 e co7al72072d 7roots calculate 奶 e solutioms of 圾 e equa 友 omS 
2Z3 二 22 二 Z+1=0and 一 27 二 xz5 二 2z2 一 4. 


ere yo Teed to be cayejul 刻 o 矶 e coe 太 crents of 妇 e polymao7mials aye etereq 
CoyTectly as Vector5. 


Task 4.13 Vszg 妇 e co7n10020 ze7ro ?0Ues1gate 她 e 7oo1 of 雪 e 有 mc 友 o705 
ZsinzZ 十 cosZ, (snz)3 一 sinz and (Z2 一 47z 十 5)/(z 一 了 


Task 4.14 (#) THe so1u 帮 os of 纪 e deremzial egua 友 om 


d27/ dy/ 1 

2 2 

> 一 一 一 0 

和 + 

are 920em 0 帮 ]2(Z) and 玖 /2(Z)，VRich are called Bessel 如 nction5s， Using 如 e 
144774PB commaamnd besse17T(nuZ) (where 7 1 equal 如 1/2 纪 妨 1s case) 
ad zero determaiue 矶 e zeros of 纺 e 负 inction .ia(Z) 各 雪 e interual (0,20|. 


Task 4.15 (D) 7He Joliowing codes are desigmned to jpad a root of 雪 e 用 mctiom 
jz) =Zsinz 一 Z2cosz 一 1 sin0g 态 e Newton-Rapjhsom 7metiod 


大. 


function [out] = f(in) 


= X#kSin X - X72 cogs X: 





function [out] = fp(in) 
fp = (x+1)#kcos X - 2#xX Sin X: 


1 :1 工 
Xx - fp(Cx)/E(Cx) ; 





条 


/nterpolaton and Extrapolation 


5.1 Introduction 


We shall now consider the problem where we know the values of a function at &a 
certain set of predetermined points，(Z1, 万 )， (Za 户 ))，… through to (ZN, jjN). 
The duestion to be answered in this chapter is what values does the function 
take at intermediate values of z (which is called interpolation), or alternatively 
What values does the function take external to this range (which is called ex- 
trapolation). 

It is worth pausing here to think how we would determine an intermediate 
data value in practice: 


10 





9 上 


8 
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开 we presume we are given the original data set，Shown here as circles，we 
Imight join them together with straight lines (as shown). In order to worKk out 
the value at 2 = 3.5 Say, we would draw a vertical line and See where it crossed 
the appropriate segment. Then a horizontal line would be drawn and the value 
read of the V-axis. In the main this is exactly the technique used: however 
differing degrees of approximations are Used to create the lines between the 
points. VVe Shall start by discussing how we might obtain the original data. 


5.2 Saving and Reading Data 


In this Chapter we will generally need to read data from a fle.， Within the 
context of MATLAB there are two routes open to us for this procedure and 
过 will depend on how the data was initially Saved. For illustration we shal] 
presume we have a MATLAB session which has created a set of variables: 


>> Whos 
Name Size Bytes  C]1ass 
a 3X4 96 double arTray 
al 2X2 32 double arTay 
b 6x6 288 qdqouble array 
1X5 40 double arTray 
Z 1X1 16 double array (comp1lex) 


Grand total is 58 elements Using 472 bytes 


Here we have used the command whos to list all the current variables，and 让 
gives information concerning: their size (both in terms of dimensions and in 
Imemory，given in bytes) and their class. Most of these are classed as“double 
array”wWhich means they are real matrices. The final variable z is a one-by-one 
Imatrix which is complex. The command also gives information concerning the 
total number of elements (that is the sum of the product of the dimensions of 
the matrices) and the total memory. If we wished to only list those variables 
Starting with a we could use: 


>> Whos a 


Name Size Bytes Class 


a 3X4 96 double array 
al 2X2 32 double array 
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Grand total 1 16 elements Using 128 bytes 
OF 寺 we just wanted the names of the variables we could use: 


Who 
YouTr Varliables are: 


a al b C 乙 


开 we only wanted information about one variable we could just use the con- 
struction whos al, for instance. 

In order to save the data we use the command save. The help command is 
very helpful here (help save). However，we shall give a synopsis here of the 
Imain points. 

To save all the variables which are currently in use: 


% Save all current variables in a file 


% session_Vvars .mat 


SaVve SeSsSlion_VarS 





This creates afile called session_vars.mat, where the frst part ofthis flename 
js user-defined to reflect the contents of the file and the second part .mat defines 
it as a MATLAB fle containing variables. Note this sufx may also be used by 
another package and as Such it will be dij 重 cult to use the 0pen menu. This fle 
now contains the actual variables，which means both their names and values 
are stored. 

They can be reloaded using the command 


% Loads the variables stored in the 


%Y file session_Vars.mat 


Joad session_VarS 





We note the default fle name for files of this type end with .mat and as 
such we are asking MATLAB to load the file session_ vars.mat. This fle is 
Very Special Since 志 actually contains information concerning the variables as 
well. I we wish to save only certain variables we can jlist them: 
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Y Save the variables a Kg al to the 
% file session_Vvars.mat 
SaVve SeSsSsion_VarS 3 al 


# Save all variables starting with b 
% to session_Vvars .mat 
SaVe SeSSlion_VarS b 


% Append al1l variables starting With ca 


%h to the file session_Vvars .mat 
SaVve SesSlion_VarS cak -append 





This last command is particularly useful since it adds the variables to the file 
Whereas the previous ones erase all the other variables currently stored in the 
fles. 

开 we merely want to Save the data from variables (Tather than their names) 
we can again Use save but with a different syntax. This time we Shall sSpecify 
the entire flename，which needs to be enclosed within single quotes. 


SaVve )SesSsion_Vals.dqat， a al -ascii 
This produces an ASCII (American Standard Code for Information Inter- 


change - basically human readable) fle containing the values of the variables 
a and al. This creates a fle whose contents looks like: 


1.0000000e+000 1.0000000e+000 1.0000000e+000 
1.0000000e+000 1.0000000e+000 1.0000000e+000 
1.0000000e+000 1.0000000e+000 1.0000000e+000 
1.0000000e+000 1.0000000e+000 1.0000000e+000 1.0000000e+000 
1.0000000e+000 1.0000000e+000 1.0000000e+000 1.0000000e+000 
1.0000000e+000 1.0000000e+000 1.0000000e+000 1.0000000e+000 
1.0000000e+000 1.0000000e+000 1.0000000e+000 1.0000000e+000 


where the variables were defined as a = ones(3); al = ones(4). The prob- 
lem with this technique is we cannot read this back into MATLAB directly 
using load (it complains there are not the same number of pieces of data in 
each line). It cannot know this is a three-by-three matrix followed by a four-by- 
four one. There are other options for this command which allow extra precision， 
for instance -double. 

The problem here is that we need to have knowledge about the data in the 
fle to understand the form we wish to read 让 记 . For example consider a file 
containing the data 
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1.0000000e+000 2.0000000e+000 3.0000000e+000 4.0000000e+000 
1.0000000e+000 4.0000000e+000 9.0000000e+000 1.6000000e+001 


(this was created using the code: x = 1:4; y = X. 2; save bobl.dat， 
y -ascii). This contains two Tows vectors and we can load this using: 


Joad ”bob1.dat， 


Now using the command whos we can see that we have a two-by-four ar- 
Iay called bob1，We can How extract the data using a = bob1l(1,:); b = 
bob1(2,:); clear bob1. These commands give us the first row and the second 
IOowW in the row vectors a and bi fnally we clear the array bob1l Since we have 
extracted the requisite data. Whilst this last stage is not necessSary it is good 
Practice to keep track of the variables you have. Notice there is no reqduirement 
that the variables are called the same as when they were saved (Since usually 
you won't know what they were called). 

This is probably the best way of reading in data from another Source，PprIo- 
vided the data is rectangular in shape. However，there is a _ further method 
which can be used. This involves the commands fopen, fprintf, fscanf and 
fclose. These commands are very powerful and as you might expect duite 
complicated to use: 


0:.4:2; 
= [xj; exp(x) .kxcos(2#X)] ; 


= fopen(?dqata.dqat:，wW2); 
fprintf(fid,:%6.2f %12.8f\n)? ,7y) ; 
fclose(fid) ; 





In the first two lines we set Up a vector x Tunning from 0to 2in steps of 0.4and 
then a matrix y comprising two columns (first x and then the corresponding 
values of the function ez cos 27). The next line opens a fle data.dat Using the 
command fopen (note the fact that the flename must be enclosed in single 
duotes). The first argument is the flename and the second one reflects what 
we are going to do: in this case write to the fle. he options for this second 
argument are: 
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7 这 > Tead 

2W) wiite (create if necessary) 

2 3 append (create 让 necessary) 

的 read and write (do not create) 

2VW+， truncate or create for read and write 
2a+， read and append (create 让 necessary) 
2W， write without automatic fushing 

?2A， append without automatic fushing 


(this list can pe obtained by typing help fopen). The variable fid is an iden- 
tifier or handle for the fle and as such will be used in all commands related 
to that fle. Ithe command fopen is Successful fid will be a scalar integer 
(过 will have value minus one 这 it i8 unsuccessful). We can now refer to this 
fle merely using this variable (you can actually use the integer value but this 
is not advisable). The next line uses the command fprintf which has three 
arguments: the fle identifer (fid), the format and the variable to be written 

We need to ensure the format matches the data. The format here Prints 
two numbers per line, the first one '%6 .2f” corresponds to a fxed point number 
with 2 places after the decimal point using Six characters in total;i the second 
one 'YVh12.8f' has eight places after the decimal point and uses 12 characters in 
total. There are Several other formats and these are based on those from the C 
language. The other option of the most use is e, So the line would be changed 


to: 
fprintf(fid, hph6.2e MX12.8e \n? ,y) 


which produces fHoating point versions of the above. The command NAn gives & 
new line after printing the two numbers，whilst we could place a tab between 
the characters Using \t. 

Finally we use the command fclose(fid) to close the file corresponding 
to the the file idqentifier fid. It is very good Practice to close the files we are 
using as Soon as we have finished with them. 

This produces a fle called data.dat which contaings: 


.00 1.00000000 
.40 1.03936428 
.80 “ -0.06498473 
.20 “ -2.44823335 
.60 “ -4.94458639 
.00 -4.82980938 


We could read the data back into MATLAB using the command fscanf: 
this is similar Syntactically to fprintf except we now Specify the shape of what 
is to be read in. The simplest way of reading in the above data would be: 


已 卢 必 口 口 口 
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ClLear al1 
Load ?data.dat， 


X = dqata(: ,1) ; 
工 data(: ,2) ; 





Since it is rectangular. We Shall now Presume we do not know the functional 
form of our data. The following sections will use the data contained within 
data.dat as an example. It js suggested that you type the above code to create 
the fle (or you can directly enter the datay). 


5.3 VVhich Points to Usey 


We pause here to discuss the problem of which points to use for the process， 
in general we apply the following method. 


IMPORTANT POINT 


Pick those closestl! 


This can be done by hand, or can be automated. For this purpose we use 
the routine findrange .m: 
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function [ibot,itop] = findqrange(X,Z,N) 
if mod(N+1,2)”~=0 
disp(:Must use odd N 7? ) 
break 
end 
points = (N+1)/2; % Half number of points in stencil 
[ii] = find(x>z) ; 
if isempty(ii) 


itop = length(x) ; 


elSse 
= ii(1); 
end 


itop = 1i+points-1; 
ibot = 1I-points ; 
if itop>length(X) 
itop = Length(X) ; 
ibot = Length(X)-2xkpointSs+1; 
elselif ilibot<1 
itop = 2*xkpoints ; 
ibot = 1; 





This takes three arguments: x (the data points); z (the point at which the 
function is reduired) and N (the order of the interpolating polynomial; for linear 
interpolation N would be 1 and 3 for cubic interpolation). First we check that the 
interpolating polynomial is of odd order. This is accomplished by checking that 
one plus N is even. The numpber of points in half the stencil is then calculated 
as the variable points. We use the command [ii] = findq(x>z) ; to list the 
points contained within x which are greater than z. Ithere are no points for 
which this is true (in which case ii is empty)，we can infer that z is greater 
than all the values of x and we need to extrapolate using the last few points. 
Else we use the first value for which x is greater than z (stored in the first 
element of the array ii). We now have a marker 1 and we work out the top 
and bottom of the stencil as itop and ibot respectively. We now need to deal 
with the cases for which the stencil extends beyond the limits of Xx, that is 让 
itop is greater than length(x) or 这 ibot is less than 1 (the first element of 
x). We now use the end 2*xpoints. 

This routine can now be used in other programs to give the extent of the 
Stencil. 
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5.4 Newton Eorward Differences and Lagrange 
Polynomials 


We shall now discuss the operation of ftting an NVtn order polynomial through 
N 十 1 points and remark again this will yield a unique answer. We consider 
the set of data points: (Zo, 厂 )，(z1, 万 )) (ZN)jJ). We now introduce the 
difference operator A such that 


4Aj= 方 -Jorin general A 方 = 方 H1- 方 . 


These are called jorward wirerences, since points forward of the current value 
are used (there are also backward differences and central differences，which 
we shall meet in our discussion of the solution of differential equations). We 
consider the composition of the operator whereby 


4j=4AAo=a4An-j=4An-4Ah 
一 ( 户 一 用 一 (太一 加 ) 
三 户 一 2 廊 十 矿 . 


Of course we can now proceed to define 人 A" ji in an iterative manner. 
We introduce the polynomial 


六 加 
j 帮 OO 三 思 二 (7 天 | FF 。 FF， 


which will ultimately terminate after N terms. Alternatively this can be written 





aS: 





1 Am 也 一 工 
三 轧 十 二 刀 2 (5.1) 


We consider the data values to be equally wa So the value of Azj is 尹 VI. 
This analysis can be extended to irregularly spaced points，bput we shall not 
attempt that here. 

We are now able to construct the polynomial (5.1) for a set of points. We 
start with a simple example. 


正 xample 5.1 Zetl us co71sider 她 e Dot 好 (0,1)，(1,3) ozd (2,4). ere we Pave 
态 ree Doz1a45 ad as SUCP WUEe WouUld ezZpect to obta2 a guUadyatic.， Te wse oa tapular 
Jormz，Whzc 几 97VUe5: 
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THus We 几 aVe 








zZ(Z 一 1) 

2 )》 
here 态 = 有 =1A=2oandA42 册 = 一 1freading jrom 她 etop row of 妨 e 
如 01e)， 


jz) 王 1 十 2z 一 


It is possible to prove that the polynomial (5.1) goes through each of the 
set of points，but we shall not include that proof here. We remark that vari- 
ouUS conclusions can be drawn from the data by using the forward difterences; 
for instance whether it was generated using a polynomial (in which case the 
differences truncate). 

We how construct a polynomial which goes through a set of points which 
are not neceSSarily evenly Spaced. Let us consider the polynomial 








二 (z 一 Za)(z 一 Z3)(z 一 2Z4) (zz 一 Zi)(z 一 za)(z 一 24) 
1 
(z 一 2Z1)(z 一 Z2)(z 一 2Z4) / 
(Z3 冯 Z1)(Z3 二 2Z2)(Z3 三 24) 
(z 一 2Z1)(z 一 Z2)(z 一 2Z3) 
四 (z4 一 Zi)(z4 一 Z2)(24 一 Z3) 及 (5.2) 


记 




















It is worth pausing at this point and checking that this curve goes through 
each of the points (Z 六 方 ). For example for 7 = 3, we set z = 23 and only the 
third term is non-zero and we have 





) = (Z3 一 Z1)(23 一 Z2)Z3 一 74) 
(Za 一 Z1)(z3a 一 Z2)(Z3 一 Z4) 


J73 ja=1lx 卢 = 必 . 

Hence the value of the polynomial at z = za is 户 (as we would hope). This is an 
example of a Lagrange polynomial; which could have edually been written 
as 


4 革 
之 一 代 
/= 并 ATT 达 
1=1 =1 7 7 

zx 


This is a convenient way to write out the cubic we require (as it is relatively 
easjily extended to higher-order cases) and in order to evaluate t we can use 
the MATLAB code: 
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ip = 1:4; 
夺 _Z 
for ii = 1:4 


jj = find(ip~=ii) ; 


Prod = f(ip(ii)); 
for kk = ]Jj 
prod = Prod #(Z-X(ip(kk)))/(x(ip(ii))-x(Cip(kk))); 
end 
f_z = z + prodi 
end 





This code probably needs some explanation 
一 Eirstly we set Up a vector ip=1:4 which runs from one to four， 


一 and then we have a new variable f_z which will ultimately contain ouUT 
estimate of the function at the point >z. 


一 We now Iun through the terms in Equation (5.2). 


一 Inside the loop we construct a vector jj = findq(ip~=ii)，which now con- 
tains the indices of the locations in vector ip which are not equal to the 
current value of ii. 工 he initial value of the variable prod is set equal to the 
function evaluated at the corresponding grid point ip(1) etc. 


一 We then go through the indqividual terms in the product 


一 and then fnally add this onto the value 夺 _z until we have gone through the 
four terms. 


This code has been written in this way So 过 could be extended to as Imany 
points as we Want. 

For z 三 0.6 we fnd a value of f_z=0.6386, which is shown on the fgure as 
an asteriSk: 
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0 0.2 0.4 0.6 0.8 可 1.2 1.4 1.6 1.8 公 


As mentioned we can write this expression as a summation of products and 
this is easily extended to N points as 


Consider the code: 
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function [value] = poly_int(z,N) 

gLobal xX 工 

imax = ]ength(X) ; 

if mod(N,2) ”= 0 
disp( N should be even ) 
break 

elseif N >= imax; 
disp(:Too many points used ) 
break 

end 

M = N/2; 

[ibottom,itop] = findrange(x,Z,N) ; 

ip = Ibottom:itop ; 

il = 1:N; 

fz=0.0; 

for ii = 1:N 


jj = find(il*=ii); 


prod = f(ip(ii)); 
for kk = ]j 
prod = Prod *(Z-Xx(ip(Kkk))) 
/(x(ip(ii))-x(ip(kk))) ; 
end 
f_z = z+Pprodi 





And now test the code usingl 


1 We have re-introduced the command isempty，which is true if its argument is 
empty. 
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gLobal xX 工 
Joad data.dat 
data(: ,1) ; 
data(: ,2) ; 
length (Xx) ; 
xmin = X(1); xmax = X(CN) ; 


xtest = 1inspace(xmin,xmax,20) ; 
for ii = 1:20 
[ftest(ii)] = poly_int(xtest(ii) ,N) ; 
end 
Plot(x,f,2Tr),xtest,ftest,b)) 





This gives the plot 


2 





-2 


-3 











-6 1 1 1 1 1 1 1 1 1 
0 0.2 0.4 0.6 0.8 着 人 人 1.4 站 1.8 妆 





As you can see using Six points works qujite well at fitting the data. Although 
as we will see in Subsequent examples using high-order polynomials can lead to 
Signijificant erTrorS. 
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5.4.1 Linear Interpolation /Extrapolation 


We consider the Simplest case wherein we have two points (Z1,V1) and (Za2,V2). 
The straight line through these is given by 


2 一 22 光一 01 


以 让 21 7 2V2， 
1 一 2 2 一 人 尼 1 





which here we have constructed in a Lagrange polynomial style. We note that 
the answer is independent of the process here and provided 2Z1 天 Z2 we Will 
always get a Straight line. This can be continued for quadratics and higher 
order functions. 

This is a plot of the data we shall use for this discussion: 





2 














This was obtained using the commands: 


Clear al1 

Joad ?data.dat， 

plot(data(: ,1) ,qdqata(:,2) ,oo ，MarkerSize? ,12) 
hold on 


plot(data(: ,1) ,qdqata(: ,2)) 
hold off 
grid on 


Print -qdqps2 data.ps 





The first two commands merely load the data as discussed in the previous 
section (the code to generate this data is given on page 137). he next command 
plots the data (the first column against the second) using circles，whose size 
is specified by :MarkerSize，(and set equal to 12). We then hold the fgure 
on Which stops any future plotting commands overwriting the fgure. Instead 


148 5. lnterpolation and Extrapolation 





they augment the current image. The next plotting command adds the Straight 
lines. We then turn the holding off so the figure will be destroyed if we execute 
another plot command. We also add a grid to the fgure. 

Finally，we Print the results to a Postscript fle so that it can be included 
in another document (for instance this text) or sent to a Printer. There are 
Iany options for this command, for instance we could use Print -djpeg90 
data.jpg to generate a JPEG fle. 

As mentioned above for convenience we can extract the data from the array 
data USsing: 


X = qata(: ,1) ; 


f = qdqata(:,2) ; 
Clear data 





5.5 Calculating Interpolated and Extrapolated 
Values 


We shall now describe how MATLAB can be used to determine the interpolat- 
ing polynomial for a set of points. We shall presume that we have the requisite 
number of points to perform this operation, that is two points for a line, three 
for a quadratic and four for a cubic, etc. We shall make use of the MATLAB 
comImand polyfit. The syntax for this command is polyfit(Xx,y,N)，where 
the points are defined in x and y, and N is the order of the interpolating polyno- 
Imial. We note that this function actually uses a least sduares approach and fits 
the best polynomial (see page 152). This gives the curve we want Provide the 
number of points represented in Xx,y is N 十 1. Let us consider the interpolation 
of data points using a Straight line， 


了 Example 5.2 扩 e seek to jpnd 妇 e Value of 如 e functom at 7 三 4.5 wpere 妇 e 
data poiats are (1 一 3)，(3,4)，(5;5)，(7, 一 8)，(9, 一 3) and (11,0)，Vusi79 mear 


zte7rDpola 友 0o7. 
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[1357911]; 
[-3 45 -8 -3 0]; 


= 2:3; 4 Xi lies between the 2nd and 3rd point of 式 
= polyfit(x(Gr) ,yCGr) ,1) ; 


yi = polyval(pP,xi) 





7714s gues D=L10.5000 2.50001 frepresenti12g 如 e em = /2 十 5/2) amd 
7=4 .75. 作 e mote 矶 of Pere We have determaied 太 e ya7ge 7 0 Pamd put We 
could eaD1oy 刀 e junctiom Fizmdramge (see page 140)， 


We have used the command polyval(pP,xi) to calculate the value of the 
interpolating polynomial (Tepresented by its coe 香 cients p) and xi. 
We can easily extend this method to use higher-order curves. 


了 Example 5.3 Vsz70 态 e data 充 妇 e Drevious eZa72DVe 1OUW calculate 奶 e Value 
of 如 e ?terpolatli72g DolyT0070t0QL af 7Z 三 4.5 82709 cUBbzc 2te7Dola 友 077. 


[1357911]; 
[-3 45 -8 -30]; 


[ibot ,itop] = findrange(x,y,3) ; 
zY = libot:iItop; 


pP = polyfit(x(r) ,yGr) ,3) ; 


yi = polyval(pP,xi) 





Tis 92Ves D=/-0.1667 0.75 2.667 -6.251 and yz7=5.75. 


We note that this is quite different to the answer given by linear interpolation 
and one Imight argue that linear interpolation is better here. This of course 


depends on the underlying function. 
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5.6 9Splines 


We now mention another form of interpolation: this fits a curve in an interval 
where the data at the end of the interval coincides with the data points and 
also matches the available derivatives with the next interval. I we consider the 
points (Zi 方 ) and (Zi+l 访 H1) and fit a straight line this will match the function 
values with the intervals on each side (but not necessarily the derivative). We 
Deed to use a higher-order curve. Im order to satisfy the requirements we need 
at least a cubic, and this is often the preferred option. 

开 we consider the points to be (zi 万 ) fori = TtoNwehaveN 一 1 
intervals. Let us consider the cubic valid over the interval |zi, Zi+lil to be 


wz) 一 ao+( 一 2)5 二 (一 zc 二 (zz 一 2)3di， 





We note that we have N 一 1 cubics each with four unknownsi that is 4N 一 4 
Unknowns in total. We now pioceed to give details of the conditions which we 
can use to specify the values of the coe 重 cients. Firstly we require that the 
cubic matches the data values at the ends of the interval: 


Ui(zi) 三 广 andyi(zZil) = 访 Hifori 一 1 TV 一 了 1 


this in effect fxes the w and yields 2(N - 1) eduations, Secondly we require 
the gradient and the curvature to match at the interior points: 


Wi(ZiH1) 一 VCZiH1) and Wi zi) 一 V41(ZiHi) forz 一 1 N 一 2. 


This yields a further 2(N 一 2) equations. Unfortunately we only have 4NV 一 6 
equations and as Such ouUl System is not totally specified. We elect to consider 
natural splines, for which the curvature is taken to be zero at the ends of the 
domain， that is 
好 (zi) =0 andy_i(zNv)=0. 

We can congstruct a ImatTix System in order to determine the coe 旨 cients. 工 his 
can be coded: however the algorithm is quite involved and again MATLAB 
comes to oulr rescue with the command sp1Line. 


Example 5.4 Pit a cubic spline to the dataz = (12,3,5)7， = (4,2,0,3) 
ad Dilot 妇 e iterpolated Jumpctiom om a 9g7740d 2 = 0,0.1, 0.2…… ;5. 


交 [1235]; 
工 [4203]; 
乙 Oo 
y 


= Spline(x,f,Z) ; 
plot(z,y,X,f ,MarkerSize， ,12) 
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15s Wields 成 e 7esults 





4.5 


4 














By way of illustration we Shall now construct the splines through the points 


(Z1， 21)， (Z2， V2)， (Z3， V3). 
These curves are taken to have the equations 





where 7 三 1 2 and 3. This gives us 12 undetermined coe 生 cients and we Shall 

DoOw describe the equations which they Satisfy. 

Vj(Z1) = 三方, 了 =1),2,3: This represents the condition that the spline goes 
tbhrough the data point at its left-hand end and these give the equations: 


Q1l 一 万， (5.3a) 
a2 = 几 ， (5.3b) 
a3 = 户 . (5.3c) 


Vj(ZiH1) = 方 11 7 三 12,3: This gives a similar condition at the right-hand 














ends: 
CQ1 一 Ai101 机 zci | Pad 一 户 ， (5.3d) 
aa 十 jp 十 jc 二 jdo = 广 ， (5.3e) 
Q3 有 3D3 73cas 3ds 访 . (5.3 旭 ) 


Here we have introduced Ai 三 ZiH1 一 2j1 for convenience， 
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JUZjHI) 三 JUZi+1D)) 了 三 2 This is the matching of the first derivative at 
the internal points，which gives 





01 2jPicl 313d1 一 b2， (5.3g) 
D2 2jPo2co2 312d2 一 03. (5.3b) 











1 Zi) 三 VD]12: This is a similar condition for the second 
derivative at the internal points: 

2c1 宫 6Aidai 一 C2， (5.3i) 

2c2 加 加 6H2d2 一 C3. (5.3j) 





(21) 三 0 and (z4) = 0: These are the conditions that the splines at the 
ends of the domain are linear at the end points，which gives: 

cl 三 0， (5.3k) 

2c3s 十 313das = 0. (5.3]) 


The solution of the above equations gives the required coe 重 cients. Notice that 
these coe 重 cients could also have been retrieved Using the spP1Line command 
and then using the elements of the answer coefs 


PP = spline(X,f) ; 


ppP.coefs 





Note that the coe 生 cients correspond to a cubic without the 一 Zj factors. 
This is an example of an object rather than a variable, that is pP， 


5.7 CuUrves of Best Fit 


In all of the examples So far we have forced the curves to go through all the 
data points. We now relax that requirement. We shall start with a Straight 
line and optimise the coe 生 cients used to define 让 . he Straight line is given 
by 万 (z) which will be of the form az 十 0. Let us assume that the error at a 
certain point zj jg given by ( 广 (zj) 一 方 )2 SO the total erTor is 

N 


和 
Error: e 王 >》 e 一 >》， ( 普 (zi) 一 亡 ) 
4 一 1 


一 


N 
本 >》 (aziTD 一 亡 ” (5.4) 


。 
由 
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We wish to Iminimise this expression by choosing wa and b accordingly. In order 
to determine the actual values of w and p we difterentiate with respect to each 
one and set the result equal to zero, 





We need to be very careful at this point, and this is included purely for interest: 
oOe 全 
二 2 (azi 十 D 一 万 )=0 


and 


These edquations can be manipulated to give the Simultaneous equations 


TV N TV 

0 》 2 十 >》 二 >》 
冯 放 2 一 工 ww 
1 一 1 “一 | 
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We could solve these equations by hand but we shall exploit MATLAB for this 
Purpose, so that we solve the matrix form of the equation: 


IV V IV 
人 
了 和 ( | 三 - 人 
号 


This is coded as: 


Joad data.dat; 
data(:,1); f=dqata(: ,2) ; 
length (Xx) ; 
([sum(x. ”2) sum(X); sumCx) N] ) ; 
= ([sum(x.xf); sum(f)]); 


vect = inV(A)*rhs; 

a = vect(1); b = vect(2) ; 
fss = akX+bi 
Plot(x,f,2T),x,fss,b?) 





This yields the plot: 

















As you camn see the curve is a reasonable approximation to the points but does 
not pass through many (让 any) of the actual grid points. This method can be 
extended to assume other forms of data. 

We could have also used the MATLAB command polyfit which automates 
the previous procedure. This is called using [p,s] = polyfit(x,y,n) and fits 
a polynomial of degree m for y = V(z). The coe 重 cients for the polynomial 
are returned in Pp and the second variable is associated with the structure and 
js used by other commands to assess the level of the error. We can now Use 
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the command polyval to determine the value of the fitted polynomial at an 
intermediate point. 工 his can be called Simply as y = polyval(p,x) or in &a 
Imore Sophisticated form as [y,dqelta] = polyval(p,x,s)，where dqelta is in 
Some Sense Tepresentative of the error and the input argument s is generated 
by polyfit. 

HI we know more about a function we can use higher-order approximations， 
OF can Use combinations of functions， 


了 Example 5.5 Cem 如 at oa set of data 5 of 妨 e jormy =az 十 pe 于 十 cstate 
几 oUWw o7e WouUld deteyr71072e 妃 e co7stat Q，D ad c. 
45s Ui 坟 雪 e Wear ezZamD1e We dejine 雪 e su of 矶 e squayes of 坊 e er7o75 


TV 


e 一 >》， (az 十 be 十 c 一 亡 ) 


4 


ad seep 胡 e Values of 矶 e comsta7m 好 WARicR 727007245e5 妃 15 eZDp7ess107. 40a27 We 
Co1StuUct 胡 e Da7 友 QL derzuVatVe5: 


人 
现 一 这 2i (Qi 十 be 十 c 一 方 )， 
Oe 

珊 一 y 2e (aci 十 be :十 < 一方) ， 


Oe 本 
全 一 》2(ari 十 be 2 十 < 一方) . 


TPRese equa 友 075 ca 胡 em be comD2Ted ?to0 0 700t727 Jormm to 91Ue: 


22 > Zie 2 >》 0 Q 2 态 
ez er20i 》e-o | =| 和 e- 环 广 
>》 Zi > ve zi > 1 从 > 方 


5.8 Interpolation of Non-Smooth Data 


We will demonstrate in this example how one might encounter problems with 
Seemingly Simple data. Let us consider 
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wubrcls 
=====rrrl> 





This is a Simple step function which has a value of 1 ffomZz=0toz=3and 
avalue of 0 ffomz 王 4tozZz 三 7.Itis tempting to Say 


FS 


2Z>3 


再 owever we are not Sure So we Shall try to determine the values of the func- 
tion in a Systematic fashion. We shall use the command poly_int which was 
introduced on page 145. 开 his will be Supplemented with the code: 


gLobal xX 工 
str = No. of points for interpolation (even): ，; 
X=0:1:7; 
= Zeros(Ssize(Xx)) ; 
ii = find(x<4); f(ii) = 1; 


Z=0:0.2:7; 
nZ = Length(Zz) ; 
input (stTr) ; 
for j = 1:nZ 
f_z(j) = poly_int(z(j) ,N) ; 
end 
figure(1) 


t = [Using ”num2str(N) ， points ] ; 


plot(x,f,o:,Z,f_z,2Tr)) 
title(t,FontSize， ,20) 
axis([-1 8 min(f_z)-1 max(f_z)+1]) 
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Using 2 points Using 4 points 
本 分 
本 1.5 
1 1 -一 一 一 一 
os os 
中 0 _e 
5 -05 
了 机 沽 
2 0 东 2 3 4 5 6 了 8 = 0 冰 本 3 4 5 6 了 8 
Using 6 points Using 8 points 





15 
钼 

















坷 0 4 2 3 4 5 6 7 8 访 0 1 2 3 4 5 6 7 8 


As you can see as more points are used in the interpolation, the approximation 
gets steadjily worse and the effect extends far from the discontinuity (which 
is causing the problem): in fact less points seem to produce less error. The 
question remains as to what is the“real”data (it could actually look like the 
fgure in the bottom right - although this is not likely). 

Let us consider the problem with 


werels 
人 
is 





In this case we have 
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Using 2 points Using 4 points 


寺 1 
0.5 上 05 
中 一 一 一 一 0 一 一 


Using 8 points 











Using 6 points 


让 直 


中 生生 。 We 


二 0 1 2 3 4 5 6 7 8 震 0 1 2 3 4 5 6 7 8 

















Here we note that the lower-order polynomials produce reasonable approximar- 
tions; it is only when we try to fit an octic to the data we observe the problems 
at the right-hand end. We need to be aware the accuracy of our interpolated 
values is very dependent on the fidqelity and resolution of the starting data. 


5.8.1 Insuf 包 cient Data Points 


Let us consider the example jz) approximated for an interval from 一 1 to 1 
Using N points and at each stage approximating the curve using all the points. 
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gLobal xX 工 
for nn = 2:1:10 

= 1inspace(-1,1,D) ; 

= Sin(2#Xkpi) ; 

= linspace(-1,1,100) ; 
if modGn,2)==0 

nlI = 卫 ; 
else 

Di = D-1; 
end 
for j = 1:100 

f_z(j) = poly_int(z(j) ,niy) ; 
end 
C]f 
plot(x,f,o，?MarkerEdqgeColor，?Kk?，... 
MarkerFaceColor :,[.49 1 .63] ,... 
"MarkerSize， ,12) 

hold on 
plot(z,f_z,z,sin(2#kZkpi) ，)--?) 
hold off 
yange_max = max(max(f_z) ,1) ; 


yrange_min = min(min(Et_z) ,-1) ; 

axis([-1.2 1.2 yrange_min-0.2 yTrange_max+0.2]) 

t = [Interpolated using ” num2str(n) ”data points ?] ; 
title(t) 

ti = [int” num2str(n) .ps?]; 


hn = gcf; 
print(h, -dps2: ,ti) 
pause 

end 





This program waits for the user to Press a key between each plot. It also Uses 
gcf which returns a handle to the current fgure. This allows a different form 
of the Print command to be used which permits the flename to be passed as 
a String, Damely ti which is changed depending on how many points are Used. 
This code gives 
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Interpolated using 2 data points Interpolated using 3 data points Interpolated using 4 data points 

















Interpolated using 5 data points Interpolated using 6 data points Interpolated using 7 data points 














Interpolated using 8 data points Interpolated using 9 data points Interpolated using 10 data points 


























It should benoted that when we have very few grid points (denoted by the large 
circles) we cannot possibly hope to realise the exact form of the underlying data 
(shown as the dashed curve). To highlight this we have included the interpolated 
curve (shown as the solid line) using the highest-order polynomial possible. We 
note when only two points are Used there is no hope of resolving any variation: 
similarly when three points are used the interpolation routine Still thinks the 
data is equal to zero. Even when four points are used, the interpolation routine 





gives completely misleading results (these are far closer to being 一 sin rz rather 
than sin 27r2). Unfortunately with fve points these are coincident with the zeros 
of the function and again the interpolation routine bejlieves it is looking at a Set 
of zero data. It js only when ten points are used that the interpolation could 
be considered to be accurate. In fact fve points per period are the minimum 
points required to resolve a Sine wave，which in this case corresponds to nine 
points (due to the overlap)， 

It is also possible to use other functions than polynomials. We could have 
plotted the previous function Using a Sine expansion and got very accurate 
resSults，with effectively only one term，but that would reqduire a knowledge of 
the form of the function. 于 the function was changed to sin(2.3rz) then trying 
to fit sine waves Using 0 E Z would be prone to severe errors. 9ome knowledge 
of where the underlying data was generated from and its likely form can help 
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Signjificantly.VVe can then consider the idea of parameter retrieval. 


5.9 Minimisation of Functions and Parameter 
Retrieval 


In the previous example we discussed the method of least squares: this is where 
the distance from the data to a function of a given form is minimised. We Shal] 
DOwW discuss how we could minimise a function of several variables. This is a 
vast topic and rather than deriving the techniques from first Principles we just 
exploit MATLAB from the outset. 

We shall use the MATLAB command fmins (which is going to revert to 
fminsearch in future editions of MATLAB). Consider the simple function of 
two variables jzi,z2) = z2 十 2Z23，which has a global minimum at the origin. 
The minimum is such that both of the partial derivatives DOJ/ozl and DJ/ozs 
are Zero (together with other conditions to ensure that the point is a minimum ). 
In this case the minimum is obvious and can be found using the code: 


function [f] = func(x) 


ftf = X(1)>2+Xx(2) ”>2; 





and the command [x] = fmins(func,[1 1]) (where the array [1 1] is the 
initial guess). This uses the default tolerances and returns a value of 


又 三 
1.0e-04 站 


-0.2102 0.2548 


We shall now discuss how we could improve this value. The input options have 
Values: 


The Parameters are: 
options(1)-Display Parameter (Default:0). 1 displays Some Tesults . 
options(2)-Termination tolerance for X. (Default: le-4) . 
options(3)-Termination tolerance on 了 .(Default: 1e-4) . 
options(4)-Termination criterion on ConstTraint Violation. (Default: 1le-6) 
options(5)-ALgorithm: Strategy: Not always Used . 
options(6)-ALgorithm: 0ptimizer: Not always Used . 
options(7)-ALgorithm: Line Search AlLgorithm. (Default 0) 
options(8)-Function value. (Lambda in goal attainment. ) 
options(9)-Set to 1 if you want to check User-Supplied gradients 
options(10)-Number of Function and Constraint Evaluations . 
options(11)-Number of Function Gradient Evaluations . 
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options(12)-Number of Constraint Evaluations . 
options(13)-Number of equality constraints . 
options(14)-Maximum number of function evaluations . 

(Default is 100+knumber of variables) 
options(15)-Used in goal attainment for Special objectives . 
options(16)-Minimum change in variables for finite difference gradients . 
options(17)-Maximum change in variables for finite difference gradients . 
options(18)-Step Length. (Default 1 or less) . 


We shall now use the code 


options = foptions; 
options(2) = le-8; 


options(3) = le-8; 


[x] = fmins(func”,[1 1] ,options) ; 





which unsurprisingly gives a better value of [0.2892e-8,-0.0997e-8]. Here 
the options(2) and options(3) set the tolerances on the answers and the 
function respectively. 


了 Example 5.6 Deteryrnzz70e 如 e 7 Value OF 坊 e jnc 如 om 


】 一 cos(za) 





人 1 
一 S 
JZ1 Za2)Z3) 1 (2 


记 妃 e meigjbou7jpood of 妨 e origin to within a tolerance of 10-6. 
ES7stU We co1st1ruct 如 e code to eualuate 妇 e jumctiom 


function [f] = func2(x) 


= sin(x(1)/(x(2)>*2+1))+cos(x(3) ) ; 





QQ 


options = foptions; 
options(2) = le-6; 
options(3) 1e-6; 


[x,opts] = fmins(?func2,[0 0 0] ,options) 





jc 92Ue5 胡 e asWE7 [1-5.5897 1.5995 3.14161. 了 e cam sbs 友 如 te 妇 2s pacK 
20t0 胡 e jumactom jumac2 to cpeck 雪 e Value associated Wi 地 雪 e 7 了 TPR7sS 
0?VE5 一 2 5s0 矶 at bo 矶 cos ad Sin 1pe 妇 e Value of 一 1，jemce 7Z3 三 一 T QQ 
Z1/(z2 十 1) = 一 T/2. 


In the above example we have also returned details of the iteration which 
are stored in the array opts. We also note that using the option option(1) = 
1; generates a vast amount of information concerning the iterative procedure. 


5.9 Minimisation of Functions and Parameter Retrieval 163 





This is a very powerful and useful function. 


5.9.1 Parameter Retrieval 


In this topic we will exploit the idea of minimising the distance between two 
functions. We have already met this where we can specify functions as linear 
combinations and then minimise the errors Using the method of least Squares. 
Let us presume we have Some data which we know to be of the form sin az 
on the rangezZ 三 0to2= 三 T Where ais unknown. Let us Simply construct & 
function which conveys how close another function Sin pz is to this， 


a = 1.45; /4 Usual1y unknown 
x = 0.0:pi/20:pi; 
data = Sin(akX) ; 
b =0.0:0.02:3.0; 


for j = 1:1ength(b) 
trial = Sin(b(j)*xy) ; 
f(j) = norm(trial-dqata) ; 
end 





The plot of f against b clearly shows a minimum near b = 1.5，which is unsur- 


prising in this case. 

















We now remark that im order to fnd the values of this minimum we could 
Use Search methods. But here we Imake the observation that one is seeking &a 
Iminimum of the function，which is associated with a zero of the derivative of 
the function. We shall use the Newton-Raphson method modified for looking 
for zeros of 万 (zZ)，which is 


记 (zn) 


Te 
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卫 ere we use 


jz 月 二 21 二 flz 一 有 


户 (z) 迟 and j 太 (z) 福 








1.45; 4 Usual1y unknown 
0.0:Pi/20:pPii; 
data = Sin(akX) ; 
1.5; Ah Initial guess 
= 0.1; 
= le-6; 
its = 1:20 
f0 = norm(sin(bxx)-dqata) ; 
fp = norm(sin((b+del)*kX)-datal) ; 
fm = norm(sin((b-dqel)*x)-dqata) ; 
df = (fp-fm)/(2xdel) ; 
if abs(df)<tol 
break 
end 
df2 = (fp-2*f0+fm)/(del1 2) ; 
b=b- df/dqf2; 
end 





This program actually needs a good starting guess of 上 the problem which is 
experienced is that the code will locate a local minimum but it cannot identify 
whether this is a global minimurm. 


5.9.2 Using fmins for Parameter Retrieval 


We shall now discuss how we Imight use the aforementioned MATLAB func- 
tion fmins to retrieve parameters, see page 161. Initially we shall consider the 
Sample example againi: 


卫 xample 5.7 作 e sa1 ty to deteryrnat0e 妇 e Value of 如 e comstat a 92Ve7 胡 Qt 
态 e data jas peem generated VS1729 S70(QxD).， 7 90emeTal 如 1s VQUe 2 Tot pe 
17201U72.。 
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glLobal X dqata 
1.45; 
x = 0.0:pi/20:pii; 


data = Sin(akX) ; 
ClLear a 
[a] = fmins(?func”，[1] ) ; 





4Sed 2 co7IUT0c 友 0 WUz 坝 胡 e D7og7Q710 


function [f] = func(a) 
glLobal X dqata 


trial = Sin(a#kX) ; 


norm(trial-data) ; 





T71is gives 态 e value of a very accurately (to within 10-1) 


We shall now describe an example with more Parameters: 


卫 xample 5.8 ITe start Wi 纪 恕 e data jz) = 0.2sin3.2z 十 0.457z ad 5?729 
态 e jct 态 o 妇 e data ?8s gemerated sg QSin bp7 十 c We 1 杂 y tyecover 她 e above 
VUQLLesS. 

THe 700270 code 15: 


glLobal X dqata 
linspace(0,10) ; 


data = 0.2*xkSsin(3.2#X)+0.45#xX; 
[co] = fmins(func3:,[0.1 3. 0.5]) ; 





ad the code jumc3.m 715 


function [f] = func3(co) 
glLobal X dqata 


trial = co(1)*ksin(co(2)#Xx)+Cco(3)*X; 


norm(trial-data) ; 





7T72s 7recove7s 如 e startig VQLULes，5772Ce We RaVUe Sed Q 90od starti729 914e55. 
人 e mote 胡 Qot 8229 0 妇 er startg 1oca 帮 0o1s UL 1ead 如 o 雪 er amsWwers，WA5C 岂 
Co7TesDo1d to Vocal 7102720700. 下 55 w 太 cu to guarantee 奶 ot We Pave optazmed w 


glopal 770772277224772.， 
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5.10 Tasks 


Task 5.1 Calculate 妇 e quadratic whicji passes 妇 roug 史 雪 e points (0,0),， (2, 一 1 
amad (5,5) (py 几 a7mzd). 


Task 5.2 Gemnerate 妇 e data z2 二 372 十 2 om 妇 e points 工 一 0,1,2,……… ,10 using 
态 e code 


0:10; 


广 . “2+3*kX+2 ; 





Calculate 胡 e er7or associated WU? 坝 US51209 StrazgAt 0026e5 纲 雪 e Iteruals 0 7 
equals 1/2,， 3/2 amd 5/2.， 77Jis Inuvolues Wo7Ki2g out RicP interuals should pe 
4Ssed to calculate 妇 e aDDyo7Z1late Values. THe ery7or 15 91UET 0 28321090 矶 e 如 ct 
胡 ot 如 e ezact Jorm of 胡 e data 1 actually jaowm (1e. as 妇 e above quadratic). 


Task 5.3 Calculate 态 e quadratic WAich Dasses 奶 roug 凡 坝 e Dot 好 (0,0)， (rr/2,1) 
amag (T,0). 到 would ge agood idea to do 1his 0 jand amd usi9 47T74PB (using 


DoZVFZt). 


Task 5.4 Caolculate e cubic Rich passes 坝 roug 几 胡 e Doznts (一 T/2, 一 1])， 
(0,0)，(T/2,1) and (0). 


Task 5.5 Plot 雪 e spline WARich goes 妇 roug 几 胡 e pozn 好 (一 T 0)，( 一 T/2, 一 1)， 
(0,0)，(T/2,1) amd (rr 0) at 专 e points (一 T,T) 训 steps of T/20. Yov cowld se 
态 e ML4T74PB commamd sp1zme jor 雪 1s Purpose. 





Task 5.6 Civem 友 ot 妇 e data 
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也 % 

0.0|1 9.16 
0.1 | 3.01 
0.2 | 2.79 
0.3 | 2.47 
0.4 | 2.13 
0.5 | 1.82 
0.6 | 1.52 
0.7| 1.21 
0.8 | 0.76 
0.9 | 0.43 
1.0 | 0.03 


WQ5 90e7leyated 457129 QT eZD7e5s100 of 轨 e jorm asinzZ 十 bcosZ deteryrnzT0e 胡 e 
Values oj a amd 0. 


Task 5.7 (#) Calculate 加 e splinles associated Wi 太 加 e points (Zi27) 了 
1 ,5，Plot 妇 ese sDlines jor 妇 e potm 好 (一 T,0)，( 一 T/2, 一 1)，(0,0)，(T/2,1) 
amag (T,0) ou Q g7id of Don 好 记 steps of /10 om 一 T to T. 





CUe7 砚 ot 如 e ial data ?5 91Vem 0 2 三 SinZ，deter7070e 如 e su of 妇 e 
5dUQT7Ees 0 te total eryoy7s 0oVer 胡 ese Do 了 她 ， 


Task 5.8 (D) 7T7je joliowing code sjpould construct 雪 e functiom jzZ) = 2Z3 十 
sin 和 一 0o70 态 eg7d of ztegers jrom 2 t 171，amd 坝 en Wo7Ns of 太 e Value of 
太 e jnpctlom at 2 三 4.5 adZ 三 15 57209 502ea7 32mte7Dola 友 om Qud eZtrapola 友 077.， 


= 1:11+1; 
= polyvalue([1 0 0 -1 ,x) + Sin X; 
瑟 5 
= 4:5; 
= polyfit(x(Gr) ,f(Gr) ,1) ; 
yy = polyvalue(c,4.5) 


14:15; 
c = polyfit(x(Gr) ,f(Gr) ,1); 


yy = polyvalue(c，,15) ; 





0 


人 atrrces 


6.1 Introduction 


Asnoted earlier MATLAB derives its name from the term MATrix 工 ABoratory-. 
It is therefore not Surprising that it is in the area of matrix operations that 
the true power of MATLAB is brought to light. We now turn our attention to 
matrices within MATLAB but we provide a brief mathematical introduction 
to the subject of matrices in the Appendix (see page 322)1. We now describe 
how matrices are constructed and manipulated within MATLAB. 


6.1.1 Initialising Matrices Within MATLAB 


Before we proceed with a description of matrix operations it is imnportant to 
first discuss how we set up and access matrices within MATLAB. The simplest 
Imethod involves simply typing the elements: 


>>A= [234;543] 
表 三 


2 3 4 


1 了 ven 计 you are comfortable with the theory of matrices we still recommend you 
Tead this section as 让 provides the important details of the correct syntax for 
entering and manipulating matrices within MATLAB. 


170 6.， Matrices 





Here the elements in the first row are Separated by a space and the end of the 
first row is denoted by a semicolon. he second row is then typed, again with 
a Space between Successive elements. The whole matrix is contained within 
Square brTackets. The variable A is now initialised to be a two-by-three matTixi 
we can see this by using the command size(A). 


>> Size(A) 


8 三 


Here the command size returns two valuesi the number of rows followed by the 
number of columns. In the main we have just let the answer to our calculations 
appear on the screen (in fact they are also put into a variable called ans). We 
could have used the code: 


>> A= [234;543]; 

>> b = size(A) ; 

>> disp(b) 

>> [rows ,colummns] = Size(A) ; 


>> disp([rows columns]) 


The variable b js actually a one-by-two matrix (that i8，a TOw vector con- 
taining two elements). The elements of this vector are b(1) and b(2) and these 
are Used to store the number of rowgs and columns of A, respectively. 工 hus we 
can determine the number of rows of matrix A, in this case 2, by Simply tyPp- 
ing b(1) at the MATLAB prompt. We could also call the function size(A) 
and assign the values to a vector whose elements are called rows and columns， 
This is done in the fourth line of code. In this example we again encounter the 
MATLAB function disp，which literally displays its argument (which in this 
case js a Tow vector); we shall again return to the disp command a little later. 

We now return to the question of initialising matrices (and vectors) using 
the method of just typing in the elements. We need to take Some care with 
vectors, as MATLAB differentiates between column and row vectors (as should 
we). To enter a column vector we could use any of: 


>> column_vector = [4 
5 
6] ; 


>> column_vector = [4;5;6] ; 
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>> column_vector = [4 5 6] ，; 


The first command is self-explanatory. In the second we enter the first row， 
terminated by a semicolon, and then the second Tow, terminated by a semicolon， 
etc. The third version first creates the row vector [4 5 6] and then takes its 
transpose (interchanges rows and columns) to produce the column vector. We 
can Use any of these methods but since our Ultimate aim will be to write 
computer code in MATLAB, rather than entering commands at the prompt， 
we will generally not use the first method. In general we Shall, throughout the 
text,，employ the second form. 

We now turn our attention to how we access elements (or parts of a matrix). 
Let us start with the matTrix 


>> A= [11 12 13 14; 21 22 23 24; 31 32 33 34] ; 


SO that 
1l11 12 13 14 


入 三 小 2 222 23 24 
31 32 33 34 


There is no_ Significance to these numbers，other than that they provide an 
indication of their location within the matrix; we have purely used them so we 
will be able to check that we have got the correct elements. 工 he Simplest way 
of obtaining an element is using parentheses, So that A(2 ,3) returns the value 
in the second row, third column (in this case 23). Note also that it js necesSary 
to _ use round brackets. This is exactly as we would expect，and follows the 
convention that aij refers to the element in the ia row and the ji column. 

LI is also possible to refer to a whole row (or column)j of a matrix. For 
example 


>> A(2，,:) 


21 22 23 24 


returns the second row of the matrix A. Here the colon indicates all the elements 
along a particular row. Alternatively to refer to a particular column we could 
USse 


>> A(: ,4) 
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34 


to return the fourth column of matrix A. Note that in both cases the answers 
are the Same“shape”as they would appear in the matrix, that is the second 
IOow has been returned as a row vector and the fourth column has been returned 
as a column vector. 

With the colon operator we can create Tow vectors which can then be used 
as arguments in other commands. For instance 


交工 二 3 
>> ACT ,1) 


ang 三 


This yields the same result as A(1:3,1) or A(:,1). We could also use 工 = 
1:2 to get the first two elements of the first column, or = 1:2:3toget the 
first and last (noting thatr = 1:2:3 gives the row vector = [1 3]). The 
possibijlities are extensive; for example 这 we want to obtain the top left hand 
two-by-two corner of A，we could employ the following: 


>>>: 工 := 三 :23 
>> B = ACT,T) 


11| 12 
21 22 


We now return to the problem of initialising matrices. Although is not 
Decessary in MATLAB, it jg good programming practise to set Up an empty 
IatTrix before accessing the elements. In many programming languages this is 
crucial and is referred to as dimensionalising variables and the Syntax for how 
this is done varies considerably between languages,， Ihere are Imany Special 
commands in MATLAB which aid in the initialisation of matrices and we start 
looking at these by using the colon (which refers to the entire row or column， 
depending on context) in some examples. 
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Example 6.1 Enter 胡 e matriz 和 ML47T7 4 了 


1 2 3 14 
2 0 0 0 
3 0 0 0 
4 0 0 0 


1 order lo achieve 如 1s We se 如 e co777a700s 


>> A = Zeros(4) ; 
>>T= 1:4; 


>> A(:,1) = 工 ; % First column 
>> A(1,:) = 工 % First IOoV 
A = 

1 2 3 4 

2 0 0 0 

3 0 0 0 

4 0 0 0 


Tje jirst co7zn71020720 Pere 11045601ses 太 e at 人 4 加 bge aa jourpy-jour matriZ 
2ROse elemale1lts are Qi edgual to zero，7TRe 7matri We Wait to enter Pas 妃 e 
rst 70UW ad colu77070 玫 QU220 e sa70e eleaents 1,2;,3,4. 帮 e 如 erejore set ULD 0 
Vecto7 210 太 1s case 7 10 comltaz10 胡 ese Values.， Fe mow Want to 055197 雪 e rst 
colu710 oj 刀 e 7at 4 jc WUe cam do Wi 矿 胡 e 妇 i7rqg co7n7aa70. Voice Pere 
太 ot We ayre 10W Q551973120 10 矶 e Tat1 4 10 1aue 太 e jirst colurznT0 equal 如 太 e 
t 杂 QT15D05e Of 雪 e Vector 六 We 几 aUe USed 妇 e 杂 Qa705D05se bgecauWse We ant Q colu7m7 
Vector. THAe Jal comz70720 0s510725 妇 e jirstyrow or4topbeequal t 如 妇 e vector 7 
ad to D721 0 遍 e 7esult720 70201722 4 Ric 凡 05 We see, 15 DTec1sely 妇 e 70at7rZ 
te 7edguUz7ed， 卫 e could Rave etered 如 e 7matr22 记 70070 derent WayS，OTe 
QU WOU1Qd be to 57021010 恕 De 胡 e Iatr5Z 20 element 0 element 记 


>> A= [123 4; 
2000; 
3000; 
4000]; 


712s ?5 je jor sa11 70atyrices but 1ot D7acical jor When We Teed 如 setl VD 
1a7ger 700t7ryces. 470 妇 er Va7ia7t WPic 玉 cam be Used to set WUD 妇 e 7mna 杂 红 全 


>> A= [1234; 2 zeros(1,3); 3 zeros(1,3); 4 zeros(1,3)] ; 


矶 ere 妇 e com7Tma7ld Zeros(1,3) sets UD a row vector (omne-by- 态 ree) 用 11 of ze7os. 
772s eZa71lDVe se7rVes 10 e721D1as15e 妇 ere 715 10 WU0UEe WaQW to go about sett700 1D 
Q Da7ticular maatriZ; S070e Was ayTe 7007e elegant (and someti70es 1ess 7readable) 
刻 am 0 如 ers， 
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6.1.2 Matrix Operations 


We shall now consider how matrix operations are performed within MATLAB， 
referring to the mathematical definitions given in the Appendix. We shall start 
with addition and subtraction，using Simple examples: 


卫 xample 6.2 Comstider 怒 e addijon (C = A 十 也 ) and subtractiiom (D = 
A-- 吾 ) of 轴 e 7matyrices 


1 2 四 、 癌 
A-( 3 | mdB- (2 汪 


人 re sjall start 0 orpi0g 妇 roug 凡 地 ese 0 Ramd amd 妇 em Droceed to gzue 妇 e 
144774B code. First 妇 e add 庆 om 


1 2 4 3 
0 
(1+4 2+3\、 15 5 
NAN3+2 4+1 /5 5/ 

QQ OU 太 e subtrac 友 0 

1 2 4 3 
De 3 4) | 
111-4 2-3\、_ 1-3 一 ! 
”三 人 去 下 人 3 / 


The 1M4774B code to acjhieve 妇 ese opera 友 0o715 1 








>>A= [12; 34;B= [43; 21]; 
>>C = A+B 
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We note that matrices need to be the same Size to perform addition or 
Subtraction Since there needs to be a corresponding element in each matTix. 


Example 6.3 Comsider 妨 e ezpression A 一 3B7 wpere 


-3 2 
A-(; 2 1) omdB- 2 2 
1 3 


TAe 1I47174PB code 75: 


[3 8 -1; 5 2 0]; 
[-3 2; 2 2; -1 3] ; 


A-3*xktranspose(B) ; 





TVote 态 at aj 太 ou 凡 夸 e aatr 这 也 1 mot 态 e same size as Aits transpose BT 
25. 


Before we proceed we add this word of caution within the context of MAT- 
LAB. As we have already seen MATLAB will adapt its variable Structure to 
accommodate solutions. However, it will object to calculations that are impos- 
sible (that is, not well defned). For instance 让 we try to add a three-by-three 
Imatrix to a two-by-two one (both full of 1s)? 


>>A = ones(3); B = ones(2) ; 
>>C = A+B 


?3?3 Error USing ==> 十 
MatTrix dimensions must agree . 


This example demonstrates that MATLAB is not able to add a two-by-two 
Iatrix to a three-by-three one and it returns a Sensible erTror Imessage 让 we try 
to do soi in this case the dimension (or size) of the matrices are not the same. 

The only operation of this kind which is possible within MATLAB involves 


>>A = ones(1); B = ones(2) ; 
>>C = A+B 


2 We will use the command ones(n) which sets up an mn-by-m matrix full of ones. 
The other form of this command takes two arguments，ones (m,Dn)，which unsur- 
Prisingly gives a 70-by-m matrix with all elements equal to one. This is similar to 
the command zeros (n) that we Saw earlier. An associated command that gener- 
ates an mn-by- matrix with entries made up of random numbers between zero and 
one is rand(n). The precise Structure of these commands can be found by using 
the help command. 
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In this case although the variable A is a one-by-one Imatrix it is treated as &a 
scalar. In this case the command is interpreted by MATLAB as 
本 六 二 从 条 0 2 一 ,77 
and 了 7 三 1 ;7i 

where C = AL 十 也 ,with 1 a matrix full of ones (which can be obtained in 
MATLAB using ones ). This operation is mathematically correct and it js also 
a well-defined operation within MATLAB. Similarly it a matrix is multiplied 
by a scalar then each element is multiplied py that scalar (that is cij 一 Xai j 
where C = 和 A and again the calculation is viable in mathematical terms). 

Before proceeding to matrix multiplication within MATLAB we note that 
this idea of applying and performing an operation on every element extends to 
functions. We can demonstrate this with a simple example: 


>> A = [pi/4 pi/2; pi pi/3] 
A = 


0.7854 1.5708 
3.1416 1.0472 


>> B = Sin(A) 


0.7071 1.0000 
0.0000 0.8660 


Here we have set up the matrix3 


三 ( 
and it returns the matrix 也 as 


0 9 让 

SinT Sin 了 0 次 

3 Notice that the variable pi is predefined in MATLAB and returns the value of 
亏 一 3.1415926535897 .… . 


习 心 | 
ET] 
ai 
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We shall return to this method in due course, but we novw turn our attention to 
matrix multiplication within MATLAB. The operation C = ArxB is performed 
as one Imight expect and returns the“normal”resul of matrix multiplication 
So that 让 Ais mn-by-7m and B is 70-by-Dp then C is mn-by-Dp whose elements are 
defined on page 326. We need to remember that when taking the product of 
two matrices the number of columns of the left-hand matrix must match the 
number of rows in the right-hand matrix. If this is not so then MATLAB 
will give an erTror Imessage: Inner matrix dimensions must agree. 工 his is 
Somewhere we need to be very careful and although most of the time our erTorSs 
will be fHagged by MATLAB，sometimes the calculations will proceed even 
though the results are not as we Would expect: for instance 


>> A= [123]|; 
>> B = [4; 5; 6]; 
>> 人 Az*B 


6 12 18 


In each case MATLAB is prepared to make the calculation (as it should): 
however the exchange of the two matrices yields very different results. Because 
MATLAB is willing to proceed with calculations with scalars or Iatrices as 
arguments, it may well be some time before this error is realised. 


Example 6.4 Coalculate 3A --B and AB wpere 


1 5 6 0 一 3 2 
A = 0 2 3 QQ 也 =| 1 0 一 2 
-1 0 0 工 0 一 4 


TPRe code jor 怒 is should pe 7elatuvely sel 太 ezplamatory: 


>> 人 
>> B 


[156;023; -100]; 
[0 -3 2; 10 -2; 10 -4]; 
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>> qisp(3*A-B) 
>> disp(A+B) 


Note that it is not necesSary to use the command disp here. 
Dot arithmetic can be readqily extended to work with matrices. VVith ma- 
trices A and B the matrix C = A.*B is given by 


Ci 一 Qijbi7，，， 一 1 7 


and 了 7 三 1 ), 岂 


and Similarly those of D = A./B by 


In addition to multiplication .* and division ./ we can also use dot arithmetic 
for exponentiation Using .as in 


>> A= [12; 34]; 


>>B= [12; 34]; 
>> 人 A.”B 


27 ”256 


Of course in using dot arithmetic in MATLAB we must ensure the matrices 
are of the same size for the operation to be defined， We note either of the 
arguments can be ScalarSs: 


>>A= [12; 34]; 
>> B = A. ”2; % sdquare al1l entries 
>> C = 2.A; % [2 4; 8 16] 


We hote these are effectively new binary operations and the addition of 
the dot should be thought of as changing the variables. It might help to think 
of them as separate operations: that is C = A*B performs the mathematical 
Imultiplication A xx 也 whereas C = A.*B gives cij 一 aijui 让 WVith practice yoU 
will come to appreciate the difference between these two operations. 

It is not necesSsary to have a .+ or a .- command since using the definitions 
above these give the Same results, Since the elements of C = A 十 也 are exactly 
ci 三 Qi 十 忆 5 
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Example 6.5 Cue7m 如 e Matyrtzces 


A=IodB= (3 6 


co7Da7e e results of te 1M47T74P calculations 4*B, 4.*B, 4[B amd 4.7B. 
Eor 太 e 7UlDlica 龙 os We aue 胡 e code: 


>>A = eye(2); B = [1 2; 3 4]; 


>>C = 人 A*B 
全 
1 2 
4 
>> C = 人 A.#B 
忆 生 
1 0 
4 


瑟 ere We have Mtroduced 妇 e coma700720 eye(m) WURZCP geSs 0 10-0V-72 2dem 友 妇 
10t7i24 .For 态 e diuisiom operatiomns We jaue 


>> C = A/B 


-2.0000 1.0000 
1.5000 -0.5000 


>> C = A./B 
C 三 
1.0000 0 
0 0.2500 


4 This could also have been obtained using the command diag，. 
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末 ope1ully 态 ?s ezZa7aDle 7akes 让 clea7 矶 Qt 如 e strazgptjorward asterzs5 opeyra- 
阅 07 Derjoyr7105 e 700 妇 emma 友 caQl opera 友 om of PaUltD1ca 丰 02，Uz 友 7ULD1ca 友 om 
8 太 e ?den 友 70at A eauz20 也 2cRa7ged，WRereas TULLtDLULUT29 1WS7729 
Derjorrmas 胡 e opeyra 友 om ele7aem 万 W?15e，50 矿 Qt 


1xl 0x2 1 0 
c-AxB-( 0 Ri 交 
人 e Pauve previzoVsly Srted 雪 e 15sUe of diozs;om oj patrzces，pbuUt OU 胡 at We 


ave ?troduced 奶 e elermaemztW15e opera 友 0 妇 15 ca pe deatt wz 专 atyralo am2Q 
外 2076s 记 e sa72e WUWQU as5 Tt16ipDlicatiom. 4pove We Pave 胡 e 7esult 好 of 妇 e 


We 


PC 有 215 AB QT00 友 e otpney calctla 友 om 25 
4 


42=( (= 人 


全 e mote WARem USs300 e diuozsiom operator /UVUi 太 0 态 e dot We ayre 充 jcb 


calctlatio7 


iI 廊 天 
se 


Co 局 睛 | 二 
心 | 已 | 吕 


co1517uct10 妇 e WUe7rse of 如 e 7natri7Z 也 


In order to calculate the transpose of a matrix we can use the command 
transpose oOT we can Use an apostrophe, A. I the elements of the matrix are 
complex numbers, then this operation constructs the complex conjugate of the 
transpose of A. If the elements of the matrix are real this is then equal to the 
transpose of the matrix. To obtain the transpose without conjugation, in the 
case of a complex matrix，we Use the construction A. . 


6.1.3 Operations on Elements of Matrices 


In the previous section we have talked about dot arithmetic but we have also 
Imet other examples Such as where we added a scalar duantity to each element of 
a matrix and where we took the Sine of each element. We are now in a position 
to apply the functions we have discussed to all of the elements of a matrix (or 
pairs of elements for binary operations). We can use any unary operation on & 
Iatrix to return a Imatrix of the Same size. We shall consider a few examples 
to illustrate this， 
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Example 6.6 17pvesligate 妇 e pehauzowr of 坊 e Una7V operatioms Qbs，S7971， 
cos ，3S71，eZD 0120 sz27 九 07. 胡 e 700t777 


1 一 .5 一 3.2 
A 一 0 1 一 克 
一 2 7.25 


T715s ?1s dome Wi 太 矶 e MI47T174PB code: 


>> A= [1 -0.5 -3.2; 
0 1 -pi; 
pi/2 -2 7.25] ; 

>> abs(A) 

>> sign(A) 

>> cos(A) 

>> Sin(A) 

>> exp(A) 

>> sinh(A) 


Te Pave 7ot 纪 cuded 坊 e asWwers Which 4T14PB displays， pt yo sould 厅 V 
elte7272g 遍 ese co7l100720d5 记 order 10 Uaderstand 1ow ML4T74PB ?nterpret wa 
有 mc 好 om oj au 700t720. 


We need to take some care when using the dot command as Some commands 
Imay be allowable within MATLAB but may produce results which are not what 
we expected, or wanted. The following example provides a good illustration of 
this point， 


了 xample 6.7 Comszder 妇 e mat 杂 他 


小 


Te wish to deteryrniae 刀 e maatriZ WURose elements take 坝 e values SinZ/z Where 


co 上 心 | 
@ 3 ba 


Z co1yesDo1ds 如 妇 e _ element 好 of 如 e mat 红 A. 了 o 轨 er Words We Want 加 


2 2 3 
元 Sn 下 元 S101 了 
3 6 


:iD 工 Sin 工 
元 SI 3 元 SIn 6 


calctulate 胡 e 700 太 人 


Ts ca be acco7D15S1ed 5220 胡 e co7m770072ds 


>> A = [pi/4 pi/2; Pi/3 pi/6] ; 
>> Sin(A) ./A 
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0.9003 0.6366 
0.8270 0.9549 


再 owevem 矿 We aa 710issed ov 训 e dot amd 5s272D10 怒 ped sz(4)ML4 WUe WoUlQ 
5 友 11 optaz7 QT “Q75UET 


>> sin(A)V/A 
angS 三 


0.5487 0.2637 
0.0569 0.7843 


15C 玉 25 TOt ULat We Pad 7 70320， 卫 Rat 如 zs last calculatom jas domne 23 如 
comstruct 态 e Tatr 这 了 吾 A-1L wjhere 妨 e elementls of B ore sines of 妨 ose of A. 


6.1.4 More on Special Matrices 


In the main, to this point in the text，we have constructed matrices by Simply 
typing in their entries. However, there are commands in MATLAB which allow 
us to Imake use of speczal 7aatyryces. The Simplest ones,， and those that are most 
often used，are 


eye (n) The identity matrix of size mn-by-m，I. IThis matrix has the property 
that for any square matrix A of size nn-by- AL 三 IAA= 和 . 


ones(n,m) A matrix flled with ones of size mn-by-7m. Note that ones (n) gives 
a Square mn-by-7m matrix flled with ones and that ones (ny,1) gives a column 
vector of ones and ones(1 ,n) a TOW Vector. 


zeros(n,m) Amatrix flled with zeros of size mn-by-70. 工 his command operates 
in the same manner to ones When used as zeros (n)，zeros(n,1) and 
Zeros (1 ,也 ). 


A matrix whose definition is slightly more involved is that given by the com- 
mand diag(x,n). This produces an appropriately sized matrix whose mtbh di- 
agonal is set to be the vector X. The commands qiag(x,0) and diag(x) pro- 
duce identical results, that is the vector x on the leading diagonal (that is the 
one Tunning from the top left to the bottom Tight; the elements of the form 
oii. The value of n being positive means that we are considering the mt 
super-diagonal and similarly negative values of n gives the mt sub-diagonal. It 
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should be noted that the mtn diagonal is shorter by |m| than the leadqing diagr- 
onal, for instance 让 xX = ones(3,1) then diag(x) produces a three-by-three 
matrix whereas diag(x,1) produces a four-by-four matrix as does diag(X,-1). 

Considering an V-by-N matrix: The mth super-diagonal consists of the el- 
ements ai in Where 一 1……,N 一 7andthe mth sub-diagonal consists of the 
elements ai+ni Where 一 1 ,AN 一 7. Notice 过 does not matter whether the 


vector js a Tow OF column vector. 


Example 6.8 矿 z = omes(4 ,1) 地 en We jave: 


dzag(z,0) 1s 97Ve7 0V 


1 0 0 0 
0 1 0 0 
0 0 1 0 
日 :人 全 
dzag(Z(1:3)，1) 
0 1 0 0 
0 0 1 0 
0 0 0 1 
0 0 0 0 
QT20 5S277001Q71 
dziag(z(1:3)，-1) 
0 0 0 0 
由 
0 1 0 0 
0 0 1 0 


作 e cam se 奶 ?s co700720 to D7oduwce co7202720 友 0725 SUC 有 asS 


dzag(z,0)+dzag(C(1:3)x2,1)+d7ag(C(1:3)x(-2) -1) 


工 2 0 0 
一 2 工 2 0 
0 一 2 1 2 
0 0 -2 1 


Voice We Pave beem VEeT7V cayejul to om 17 ViQDLe co72020 如 os 7 胡 e above 
We jaVe Used 胡 e 丰 cf 胡 ot We cam ezZtract Dazt of oa matriZ or Vector 7T7e 
com210121d omes(4，1) se 好 WUD Q cofura Vector (four-py-one) 1 of ones amd 
态 en DZ(1:3) 9?1Ves 妇 e jirstl 加 ree _ element of 雪 ot vectom 妇 aot 1s [1 了 工 了 71， 
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Example 6.9 Comszder 如 e matryces co1s1ruUcted Vs200 胡 e co72710207205: 


>> X = 2+kones(3,1) ; 
>> y = -2*xones(4,1) ; 
>> A = qiag(y,0)+diag(x,1) ; 
>> B = qiag(y,1)+diag(x,-2) ; 


T7Pe Jrst coald sets zz to be Q coluz70 Vector (tpree-bgy-ome) 厂 11 oj 255 
ad 胡 e secomd ome se 好 yy to pge a coluzma70 Vector (four-py-ome) 用 11 of 一 255. 天 
1 Wor 妇 如 D 和 9 坝 ese comaaa1m1ds (amd 1eaui2g 胡 e Semicolom o 达 to see Rat 1 
几 aDDe72072g). 开 ?8 Doss1ble to see 胡 e comtents of a Variable py 7merely 怒 D19 25 
0T10e at 太 e D7070210t QQ DT7e5517209 7etu772. Zet2s 10W qissect 如 e com7002d 4 = 
dzag(y,O)+dzag(Z，1) 7 THe Jrst comDome1t of 如 e 7591t1Pamd szqde DuUts 妇 e 
comtents of 妇 e coluzm7a Vector y douwm e leading diagomal of a matriZ (whic 几 
WU be aa jou7r-by-jour matriz sce 妇 e vector 9 1 Jour-by-ome). The seco7ad 
co11120720 0o7 如 e 759Rt-Ra7md s1Qe co15tVUC1 0 700t17Z PC as 胡 e co7DomeTt5 
of te co Vector 2 dowm 妇 e sper-diagomal 100zce 雪 e Vector z 375 妇 ree-by/- 
07e WARZC 及 15 07e Shorter 刀 omu 地 eVeadzag qdiagom01 Fa ， 雪 ese juo 70atyr7ces 
ae added togetper (to giue 4) which 1 0 valid operatiom as 00 雪 70atyices a7e 
Jou7-by-jou7r. 了 太 you are Rauz2g ud 所 cultoy Jollowiz09g 妇 1s 好 yy 怒 Di09 dza9g(y 0) 
ad dzag(2，1) separately，a7m2d ook at 妇 e 7esuli70g 70at7rtces， 

了 如 e secomd com70070d 如 e 7atr2Z 也 15 co7mstrVUcted Wi 雪 Q suDper-dzago7m2at 
ad Qw Secomd SUb-diagomal， THese co7m27700720s 97Ue 


>> 人 

A = 
-2 2 0 0 
0 = 之 2 0 
0 0 -2 2 
0 0 0 2 

>> B 

B = 
0 = 和 0 0 0 
0 0 了 2 0 0 
2 0 0 = 人 0 
0 2 0 0 加 沈 
0 0 2 0 0 
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Voice 她 e slzes of 矶 e matryces ave beem deter7mlaed 8 地 e eng 坝 of 如 e wz- 
Q9o7015. 1 太 we jad attemzpted 如 VSse 妇 e _ cola7ld dzag(y, 0O)+dzag(z，0O) We 
Would Have peem as1i10g ML4TZ4DBP t add to natyrices of direrent s22es，a700 
Q5 5UCI 让 OULd jaVe Droduced a7 er7or 70es5Q0e， 


There are Several other Special matrices which can be easily constructed using 
MATLAB. The command magic(n) gives a magic square of size -by-m. 工 his 
Iatrix has the property that the sum of all the elements along any Tow or 
column is identical (and along diagonals). 

The commands hilbGn) and invhilb(n) produce what are known as & 
Hilbert matrix and its inverse. The elements of the Hilbert matrix A are given by 
aij 三 1/( 十 Ji the inverse of these matrices are notoriously hard to calculate. 

Other examples of special matrices exist within MATLAB; a full list of 
Imatrix functions can be found by using lookfor matrix. This lists all the 
functions which include the word matrix in their description， 


6.1.5 Matrices Containing Strings 


We briefly note we can form vectors containing Strings. This is useful when we 
Wish to construct arguments to produce Prompts for the user. Let us consider 
a Simple example 


Example 6.10 7715s code ge 好 她 e wser to ID QUVQe of oa and 5272D10 DTUTL 
人 OU QI9Q271. 


Str = ”Please enter the Value of a: |; 
input (stTr) ; 

Sol = The value of a is equal to ，; 

soln = [sol num2str(a)] ; 


disp(soln) 





再 ere We jaoe jormed a row Vector 8220 胡 e to str1095 ?The ValIVUe oOF aa 175 
equal to ”ald 7U12stTr(a); 地 eatter of wpzcP 5 妇 e cozVe7siom of 妇 e Value 
oj a to a st7rz720. 

作 e mote 妇 e size of 妇 e row Vector so071 15 07e-b9-tUem 怒 SeVEeT QT00 0Q5 SC 有 
We Cold access Dayt5 of 坝 e Vector so1(1 ,1:3) 15 如 e WUord Te. 


There are numerous commands which can be used to operate on Strings: 
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STR2MAT Form blank padded character matTriXx from Strings . 
STRCAT Concatenate StTings . 

STRCMP Compare StTrings . 

STRCMPI Compare Strings 1Ignoring case . 

STRINGS Character Strings in MATLAB . 

STRNCMP Compare first N characters of Strings . 

STRNCMPI Compare first N characters of StTrings 1gnoring case . 
STRVCAT Vertically concatenate Strings . 


(this was generated using the command Lookfor strings). 

In this chapter we shall tackle the problems involved in the consideration of 
Imatrices and provide details of how they might be inverted. We Shall mention 
a few concepts but shall not deal with them in depth，electing to leave those 
to Subsequent books on linear algebra. 

We will also discuss the concept of eigensolutions and also show how these 
occur within differential Systems. 


6.2 Properties of Matrices and Systems of 
了 quations 


We shall discuss the way certain characteristics of Systems can be used to 
determine whether they have solutions or not. We start by considering a couple 
of Simple Systems: 

2 一 1 (6.1a) 
this system is in one variable (that is Zz) and has one solution, that is z equal to 
1. The number of variables equals the number of unknowns. Now we consider 


the System 
帮 王 二 
6.1b 

2 一 2 } | 
again this System has the same number of variables as equations, and hopefully 
we can work out the solution as Z equals 1 and y equals 2. Im both of these 
Cases the solution exists and it js unidue. 工 hese Systems are ridiculously Simple. 
Let us again consider a System with the same number of variables as equationgs 


人 } (6.1c) 


2 十 yy 三 2 


This has a unique solution Z = 3/2 and y = 1/2: however the System 


2 和 十 y 一 1 
5 } (6.1d) 
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clearly does not have a Solution，Ssince Z 十 cannot edual both one and two. 
Further considering the System 


人 } (6.1e) 


和 十 4 三 工 





has solutions: in fact 2 = 一 Qandy 三 1 一 Qigasolution for any value of aw. Im 
this case we Say there are an infinite number of solutions. 工 he duestion we Dow 
pose is what is the difference between these sets of eduations. VVe Start with &a 
couple of definitions: 


Definition 6.1 (Linear Independence) 


Consider the set of vectors ai 因 7 三 1 ……，m and the linear combination 


也 
> aijC7， 
JI 一 1 


This summation is zero 让 all the cj "7s are zero, and the set of vectors aij are Said 
to be linearly independent if this is the only set of constants for which this 
is true. 


Example 6.11 Comsider 妃 e vectors 


al = (10 1 0)， 
a2 一 (1 0 一 1 0)， 
aa = (0 0 0)， 
34 (0 1 0 3)， 








ffe note 妇 at al 十 az 一 2a3s 王 0, 如 allscl 三 1 cz 三 1 cs 三 一 2 ad cd4 王 0; 
jemce 妇 eyre are Values oj t 太 e cj 5 Jor 15cj 态 e iear commb2204om of te aj QTe 
Ze10，Q1d 有 ece 妃 ese Vectors ae 10eaTrly depemden 世 


We can now introduce a further term: 


Definition 6.2 (Rank of a Matrix) 


The rank of a matrix is the maximum number of linearly independent rowsgs of 
a InatTiX. 


This can be calculated using the MATLAB command rank. We can determine 
the rank of the system above using the commands 
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a= [1010; 
10-=-10; 
1000; 


0101]; 
zank(a) 





This gives the answer 3, so this tells us that one of the rows depends on the 
others (since there are four rows)j: as noted above al = 2as 一 a2. 
We now consider a System of linear equations: 











al1121 十 Ql222 十 :… 十 QinzZn 二 01， 
a2121 十 2222 十 .…… 十 aon2n 二 02， 
Qrm121 十 Qm222 十 ……QmnZn 一 bm， 


Which we can Wiite as Ax = b, where A is an 7n-by-m matrix and the vectorS 
X and b are column vectors of lengths 7 and 7 respectively. In Simple terms 
this represents a System of 7 eduations in 7 Unknowns. We also construct the 
matrix Alb which is the augmented matTix. 

We now state the results that: 


1. The system above has solutions if and only 让 rank(A) = rank(Alb). 


2. Ithis rank is equal to the number of variables then the system has a unidue 
Solution. 


3. 开 the rank is less than the number of variables then there are an infinite 
number of solutions. In fact the difference between these numbers gives 
the number of degrees of freedom (which we can think of as the number of 
variables like a which are available to us)， 


We how use MATLAB and this idea to discuss the Structure of the Systems 
(6.1a-6.1le) 


[1]; bl = 1; 
[1 0; 01;b2= [1 2]; 
[1 -1; 14;b3a= [1; 2]; 


= [11;11;b4= [1 2]; 
[1 1;11;b5= [1 ; 





and then use the function solns .mm 
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function [val] = solns(A,b) 
rankA = Tank(A) ; fankAb = rank([A b]); 
[m,n] = size(A) ; 
disp([?There are ” int2str(m) ”equations ?]) 
disp([?with ” int2str(n) ” variables?]) 
if TankA “= TanKkAb 
disp(:This System has no Solutions?) 
elSselif TankA == 卫 


disp(:There is a_ unique solution?) 


elselif rankA < 了 
dof = D-ranKA; 
disp(:There are an infinite number of solutions?) 
disp([with ” int2str(dqof) ， qdqegrees of freedom ?]) 
end 





This produces the results: 


>> Solns(A1,bl) 

There are 1 equations 

with 1 VariabJles 

There 1s a unidque Solution 
>> Solns(A2 ,b2) 

There are 2 equations 

With 2 VariabJles 

There 1s a unidque Solution 
>> Solns(A3,b3) 

There are 2 equations 

With 2 Variab]les 

There 1s a unidque Solution 
>> Solns(A4,b4) 

There are 2 equations 

With 2 Variab]les 

This System has no SolLutions 
>> solns(A5 ,b5) 

There are 2 equations 

With 2 Variab]les 

There are an infinite number of solutions 
With 1 dqegrees of freedom 


This can be used for far more complex Systems and is not limited to cases for 
which b is a single column，consider the example on page 199. 


A= [23;1- 雪 ; 
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b= [7-2;1 8]; 
solns(A,b) 


This informs us that there is a unique solution. 


6.2.1 Determinants of Matrices 


We now mention the determinant of a matrix. We shall not define this quantity 
Imathematically leaving that to a text on linear algebra. 了 owever we note the 
Property that a square Imatrix A has an inverse 让 and only 过 det(A) 夭 0. 了 
general this wil be more useful to us than the previous section on Tank, Since We 
will not be able to deal with problems with an infinite number of solutions. VVe 
shall generally restrict our attention to Systems which have a unique solution 
or identifying systems which have no solutions. This is particularly poignant 
when discussing eigensolutions，which will be done in due course. 
We Start with a general two-by-two matrix: 


Q 0 
^-( 


Whose determinant is ad -- bc. Notice 这 this quantity is Zero then w/ = c/d 
(Presuming that bd 夭 0). This means that the second row is merely a multiple 
of the first as we have in (6.1d) and (6.1e). 

We construct the determinant of a three-by-three matrix by reducing it to 
three two-by-two determinants. We consider the matrix A: 


QQ D cc 
A=|acwe /7 
9 六 1 
VVe have / 2 5 
e e 
det(A) = 十 Q 节 十 < 




















We could now proceed to expand the two-by-two determinants. Here we have 
used the top row to expand the determinant,， but we could have used any Tow 
or column, provided we Premultiply by either Plus or minus one,， using 








The sub-determinants are formed by removing the row and column containing 
the element we are Using at the time. 

We pick the row or column which is most convenient: for instance 讶 one 
contains a couple of zeros this is an ideal choice. 
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卫 xample 6.12 17vestgate 妇 e syste7 


1 0 2 
1 -1 1 |1x=b 
7 2 


TPRe deter7rnm2aa1t of 雪 1s 70at17 15 Qctualy 工 十 7 ad 友 orqer jor 妇 ?s syste7m 
to haue solutioms We 7equUire 了 天 一 1 (we mote 太太 = 一 1 胡 en 专 e 如 rd row 
15 eqWUal to 胡 e Jrst row 770U10S to copies of 妇 e secomd 7row，5s0 妇 e roWs aTe 
72ea7Vy depenlde7t). Comseduently We cam ?0e 人 E 态 e 70atrZ ad 几 e7lce 2d 雪 ot 
X 一 A-lb. Je can work out 态 e determinant 2 ezZpa7ldi72g 14510209 the top rouw 
QS 





Note we could solve this example by evaluating the determinant for a variety 
of values of r and then using the command polyfit to the acquired data. 


6.3 上 lementary Row Operations 


We Shall briefy comment on how one Imight invert a matrix: we Shall illustrate 
the methods and technidques using small matrices but the same methods w 记 
Work for larger Imatrices. 

Let us consider the general two-by-two ImatTrix 


Re 


You may know that the inverse of this matrix is 


1 Q 一 
办 一 二 :之 
人 ( 一 Ca 
where A = ad 一 bc and this is the determinant of the matrix. You may just 
know this or remember it as:5 


了 xchange the two elements on the leading diagonal and multiply the other 
elements by minus one, and divide the whole matrix by the determinant. 
5 If you have any dif 竹 culty remembering which ones are exchanged and which ones 


are multiplied by minus one, Simply remember ii should leave the identity matTrix 
unchanged. 
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The fact that we are dividing by the determinant means that this has to be 
Don-Zero for the inverse to exist. Let us consider the equations 


az 十 bV 一 D， (6.2a) 
cZ 十 ay = 4. (6.2b) 


Hopefully it should be clear to you this is edquivalent to the matrix equation 


Ce 


The solution of which is 


thus 
dd 一 2 一 oD 十 ad9 


“ad 二 5 7 ad 
We could also get this by solving the equations (6.2). Firstly we wish to elimi- 
nate Z 位 om the second equation (6.2b) so we subtract c/a times the first one 
(6.2a). Thus (6.2b) becomes 





cz 十 叫 一 二 (az 十 凤 ) 三 4 3 
C 拓 

(4 一 2)9 一 4 一 -P， 
人 人 


dy = 


Where for convenience we have introduced ad and 0. The two eduations are Dow 


| 


aZ 十 DV 也 (6.3a) 
dy = 4. (6.3b) 


We can now eliminate y from (6.3a) using (6.3b) (by subtracting by/d times 
(6.3b) from (6.3a)). This gives 





0 2 
a1 十 by :( 罗 ) = 2 一 (0 
QZ 一 方 . 
We can now get the solution as Z = 六 /andy =L/ d which will agree with 
that attained using the inverse of the matTix. 
We have been using elemzemnta7y 7ow opera 友 0o71s, these are very useful in the 
manipulation of matrices. We are able to: 


一 exchange complete rows， 
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一 Inultiply a row by a non-zero Constant 
一 add a multiple of a row to any other row. 


开 we consider matrices it jg not immediately obvious these operations do not 
change the System. 了 owever when considering Systems of equations we are 
happy to perform exactly these operations. Consider the Simple set of three 
equations in three unknowns: 








Ql112Z1 十 Ql1272 十 Q1373 二 01， (6.4a) 
a2121 十 a2272 十 02373 一 02， (6.4b) 
Q31Y1 十 Q32Y2 十 4333 一 D3. (6.4c) 


Deajling with the operations in order: 


Exchanging rows This operation is the same as swapping the eduations around， 
So for instance we could write 





Q3121 十 Q3222 十 03323 一 03， 





a2121 十 a2272 十 02373 一 02， 








Ql1121 十 Ql2Z2 十 Q1373 二 01. 


Here we have swapped the edquations (6.4a) and (6.4c), and hopefully we can 
See that the solution remains the Same; we have merely altered the order 
in which the eduations are wiitten down. This operation will be denoted 
by 已 一 有 3 


Multiply a row by a constant Let us multiply the equation (6.4b) py the con- 
stant 和 , So that the equations become 





al1121 十 Ql1272 十 Q1373 一 01， 


入 (a2121 十 a2222 十 02323) 一 入 02， 











a3121 十 Q3272 十 03373 二 03. 


Again hopefully we can see this does not alter the solution of the system. 
This operation would be denoted as 忆 。 一 入 RR2. 


Combining rows VWe shall now perform the operation 瓦 。 一 尺 2 一 a21 有 Ri/all， 
Which gives 


al112Z1 十 al1272 十 Q1373 二 b1 


Q12Q21 Q13Q21 a2101 
a22 一 22 十 | a23 一 23 二 02 一 


Q11 














a312Z1 十 Q3272 十 03373 二 03. 
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In this case 了 Equations (6.4a) and (6.4c) remain unchanged and we have 
succeeded in eliminating Z1 from (6.4b). This is the step we would take en 
Toute to solving this system and naturally does not alter the solution of 
the System . 


We now use these operations to construct the inverse of a two-by-two IatTix. 


了 Example 6.13 Vse elementary row opera 友 0o7s to detery127e 妇 e JUe7se of te 


IT00Qt777 
Q 0 
ca/ 


E27st0 We Teed to auUg702e1 引 e 700t72 Wi 寺 坝 e coyryespo7d2720 2de7 友 友 700 厅 7 
aad joyr 几 了 吾 = 和 AI 玫 e 妨 en wse elemenltary row operations to reduce 妇 e Da 
of 也 WAzcP coyryespo1lds 1 A 加 妇 eidez 友 怒 matr 工作 e sjal ru 成 roug 六 如 e 
steDs.，e start WUI 太 矶 e matyrZ 


Q 0 1 0 
Cad01l1 


To elizmpimaate c 廊 om 奶 e secomd 7ow We se 胡 e operatiom 及 2 一 R 一 c/aRl so 


胡 at We 几 ave 
Q D 1 0 
0 qd- 笛 -2 工人 


Notice 太 0 雪 e opera 刀 007 as pee7l recorded 纪 如 e 如 yd elememt alo7g 胡 e secom2g 
70W，Te mow diuide 雪 e secomd 7ow 奶 roug7 5 和 纪 9 雪 e operatiom R2 一 Rd 一 


Cb 
( Q 工 0 】 
0 .二 去 这 本 克 这 本 元 


全 )，WAzc7 0?0esS 
Nouw 1o ellate 妇 e element We Use 有 一 Ri 一 xxRa so 态 aof we Pave 
b 
4 0 11 5 三品 5 
CC QQ 》 
0 1 ad 一 bc ad 一 bc 
ajier sligAt 5270D08caom ad dzU7d2720 太 e jirstl 7oUW 8 Q，VS5209 矶 e opeTra 友 07 


瓦 1 一 及/a we have 
地 也 
1 0 ad 一 pc ad=pc . 
0 1 工 一 ad 一 bc ad 一 bc 


T7155 7natriz 13 10Uw 革 A-1. 7T715s technigue cam pe eztemded to 1arger systemmas. 
Youw cam also commDpaye 态 15 Wi 砚 坝 e earlier solutiiom oF 妇 e System (6.2). 
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There is a MATLAB command which will run through these operations， 
rref or in slow motion rrefmovie. This also includes pivoting，which is how 
this technique deals with zeros when it encounters them. 


Example 6.14 Co7mstruct 如 e ?TUey7se of 雪 e 70at 厅 7Z 
1 2 
3 2 1 
本 证, 寺 


45?70 1I47745， 
772s ca be dome 9 4S7100 妇 e code: 


[121; 32141;111; 
[A eye(3)] 


rref(B) ; 





DBW Way of 20Ustratliom We 51how 胡 e actual opera 态 0105 14539 妇 e co7m700720 


Te Fnov7e. 

A= [12141;3214;11 绍 ; 

B = [A eye(3)] 

号: 
1 2 再 1 0 
3 2 1 0 1 0 
引 1 0 0 1 


77175s jas Dr7oduced am aug72e7lted 7201Z WAicP WUe Would write as 人 AI 
(aot to be comjused Wi 太吉 e ML4T74B or comyaamnd) Vow 1 杂 y 专 e co7m770072d 
emnovze(B)，WAicP Vields 


Original matrIX 


A = 
工 2 灶 上 0 0 
3 2 0 工 0 
| 业 工 0 0 1 


Press any key to continue . 
SWap TowS 1 and 2 


二 天 
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Press any key to continue . 


pivot = A(1,1) 


A = 
工 2/3 
2 
工 1 


Press any key to continue . 


eliminate in column 1 工 


A = 
1 2/3 
工 2 
工 1 


Press any key to continue . 


eliminate in column 1 工 


A = 
工 2/3 
0 4/3 
0 1/3 


Press any key to continue . 


pivot = A(2,2) 


A = 
出 2/3 
0 工 
0 1/3 


Press any key to continue . 


eliminate in column 2 


品 缚 
局 
HF 
CD 


1/3 


1/3 


1/3 
2/3 
2/3 


1/3 
1/2 
2/3 


1/3 
1/2 
2/3 


上 


上 


避 缚 


上 


3/4 


3/4 


1/3 


1/3 


1/3 
-1/3 
-1/3 


1/3 
-1/4 
-1/3 


1/3 
-1/4 
-1/3 


口 


心 


口 


沪 


品 


品 
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Press any key to continue . 
eliminate in column 2 
人 A = 
1 0 0 -1/2 1/2 0 
0 1 1/2 3/4 -1/4 0 
0 0 1/2 -1/4 -1/4 1 
Press any key to continue . 
pivot = A(3,3) 
人 A = 
1 0 0 -1/2 1/2 0 
0 1 1/2 3/4 -1/4 0 
0 0 1 -1/2 -1/2 2 
Press any key to continue . 
eliminate in column 3 
A = 
二 0 -1/2 1/2 0 
0 1 1/2 3/4 -1/4 0 
0 0 1 -1/2 -1/2 2 
Press any key to continue . 
eliminate in column 3 
人 A = 
1 0 0 -1/2 1/2 0 
0 1 0 1 六 于 
0 0 1 -1/2 -1/2 2 


Press any key to continue . 


772s D7oVides Q 700VIe Of row ecpelom opera 如 0o725，920U2729 Q 7U72723729 CO7TT2T72E72- 
ta7V. 7T712s ?5 Used DuUrely jor 21ustratlom and MA4T74P has used 雪 e Format 
Jat co7I100T20 10 DTese1t 妇 e TUIlDe75s Q5 7aO7T015. Notce oO7Te TDe7 15 92UE7 


0Q5 Q #: 矶 is 15 pecatuse ML4T14PB canmot adeguately repyesent 成 15 as Q 7a 友 Oo7001. 
太 we Tow WUWse C = 71reF(B)，UwUe jd 妇 is element 15 记 Jact zero pu rouU2d2720 
e77075 Il0de 让 加 be au Very 5S702014 Upe7. Vow ezZtlract7g 雪 e last 奶 ree colu172725 
X= 000 和 4:6) Uhere 入 570 jaocl te IIUerse of A， WAich cam pe comjrrmed 0 


1D009 Xx4 ad 4xX. 
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The above technidque involves other methods than those we used in the 
Simple two-by-two case (for instance pivoting). It is not the intention of this 
text to Piovide a comprehensive discussion of these matrix operations,，Imerely 
to make you aware of them. You may notice that the role of the augmented 
InatTrix is to keep track of the operations required to change A to the identity 
Iatrix. 了 ave a look at the second matrix in which the command swWap TowS 
1 and 2 has been performed. This is to increase the size of the element which 
is going to be used for the elimnination. 斑 the original element is zero it will 
definitely need to be moved, as the algorithm is going to divide by this dquantity. 
开 the column is full of zeros then the inverse does not exist and the algorithm 
continues to work on the remaining rows. For instance 


D=[013;01141;012]; 
B=[D eye(3)] ; 





rref(B) 
yieldqs 
0 1 0 0 2 一 六 
0 0 1 0 二 工 
0 0 0 1 1 -2 


This shows the original matrix does not have an inverse and in fact its Tank 
js less than the number of rows. In this case we fnd rank(D) = 2 and the 
determinant is zero. VWVe note the third row of the matrix can be formed by the 
linear combination of the first and second ones，(T1 十 T2)/2. 


6.3.1 Solving Many Equations at Once 


We remark it is possible to determine the solution of many systems Simultar- 
Deously where only the right-hand sides of the equation changes. Consider the 
solution of the equation: 

Ax =b. 


We Shall assume A is an 7-by-m matrix and X is -by-7m0 and b is -by-72. 工 his 
allows 7 sets of equations to be solved Simultaneously. 


Example 6.15 Co7mszder 妇 e sz72D1e eZa702DVe 


27 十 3 三 17， 


2 一 1 = 三 1， 
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QQ 


27 十 3 三 一 2， 
了 二 下 二， 


77ese equa 友 0725 cQ7 be W75ttem Q5 


es 


[DR3Rdd 


[7 -2; 1 8]; 





了 PS 92UES 


X = 三 


2.0000 4.4000 
1.0000 “ -3.6000 


50 妇 e sofutiom 如 雪 e st system 2 (2,1)7 and 态 e second 和 (2215, 一 18715)7 . 


6.4 Matrix Decomposition 


As mentioned in the previous section we can think of the last three columns 


as recording the operations performed in order to reduce the matrix to Tow 


echelon form. Notice this process involves a forward sweep and a backward 


SwWeep. In general the forward sweep will produce a lower triangular matrix and 
an Upper triangular matrix will result 位 om the backward sweep5. If pivoting 
8 Used to determine this form 志 js mnecessary to also include a permnutation 


Imatrix (which swaps rows). We use the MATLAB commands 


A= [121; 32141;114 匡 ; 
[L,U,P] = lu(CA) 


5 The definition of upper and lower is based on the leading diagonal (which runs 


位 om the top left to the bottom right). 
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1.0000 0 0 
0.3333 1.0000 0 
0.3333 0.2500 1.0000 

U = 
3.0000 2.0000 1.0000 

0 1.3333 0.6667 
0 0 0.5000 
P = 
1 0 
1 0 0 
0 1 


Now we have the three matrices L, U and P, such that 


PA = 工 U. 


Notice it is possible to call this routine with only two outputs, in which case 工 
js no longer lower triangular as it now contains pivoting information. 
Let us now consider the inverse of the matrix A. We need to recall that 


(XY)-1= 立 -1X-1， 


to see this simply multiply both sides of the equation on the left by (XY) (or 


on the right). In which case 


Imultiplying both sides of the edquation on the right by 卫 . 
Consider the solution of the Problem 


(LOU)-， 
厅 5 
U-I 工 一 了， 


Ax 一 b. 


Multiplying both sides by A-l on the left and substituting from (6.5), yields: 


U-IL-IPb 
U-1LIEb， 
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where we have introduced 也 = 工 -IP. This actually occurs earlier in the series 
of operations Since 卫 A = U. The algorithm can be wrTitten as: 


() Calculate 工 ,U 
(ii Calculate Ly =b (y = 了 b) 
(过 ) Solve Ux = y. 


This method is e 生 cient Since 过 works with triangular matrices. 开 we need 
to solve the above System for different b then we only need to calculate 工 and U 
once. In fact this is the essence of hbow MATLAB solves matrix systems. Instead 
of actually constructing the inverse it works out the infHuence the inverse would 
have. This represents a dramatic saving in time. In order to test this we Use 
the codes 


人 

% testmat . 男 

办 

function [timel,time2] = testmat(n) ; 
rand(n) ; 
rand(n,1) ; 

tnow = cputime ; 

X = ANb; 

timel = cputime-tnow; 

tnow = cputime ; 
inVv(A)*b; 


time2 = cputime-tnow; 





which is run Using 
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从 

% mtestmat . 莘 

办 

nn = 100:50:800 
na = length(Cnny) ; 


for 研 = 1:n 

nn(iy) 

[tt(i),t2(i)] = testmat(nn(i)); 
end 


plot (nn, [t1; t2]) 

XlLabe1l(，Matrix size ,FontSize， ,15) 
ylabel(?CPU time (secs)，,?FontSize: ,15) 
text(600 ,10, "Decomposition”,FontSize,14) 
text(500 ,20, Full inversion， ,FontSize， ,14) 


Print -dqps2 testmat .ps 





This gives the results 




















35 
30 上 四 
25 上 
2 
(0 
8 
0 20 上 Fullinversion 上 | 
忆 
三 
二 
忆 15F 浊 
O_ 
〇 
10F Decomposition ]] 
5 四 
0 ， ， ， ， 
100 200 300 400 500 600 700 800 


Matrix Size 


where the upper curve is the method using the construction of the inverse. In 
fact both of these curves grow like the Size of the matrix to the power 3，bnut 
the lower one has a smaller constant of proportionality. Matrix inversion (and 
Imultiplication) is very expensive and any symmetry or Special properties of a 


6.4 Matrix Decomposition 203 





Iatrix should be exploited. 

MATLAB has a few commands which can use the properties of these ma- 
trices: perhaps the most Simple one is sparse. We will meet examples in due 
course but we shall simply show this example. 


>> A = Sparse(eye(4)) 


人 A = 
《1 ,1) 1 
〈2 ,2) 1 
〈3 ,3) 1 
〈4,4) 1 


>> B = sparse(diag(1,3)) 


(1，,1) 
(2 ,2) 
(3 ,3) 
(1 ,4) 
(4，,4) 


FF 上 上 上 哺 


These matrices are 


1 0 0 0 0 0 0 1 
0 1 0 0 0 0 0 0 
三- 痢 - 硬 | 二 写作 < 全 
0 0 0 1 0 0 0 0 
1 0 0 1 
0 1 0 0 
andA+B=|0010 
0 0 0 1 


JInstead of storing the whole matrix it only Stores the elements which are 
non-zero, and when operationgs are performed it returns a sparse matrix (or &a 
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full one 这 the result is ful). A_ full matrix can be retrieved by using the ful1 
comImand. 


6.5 Eigenvalues and Pigenvectors 


Although this is slightly beyond the scope of this text we shall briefHy discuss 
the ideas of eigenvalues and eigenvectors. These are verIy useful when solv- 
ing matrix Systems and understanding the infuence of matrices. Consider the 
Simple transformation 

2Z FF 3， 2 FFy 一 22/， 


which we could write as 


2 一 37 = 一 27/， 


LA) 


p′” = Ap. 


or in matrix form 


The action of this transformation is to multiply the Z component by three and 
the V component by minus two. So the coordinate (1,1) is moved to (3, 一 2). 

Under this transformation which vectors” directions are left unchangedY 
了 opefully you should be able to see that anything on the Z or W axes falls 
into this category.， Along the 7 axis we have the general point (和 ,0) which 
after the transformation becomes (3 和 ,0) = 3( 和 ,0), so that Ap = 3p (where 
p = (10) 四 . Similarly along the y axis， we have the general point (0, /0) which 
transforms to (0, 一 2/) = 一 2(0,A). The values 3 and 一 2 are referred to as the 
eigenvalues and (1,0)7 and (0,1)7 are the eigenvectors (we have taken 和 and 
人 to both be unity). 


了 


transforms to 
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In this Simple case 志 is easy to see how these quantities are determined but 
consider the more involved example: 


了 Example 6.16 Peterrmzz7e 态 e ezge7VQ1Les ad ezge7Uecto7s of 如 e 7atyrZ 
1 2 
3022= 人 

ad co7m270e1it 07 态 e efectl of 妇 e 7natyr27. 


Let us briefly describe how this is done analytically. VVe assume that the eigen- 
values are 入 and as Such for an eigenvector X 


Ax 一 和 AX， 
which can be rearranged to give 
(A 一 ADx=0. 


This equation only has trivial solutions for X unless the determinant of the 
matrix multiplying it is zero7, that is 


det(A -AD = 0. 


We have used the term “det” to represent the determinant but we also use 
vertical lines， as below. In this case this leads to a quadratic: 


| 三 -网 三 疝 二 洛 


人 
一 入 一 3 一 4 
(入 -4 和 (和 +TDT) = 0. 


So the eigenvalues are 4 and 一 1. Notice that we could have used a couple of 
MATLAB commands at this point. 


>> p = poly(A) 
P 一 
1 =3 -4 


>> roots(p) 


”Notice that 这 the determinant is non-zero, then we could simply invert the matriX 
and obtain the solution x 一 0; that is the trivial solution . 
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>> 


The frst command gives the coe 重 cients of the characteristic polynomial (which 
is the name of the polynomial in 和 X, see page 214 for more details). The second 
one determines the roots of polynomial whose coe 重 cients are stored in P. 

In order to determine the eigenvectors we Solve the equationgs 


(we 


for each value of 入 . 


和 人 三 4 


Which gives 


2Z 十 2 三 47 全 27 一 32， 





37 十 2 王 47 二 0 三 太 


Notice that both equations give the Same result and in a Sense there is 
a redundance (which is all linked to the fact that the determinant of the 
modified system is novw zero). The eigenvector is defined by Z = 2V/3 and 
hence choosing y 一 3 gives2Z 王 2: 


e 一 2 ) 
入 一 4 一 3 ) 


notice that we could have any scalar multiple of this. As such MATLAB 
will return the multiple of this such that 


which has unit modulus. The modulus | .| is defned as the square root of 
the sum of the squares of the elements. 


人 
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which gives 


2Z 十 2 = 三 一 和 全 2 三 一 2 





37 十 2 三 一 全 2 三 一 4/. 


| 


We could have determined these using the command 


也 ence the eigenvector ig 


[V,D] = eig(A) 


V 





This returns two matrices: one with the eigenvectors as columns and the 
other with the eigenvalues on the leadqing diagonal (this is discussed further 
on page 208). Notice that the eigenvectors are returned with the columns nor- 
malised such that ee7 = 1. In one case dividing through by V2 and in the 
other by V13 = V22 十 32. It now remains for us to discuss the effect of this 
transformation: the eigenvectors are (2,3)7 and (1 一 ID)7 with corresponding 
eigenvalues 4 and 一 1. Hence any vector along the line (2,3) is extended four 
times and along (1, 一 1) is refHected in the origin， 

We could consider a vector to be composed on components associated with 
each eigenvector, for instance consider the action on the point (1, 1]). 

Firstly solve the equation 


1 
( 1 】 一 Qex-4 十 Cex-_-1， 


Which gives the Simultaneous equationgs 


1 = 2a+B 
1 = 3a 一 0 
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which are solved to give w = 2/5 and 0 = 1/5. Hence 


让 
1 > 5 入 一 和 5 入 一 一 1 


Now we multiply both sides by A to give 


1 2 1 
A( 1 】 三 BAex=4 十 BAex=-1 
办 1 
一 (4)ex=-4 再 BID)ex=-D， 
一 人 
一 8ex=4 一 5ex=-1 


We could have used simple matrix multiplication but this kind of technidque will 
allow us to perform far more complex calculations in which we may not know 
all the values (so in more general cases) and also in higher dimensions. 工 his 
technique is especially useful when discussing manifoldqs in chaos (but that?8 
material for another text book). 


6.6 Specific MATLAB Commands 


We remark that MATLAB has very powerful commands for determining eigen- 
values (and eigenvectors) of these systems，eig and eigs. The former one has 
already been used on page 207. 

We Start with the command eig; in its Simplest form it determines the 
eigenvalues of a square Imatrix, the Syntax is 


[920] 


elig(a) 





This gives the answer e = [1.6180;-0.6180; 1.0000] (the actual values are 
(1 土 V5)/2 and 1). A very simple change in syntax gives the eigenvectors as 
well [V,D] = eig(a);. In this case the eigenvectors are the columns of V and 
the eigenvalues are on the diagonal of the matrix D. We remark that 





A = PDP-:L， 
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where 了 P is a matrix formed with the eigenvectors of the matrix A as columns 
(that is V) and D is a diagonal matrix with the eigenvalues on its diagonal, 
Note: the order of these must be the Same. 

This is verified for the above example using the code 


>> VkdqkinVv(V) 





As a direct consequence of this we are able to work out A" very cheaply. 
We note that 


(PDP-(PDP-D) 

(PD)(P-P)ODP 一 ) 

(PD)OD(ODP-) 

(PDDP-) =PD2P-:!. 

It is quite simple to seethat A" = PD?"P-1 (using proof induction for instance， 
see Task 6.22). We now note that D?” js very easy to work out, 让 ID has the 
values (和 1 ,入 V) along the leading diagonal then D7” has (和 … ,和 Xw) along 
that diagonal. 
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Example 6.17 Calculate 奶 e 7nat 杂 红 


7045ed 10 如 e Puadyed 胡 powe7-. 
12s 1s QccomDL5S1ed ?5100 妇 e code 


a= [10-1;01141;100]|; 
[v,dqj = eig(a) ; 


d = sparse(d) ; 
dl100 = d. ”100; 
al00 = V#kd100*inV(V) ; 





We also mention the command eigs which allows us to Select only certain 
eigenvalues. his uses techniques akin to the power method mentioned earjlier. 
We give an extract of the help page for eigs 


[V,D,FLAG] = EIGS(A,B,K,SIGMA,OPTIONS) 

[V,D,FLAG] = EIGS(?Afun,N,B,K,SIGMA,OPTIONS) 

Where 

B A SymmetTric positive definite matrix the Same Size as 人 . 
An integer ，the number of eigenvalues qdqesired . 

SIGMA A Scalar Shift or a tWwo Jetter String. 


OPTIONS  A structure containing addqitional parameters . 


The viable values of SIGMA are 


2LM， Largest Magnitudqe (the default) 

2SM， Smallest Magnitude (same as sigma = 0) 
?ELR” Largest Real part 

2SR， SmalJest Real Part 

2 BE， Both Ends. Computes Kk/2 eligenvalues 


from each end of the spectrum (one more 
from the high end if k is odd.) 
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Example 6.18 Deterrzze 如 e Vargest to ezgenUalues of 妇 e 70at7r77 


1 001 一 ! 
0 235 0 
-1 000 1 
6 81 2 一 2 
1 1 1 1 1 


7715s ?5 dome ?51720 妇 e code: 


A= [1001 =1; 
02350; 
-10001; 


6812 -2; 
1111411; 
[V,D] = eigs(A,2,，:LM)?) 





T7HZs ?terates ad 92Ve5: 


七 e 


eligs 


8.4127 
-4.8097 


StopcTrit = 


2.0072e-15 


上 . 
c 十 
@ 
加] 
外 


eligs 
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8.4127 
-4.8097 
StopcTit = 
3.2411e-15 
V = 
0.0769 0.1400 
0.6050 0.5780 
0.0143 0.0270 
0.7674 “ -0.8034 
0.1974 0.0100 
D = 
8.4127 0 
0 -4.8097 


6.7 Characteristic Polynomials 


We shall pause here to discuss the characteristic polynomial of a matrix, that 
is the polynomial p( 和 ) = det(A -- AT). The zeros of this polynomial are the 
eigenvalues of the matrix. We quote the result 


Theorem 6.19 (Cayleigh-Hamilton) 已 very sdquare 7matriZ saisjies it om 
chParacteristic Doomial so 妇 at D(A) = 0. 


We also note that p(0) = det(A), which can be seen by setting A equal to zero 
in the definition of P( 和 ). The characteristic polynomial of an mn-by-m matrix is 
of degree 7. As a result of the Cayleigh-Hamilton theorem we have a further 
Imechanism for determining the inverse of a matrix. Let us consider DP( 和 A) to 
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have coe 重 cients wo,……… ,Qn. Consedquently we have 
亿 
>》， aiA- 一 0， 
i 一 0 


where we use the natural convention that A0 = 工 We can extract one term 
位 om the summation So that 


QoI 十 >》， aiA: 一 0. 
记 1 
Notice that P(0) = ao so that ao = det(A)，which we assume is non-zero. 
Multiplying through by A-l and dividing by det(A) we have: 


人 j 于 Ar 


Here we have written the inverse in terms of powers of A which we know can 
be written using the diagonalised form of the matrix. As such we have 


也 一 工 
工 ， 
A-l= 一 -- _P 2 和 
det(A) 人 到 十 1 | ) 


where D and P are defined on page 208. 

We are aware that we could also construct the inverse Using a variety of 
MATLAB commands, however it is important that one realises what is behind 
these commands. 

We now note that we can determine the characteristic polynomial of a 
Imatrix by evaluating the polynomial p( 和 A) at 见 十 1 points and then ftting a 
polynomial to these points: 


function [co]l = charpoly(A) 
[mm,n] = size(A) ; 
f Zm“ 
disp(?Matrix is not square) 
懒 四 用 
break 
end 


for 1 = 1:(Cn+l) 

X(i) = (i-1)*kpi/n; 

y(i) = dqet(A-Xx(i)*keye(Cn)) ; 
end 


= Polyfit(x,y, 了 an) ; 
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We have elected to use the points Zi = (一 1)T/m since these will not coincide 
with eigenvalues unless the elements of the matrix involve T.， We can now 
consider the roots of this polynomial to determine the eigenvalues of the matrix 
(using roots for instance). There is also a MATLAB procedure to determine 
this polynomial, poly(A) . 


6.8 上 xponentials of Matrices 


We shall motivate this section by discussing the simple differential eduation: 
了 一 QX 


which shall be solved subject to the initial condition that z(to) = Zo. This has 
the Solution 
2Z( 昌 一 ec(t to)70. 


We now move on to discuss the matrix equivalent of this equation which is 
文 一 Ax 
together with the initial condition Xx(t 如 ) = xo and this has the solution 
x(b = e 人 AL-to)x0. 


This method can be used for solving constant coe 重 cient Second order Systems. 


了 Example 6.20 9olve 轨 e equa 友 om 
十 y=0 


SUbject 如 坝 e 秘 庆 Ql comdi6o7s WO) = 0 amd V(0) 三 1，Je itroduce 胡 e 
QuUa7 帮 丰 es 2 一 2 ad Za 人 (三 T 胃 .45s sucj 圾 15 syste7m cam be Tewrittem 


Q5 
文王 0 区 
NAN-l 0 
it xo 一 (0,1)， Tis Pas 她 e so1utiom 


X(t = exp(At)xo， 
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We now have to define and construct exp(A). We do this using the sum- 
Iation 


exp(A) = > A 
0 


Again we can use the diagonalised form of the matrix to yield 


co 1 _ 
sw-P1 > 二 D 1 
i 一 0 


but this gives 
exp(A) = 了 exp(D)P-1， 


where exp(D) is the matrix formed with (exi,ex?，… ,ex") along its leading 
diagonal. 


卫 xample 6.21 Comstrucet 如 e matriz exp(A) where 


中 


T7125s 70Qt720 1as ezgenUalues of 1 amad 一 1，Wwi 坝 coyryespo7zd2729 e29e72Uecto7S 
(10)7 and (一 1 1)7 Pence we Pave 


1 一 | -可 1 1 工 
(0  ) wu sw 站 
厅 emce 


1 一 ! er 0 1 1 e e 一 1l/e 
Al) = 三 
AAA ( | 全 e 】 
Notice that to construct exp(Ab we simply note that exp(Db has diagonal 
elements of the form ex5. In the previous example we would have 


exp(Ab) = ( 下 1 】 


There is actually a command for this purpose in MATLAB called expm (to- 
gether with expm1l, expm2 and expm3 - which exploit different methods). Simply 
typing exp(A) will returmn a matrix full of the exponentials of the elements of 
the original elements. 

There is another way of calculating the exponential of a matrix which occurs 
as a direct consequence of Theorem 6.19. We note that since an 7-by-7 InatTiX 
Satisfies its own characteristic polynomial A” can be written in terms of a 
polynomial of degree 见 一 1. Consequently multiplying through by A and using 
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the previous expression for A" we fnd that A?+l can also be expressed in termas 
of a similar polynomial. mm fact A" can be written as a polynomial of degree 
有 一 1in A.Since the exzponential form of the matrix involves only powers of 
the matrix，we note that exp(A) can also be written as a polynomial of degree 
有 一 iD A. We now need to fnd the coe 重 cients of this polynomial. Ye again 
rely on the Cayleigh-Hamilton theory (but in reversej, that is 让 A satisfies the 
equation then So do the eigenvalues. 


卫 xample 6.22 Determi7e exp(At) Where A 5s as 9ivemn 矶 已 zaaD1e 6.20. 7T7e 
e2ge720UQ1UeSs of 妇 e Tat7r7 
0 1 
E 


ae Qctualio 十 三 土 V 一 1.， ye mow suWDDose 态 地 














exp(Ah = aoI 二 al1A， 
OPZCi 25 Q rst degyree DolyT001704al 1 ANVow substtut120 纲 入 三 2 Ue jd 坝 o 
e 一 ao 十 al (6.6a) 
ad jor 妃 e secomd ezqgemvalue 
一 放 


e@ 二 Q0 一 Q12. (6.6b) 


Soluing Pauations (6.6a) andg (6.6) we Jind thaotl ao = (eit 十 e-i)/2 一 cost 
amd al 一 (ed 一 et)/(22) = sint 7T7Nizs gives 


exp(Ab =cos 红 十 sintA， 
加 cost Sint 
NAN-snt cost 人 
Now suUb5sttLt20 妇 15 10to 如 e so1zom Oo PrarmDie 6.20 we Pave 
V( 坟 Nocost sint 0\V_ Asint 
bb 一 snt cost 1 /ANWcost 人 
T7155 45 ezZzactly 妇 e solu 友 om ole Would ezZpect (Which 15 a good 妇 279). 


In general 让 a matrix has distinct eigenvalues Al and 和 >? we can Show that 


工 
朋克 一 
X( ) 和 > 甘 ， 和 1 





{(》Xaze" 于 一 Xie' 吕 工 +T (e "一 ez 区 A} xo. 


We see that the eigenvalues of the Imatrix associated with a System are 
crucial in determining the fate of the solution. For instance if the real parts 
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of the eigenvalues are real and positive the solution will expand as t increases， 
Similarly 计 both are real and negative the solution will contract. 工 his analysis 
js very powerful and allows us to understand the structure of these problems 
without having to actually solve them in totality (something which gets harder 
and harder). 


6.9 工 asks 


Task 6.1 Repeat 如 e_ calculations preseted 2 妇 e ezZa7aDle om Dage 328 53120 
44774P， 


Task 6.2 Vszg 雪 e Vector 六 = 了 :4 comlstructl 胡 e Tat77 


人 
0 
人 
上 IIMD 上 必 


Note: 如 ere are to comma7ds 忆 ML47T74PB，FIzpzr UpipD LeH7rigpt) and 
FJ22puUd (RiD WUD-dotUm)，URzcP 511 Re Wi 太太 5 tas1y yoU ca Use etter (和 
ozder to see 1ow 胡 ey Wo Use 胡 e hel1p co7277007201)， 


There are many commands we can Use to set Up larger Imatrices. 再 owever， 
in the majority of this text we Shall limit our attention to relatively Small 
Inatrices. 

We can Use the diag command to set Up Imatrices which have a Structure 
which lends itself to construction Via vectors of diagonals. Such matrices are 
referred to as banded. Consider the following example: 


二 


diag(r)+diag(r(1:4) ,1)+diag(T(2:5) ,-1) ; 





which gives the output 


>> 人 
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0 3 3 3 0 
0 0 4 4 4 
0 0 0 5 5 


You should recall the mth diagonal is shorter by |m| than the leading diagonal. 
In order to understand this code it may help you to type (1:4) (which gives 
the first four elements of z) and rY(2:5) (which gives the last four elements of 


). 


Task 6.3 59et 1D 胡 e temn-by-tem 701 RCR Ras 十 15 记 如 e Jrst suDer- 
diagomal (directiy above 坝 e Jeaaig aqiagonal) and 一 155 记 妇 e sub-diagomal 
(directly below 态 e leading qdiaqgo7zzab). 


By this point you Should be reasonably confident about how to set Up a variety 
of matrices, either by directly typing in the elements or by exploiting Structures 
within the matrix. We pause here to make sure that you are able to understand 
how to extract parts of matrices. Before proceeding make sure you under- 
stand what the commands a(:,1)，a(2,:)，a(2:3,:),，a(:，:)，a(1:2:3,2) 
and a(1,3:-1:1) give (you could try them for the matrix a = [11 12 13; 
21 22 23; 31 32 33],， where this has elements which reflect the labels of the 
elements). To help you understand these commands type 1:2:3 which gives 
the result [1 3] and 3:-1:1 which gives [3 2 1]. You should now be able to 
see which elements these expressiongs correspond to in the matrix. 

It is perfectly acceptable to combine matrices: however we need to make 
sure that the operation is well defned within MATLAB. This usually involves 
ensuring that the matrix (or vectors) involved have the correct dimensions for 
the operation to Proceed. 


Task 6.4 Determime Which of 妇 e Jollowing operatioms are Viable (yow ca7m do 
态 15 85510200 0 怒 D2009 刀 e770 用 oOWUeVE7 WOU S1oUid Per 邦 aD5 厅 V to detery72272e AZC 
o765 QTe UIQbLe 0 D71072). 
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ones(3) ; 
2xkones(3 ,2) ; 
3*kones(2 ,3) ; 


[A B] 
[A B)?] 
[AC B7] 
[A C)7] 
[A; C] 
[A; B)?] 





At this stage you are now in a position to perform relatively simple oper- 
ations on matrices; we shall start with a couple of examples of addition and 
SCcalar combination of matrices， 


Task 6.5 Perjorm 妨 ese calculatioms po 雪 0 and and 5 MA4T7Z4PB: 


2 -1 
(135)| =- 0 
7 一 2 


Task 6.6 Colculate 恕 e product AB and BA jor oa varie 怒 of bo-py-too 7ma- 
杂 ices. 44tempt to Wo out WARzcP 7atyryces of 雪 e gemeral Jormm 


人 


co7ITlUte W? 720t7Yces of 态 e jorm 


Q 1 
了 一 一 
0 
( 妇 ot ?5，Which natrices does AB = BA Pold jor9). TYer 砚 雪 ofl your answer 


15 CoO77ect 0 杂 V2729 50710e eZQ17T2D1es; 妇 e 7007e 0bscu7e 奶 e TU17pers WO 1WSe 太 e 
7207e UKEely WOUW7 7esutt 25 mot Q 用 we. 


220 6.， Matrices 





We have also seen that 过 8 possible to use“dot”arithmetic，which acts 
element by element on Imatrices and Vectors， 


Task 6.7 Show 态 aot jor all square 7natrices At 妨 e mmatrices 也 =A 二 AT and 
C 王 A--ATare symraetric and azi-syma7aetric respectively. 


Task 6.8 Comstruct 妇 e 70at77 
cos0 Sinb0 
人 一 
( 一 SinO coslO 】 
Jor0=00=T/2 and0=T(ou can either do 妇 is directoy or 2 Vs7709 
14774B) By considering 雪 e efect of maultplig py 雪 e 7natriz，1jer oow 
Ax compares to X jor general xX E 了 2 (tat 1 potnts (zy) here ZW E 了 外. 


Co7lstfruct e 1Uerse of 万 5 atriZ ett 太 er 519 147T74DP，directy 0 jamd 
( 矿 yow Emow jhow) or 5 us?729 geomaetryc a7rguU72e72tS. 


Task 6.9 9olve 妇 e 1202eayr System oj edqua 友 075 


37 十 4y =2 
一 2 十 2y 三 0 





4510 1447745. 


Task 6.10 9olve 妃 e Wea7r syste7m oj equa 友 0715 


2 十 1 十 2z 王 工 
2Z 一 y/ 一 3z=0 
一 27 一 5y 十 2 一 4. 


HI you are still not confdent with matrix manipulation you should try the 
following tasks. 


Task 6.11 Cuvem 怒 e atyrices 


1 一 1 2 一 1 = 
A=| 0 汉人 也 王 | 一 ! 0 mdc=[( 9 1 
3 2 95 2 


Calculate Where possigle A 十 B, AC, CB, (A -BI)IC and AC -BC， 
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Task 6.12 Calculate 太 e qua7z 友 友 es 


3 


1 -1 2 2 1 5 一 2 4 0 1 一 1 
3 01 人 
Task 6.13 Calculate，pV and， 胡 e qua7z 太 友 es 


Eee 


45s We saWw earlier Q 7matri WiI 雪 ones om 坝 e eading diagomal (rum700720 方 om 
toD le to bottom 75g1t of oa square 7aatyriZ) 15 called 态 e identitoy 7matrizy 人 15 
VSWUQLLU demoted 7 工 . 


Task 6.14 不 
3 2 一 ! 
汪 二 ( 0 一 1L 一 2 | 


calculate 纪 e guantities AAT and ATA here au superscript 了 denotes 太 e 
t 杂 Q71sD0se QT20 co7y7esDo7ds 10 ayejhectiom of 雪 e Tatyrt elements about 雪 e leaa- 
9 diagonal 矿 A jpas elements aij 雪 en AT has elements aji and 妨 e Tuber 
of rows of A equals 态 e rammber of coluznls of A7 (and similarly jor 雪 e mamazber 
of colurznrs of A amd rouws of AT). 


Task 6.15 5S1jhow 妃 ot 妃 e _ calculationm xx where X 1 a row vector Wit 纪 real 
et177e5 QQWS 071VE5 Q 100511Ue SCala7-. 


Task 6.16 尼 zpamd 奶 e Iatyr3Z equa 友 0 


人 


QUl0 Write 让 05 1UO 52T2ULLta72eoUWS equUa 胡 0715，[7ite 雪 e set of 妇 ree 5272ULta72eotWS 
edua 如 0o75 30 020172 Jorm: 
2 十 y 十 2=0 
2 一 2 一 2 一 2 
2 十 3 一 2 三 一 1. 
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Task 6.17 Determine whneer 妇 e Jollowzng systems have so1u 丰 oms (and 太 
矶 ese a7e ViduUe) 























Z 十 V 一 0; 
2 十 y 十 2 十 4 十 十 < 一 
2 一 /十 2 十 4 十 十 < 一 
Z 十 4 一 2 十 Q 十 0 十 c 一 
ZX 十 y 十 2 一 4 十 十 < 一 
2 十 y/ 十 2 十 4 一 十 一 
2 十 y 十 2 十 4 十 一 c 一 

















Task 6.18 Deteyr7ni72e 奶 e solu 万 om of 妇 e syVsteyn05 





普 工 一 必 4 一 0 
SP 272 一 炎 3 一 0 
0 273 一 化 4 = 
4 |; 
QI20 
炎 工 一 必 d 三 过 


后 272 = 一 





0 273 一 化 4 = 





Task 6.19 By 8s2009 胡 e comm701d Do1VFZt deter7030e 雪 e cuUbic Doly7ao0700Q1 
1zc1 735 胡 e deterrmaa1t of 专 e 72008720 


0 工 
5 0 
1 5 


书 只 


Co7Seque7tly detery70272e 如 e Values of s jor Which 如 2s TatrZ 715 51700UWLa7. 


Task 6.20 Deterrnzzm0e am aaty 友 cal eZD7ess1o7 Jor 也 ”wwRere 


1 
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Task 6.21 Deterrnzize 妇 e ezgeValues of 雪 e 7atr20 


1 0 0 一 ! 
0 1 0 0 
0 0 1 0 
-1 00 1 


Task 6.22 Prove 如 at A"” = PD?P-1 using 各 duciion Where mm E N and 卫 
amad D are comaD71sed oF 坝 e eigemnuectors (as co1urna70s) and elgenvalues of A 
TeSDec 妈 UVely/. 


Task 6.23 Deterrmzzae 妃 e character4stc Doly12072taQl of te atr27 30 Tas5 6.217 
48400 太 e code om Dage 214 ad， 509 jdi0g 妇 e root1 of ts polymo7ial， Verz 
记 e asUer to 妇 at tas8. 


Task 6.24 9olve 妃 e diz1jeremial System 


一 从 汪 X 
LN-l 1 


SUbJect to 刀 e ?56al comditiom X(0) 


| 
5 
卢 

| 
户 
ae 
站 


7 


Nurmercal jnteeration 


7.1 Introduction 


In this chapter we shall discuss technidques whereby functions can be integrated; 
these are quite classical. VVe will give the derivation of the approximations and 
will mention the likely failings of the techniques. 工 wo versions of the code will 
be given for each of the main methods, So we cam start to appreciate the PowerT 
of MATLAB. It is of course possible to write the code as 计 直 were Fortran or 
C, but that would waste the power of the Package. 

Before we start we note: 让 we consider two points we can fit a Straight line 
through them; with three we can fit a quadratic and with four we can fit &a 
cubic (this was discussed in more detail in Chapter 5). 

We start by breaking down the integration r6gime into small intervals and 
approximating the area below the curve by slices. his method is tantamount 
to counting the squares and dealing with the parts of squares at the tops of the 
colummns in Sophisticated ways， 
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In this case the area under the curve is approximately 





7X4Xx'“he area of the boxes?” 


(the fourth row up has a few part squares as does the ffth row). We obviously 
need a Scheme which is slightly more robust， 


7.2 Integration Using Straight Lines 


In this chapter our objective is to calculate the value of the integral 


We shall assume we can calculate (easily) the value of jz) for all values of 
2Z between auw and 0. This means we are dealing with a function rather than a 
set of data values. We shall explore the latter case in due course but at this 
juncture we shall use a new TIoutine integrand .mi: 


integrand .m 
input a set of values (X) 
output function Values 节 (X) 


function [f] = integrand(X) 
% Here we usef = sin(x?2) as a 


X Sample function， 


sin(x. 2) ; 
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We shall now take a while to derive the method we are going to use to integrate 
the function on the grid of points. We Shall use N points and as SUch we Use 
the code 


step = (b-a)/(N-1) ; 
a:step:bi; 


integrand (x) ; 





In order to derive the form for the integration we introduce the nomenclature 
that the points we have defined above are (zj) 方 ), where7 runs 位 om 1 to N.Let 
US consider the consecutive points (Z7) 方 ) and (Zi+1 方 +1) and approximate 
the curve between them by a Straight line， We use the formula for the line 
through the points (Z1,V1) and (Z2,y2) which is 


2 一 2Z1). 





二 玫 一 天 过 
2V2 一 21 V2 一 1 2 一 1 


In our case this gives 


万 (z) 三 丰采 全 疙 相克 


Where we have introduced 岂 = Zi1 一 ZJ and 方 (Z) the formula for the Straight 
line (This is just a direct application of Newton's Forward Differences，(5.1).) 


Let us now perform the analytical integration of the function 万 (Z) between 
21 and Zi1 to determine the area 47 1: 





ZJ 十 1 7 十 1 
方 和 
坟 71 三 小 modz= 1/ 站 (z 一 zj) 十 方 dz 


We introduce the linear transformation X 三 @ 一 21) Where qdX 一 dz and when 
2 一 2h 有 一 0and7 三 Zi+lCOorrespond to 人 一 几 The integral becomes 


到 


45j+1 二 / | 于 刘 dX， 


which can be integrated to yield 


用 
4 二 了 林 ( 方 十 放 H)， 
This is the area of a trapezium with vertices at (Z 访 0)，(Z7 方 )， (zi 方 +1) 
and (ZiH1; 0)1. 


1 The area of a trapezium is the mean of the length of the two parallel sides times 
the perpendicular distance between themi that is ( 方 十 方 +1)/2 times (zj+1 一 2 让 . 
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妈 ， 
07+1 


This method is unsurprisingly called the trapezium rule. In order to determine 
the total area fromz=awtoz 三 bwesum althe parts 


IJ 一 N 一 1 7 一 入 一 1 


几 
Area == , 光 双 庆 让 三 >》， 了 ( 方 上 + 方 +1). 
学 = 让 


=-1 


In order to perform this summation it is instructive to write out the series 


Area = 之 ( 户 十 问 十 到 ( 户 十 有 十 立 ( 玉 十 各 十 … 





让 ， (AN_ + 太 -1) 二 (AN_i+ 太 )， 


SO that 


让 1) jz)dz 


化 一 Q 


已 | 立 


Area 一 


Example 7.1 Je shall calculate 太 e integral of 妃 e 刀 nctiom jz) = zZ3sinz 
betaueem Zero ad o76. Je shall use N Dozm1 妈 5 


= 10; 
linspace(0,1,N) ; 
X(2)-Xx(1) ; 


= X."3.#ksin(x) ; 
h#k(sum(f)-f(1)/2-f(N)V2) ; 
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再 ere We jaue comstyructed a g73d of Dot 好 7UT2200 方 o7 zero 1 0o7e ad 胡 em 
WO7Ked ott e 9gQD petauee successiUe Doz1045 ( 雪 ot 生 媳 Je mow comstruct 成 e 
刀 mctiom ad WorF ouf 胡 e ezZpyress1om joyr 妇 e t 杂 QDe2uU72 7ULe，WPzcR 15 如 e 
SU10 Of 太 e Values of 7maaUS Pa oj 雪 e end Values. TH5s 9?iVes 如 e value of 如 e 
2lteg7al as 9. 


7.2.1 Errors in the Trapezium Method 


The number of points required for a calculation depends on how exactly you 
need to know the answer (in general). The error in this scheme is encountered 
because we approximate the curve between the points (2Zj 方 ) and (Z 和 1 方 +1) 
by a Straight line. This can be reduced by using a duadratic instead over the 
interval Spanned by the requisite three points. 

We could have used the fundamental code which did not make use of the 
combinations of the terms: 


Integral 
for TI = 2:N 


integral = integral+(f(i)+E(i-1))V2*xh; 
end 





The advantage of this form of the code is it is far easier to convert to one 
in which intermediate results are available. We note that the command /2#h 
divides by two and multiplies by h rather than dividqing by 2h: this would be 
accomplished via parentheses, that is /(2*#h) . 

Before we proceed we should consider the error involved iD approximating 
the area by a set of trapezia. 


Ji) 
Jo 





万 
J+7 
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The error is the unshaded part below the curve. To estimate the extent of 
this we again use“Taylor Series”and note that 


天 记 | (Z 一 2j)(2 一 2j+H1) d2j 














Jo) = (oj 十 天 2 不 | 
where 上 e [z 记 ZiH1 .This can be integrated to give 
ZJ 十 1 
几 13 d2 记 
jzZ) dz 二 了 ( 帮 25) 十 几 z5+1I) 十 人 亚 : 人 


Consequently the error in using just the first term is proportional to 13 and 
大 (6 Notice that 让 the second derivative is zero over the range the error jg 
actually zero. Unsurprisingly this corresponds to jz) being a straight line. 


7.3 Integration Using Quadratics 


We need to construct a curve Which passes through the points (Z 六 1 方 -1)， 
(2 六 方 ) and (Zi+1 方 +1). Let us consider a value of 7 = 1: this is purely to 
reduce the verbosity of our expressions. The duadratic passing through these 
three points can be written as 


(Z 一 2Zo)(Z 一 231) 
272 
using a truncation of Newton's forward difference formula，(5.1). 
In passing we mention this series expansion is Similar to a Taylor series 


0 


FA 亡 





户 ()= 思 +Ah 一 


expansion but instead of the terms being differentials they are diferences. Im 
order to derive the formula we now need to integrate the function 太 (z) 位 om 
2Z 一 2o0to2zZ=22. Thisis quite straightforward: however at this point we wii 
exploit the Symbolic capabilities of MATLAB 


SymS X f0O f1 f2 h XO 

q = f0O+(f1-f0)V/hk(X-Xx0)+(f2-2*kf1+f0)/(2kh 2) 半 (X-XO)(X-(XO+h) ) ; 
idq = int(q,x0,XxO+2#kh) ; 

simplify(idq) 


1/3*kh#k (fO+4#*f1+f2) 


We shall qissect this portion of code so you can appreciate what is happen- 
ing. 
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一 In the first line we assign the variables X, f0, f1, f2, h and x0 to be Symbolic. 
This means that MATLAB does not have to know the value of the variables 
and treats them as Imathematical objects. 


一 In the second line we set up the function q (which is just the quadratic 太 (z)). 


一 IThis is integrated in the third line (between x0 and x2 = x0+2+kh， (This 
Produces a verbose answer.) 


一 Finally we simplify our answer， 


Hence we have the answer 
证 
) 记 (z) dz = 了 (Jo 二 4 户 十 户 ) 
二 光 


Although we know there is only one quadratic through a given set of points, 进 
is instructive to re-derive this in another way. We Shall start with the general 
quadratic 





万 (z) 一 Q1+ 0(Z 20) c(Z 20)(Z 21)， 


The reduirement that the quadratic goes through the point (zo, 妖 ) gives us 
that a = 思 . Using the point (zl 万 ) gives ugs 0 = (万 一 万)(21 一 Zo). Finally 
using (Za, 户 ) we have 


户 = 思 十 





万 一 刀 
一 20 


尼 1 


(za 一 Zo) 十 c(zo 一 2Z0)(za 一 2Z1)， 


which can be manipulated to give: 


| (三 一) 
C 三 . 





Z2 一 1 NY2 一 0 1 一 忆 0 


This gives us the general form of the quadratic through three points (which can 
be used for Task 7.10). We now return to the form for regularly spaced points 
So AzZi 三 六 and integrating from zZ = Zo to2zZ = 一 2Z2 一 00 十 27: 








一 Z0 十 2 2 
jn(z)dz= 用 + 一 
人 


Now using the substitution X 一 Z 一 Zo, Sothat 2Z 三 2Z0 corresponds to X 三 0 
and Z = 022 三 20 十 21 corresponds to X = 2 the expression 2 一 21 王 
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2 
=- /nn 人 万 一 2( 广 一 瞩 )) 和 (和 一 jdX 
X=0 

息 2 3 和 2 2 
-ee 坟 oasn 全 - 寺 








本 8 ，， 
一 2 有 万 十 了 27 } 5 (jo 一 2 访 + 甩 ( 了 21] 





(2+2 一 向 + 一 2+ 癌 】 


= 三 (用 -4 久 十 月) 


We now need to divide the range of integration into the appropriate number 
of subintervals. Notice the number of intervals needs to be even (and hence the 
number of points needs to be odd). The total integral js approximated by 


D 
人 Hojdz sa ( 肌 十 4 所 十 六 十 研 ( 户 十 4 访 十 问 十 研 ( 放 二 4 户 十 疝 十 … 


。 (+4A-s+ 有 -2) 十 。 (+4Ai+ 太 ). 


This can be Simplified to give 


九 


让 JUz)dz 了 (加 十 4 方士 2 户 十 4 二 21 十 二 21w-2 二 4- 十 轴 ) 


人 系 一 Q 
This is called Simpson7s 和 Tule. 
We shall now construct a code to determine the integral. At this point we 
could use a code which used a _ conventional approach，bput we shall try to use 
a version which exploits the power of MATLAB. 
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Simpson2s 1/3 rule， 


0.0:0.1:1.0; 
六 《2 人 和 
Length (x) ; 
if mod(N,2) == 0 
disp(Routine needs an odd number of points'?) 


break % Ensure the number of points is odd 
end 


rodqd = 1:2:N; 

reven = 2:2:(N-1) ; 

Weights(rodd) = 2; weights(1) = 1; weights(N) = 1; 
Weights (reven) = 4; 


= Sin(x.>2) ; 
integral = h/3*xsum(Weights .*f) ; 
format Jong e 
disp([integral]) 





This calculates the value of the expression 


1 
了 sin z2 dz， 
0 


The value which MATLAB comes out with is 3.102602344332209e-01,， where 
we have changed the way in which these numbers are displayed by using the 
command format Long e. This answer can be checked using MATLAB's sym- 
bolic capabilities: 


SymS X 工 
f = sin(x”2) ; 
fl = int(ft,0,1) 


ft1 = 


1/2*+*FresnelS(2”(1/2)/pi`(1/2))*2”(1/2)*pi”(1/2) 


This value can be compared with that attained using the symbolic toolbox， 
using the command vpa (variable precision arithmetic): 
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.310268301723381101808152423165 


(Note we can change the number of digits using the command digits(10)). We 
further note that this is still a symbolic object: in order to obtain a value (which 
can be used for plotting, for example) we use the command double. This js a 
case of MATLAB being too clever: 过 has solved the integral and written 让 as & 
Eresnel integral (for further details see Apramowitz and Stegun - 瑟 andbooF of 
Mathematical mnctions). Our Simple integration using ten points does qujite 
well: in fact the error is proportional to 14， which can be shovwmn using the same 
technidque as we used for the trapezium rule on page 230. 

In the above code we have introduced the term weights which is applied 
to the terms before they are added together to obtain the integral. The MAT- 
LAB command mod allows the user to determine the remainder when the first 
argument is qivided by the second. In this case when considering mod 2 we are 
checking for parity (that is whether N is even or odd). 

In the code for Simpson's one third rule we have re-introduced another 
MATLAB command,， namely break. This stops the code，or more exact]ly 这 
exits the current level: for example iiit jg used in a nested loop it will terminate 
the current level and return to the previous level. This manual entry for break 
is instructive here 


>> help break 


BREAK Terminate execution of WHILE or FOR Loop . 
BREAK terminates the execution of FOR andq WHILE loops . 
IDn nested 1]oopSs，BREAK exits from the innermost 1oop only . 


We now progress to consider cubic approximations to the function in the 
hope that this will provide even more accurate answers. 

Again we can use atechnidque which involves summing the separate intervals， 
which you may prefer: 


integral = 0; 
for j] = 1:2:N-2 


integral = integral + hk(f(j)+4+rf(j+1)+E(j+2))V3; 
end 
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7.4 Integration Using Cubic Polynomials 


As in the previous sections we need to define an approximating curve and in 
order to do so we need four points (zo, 石 ), (2 万 ), (za, 户 ) and (za, 户 ). Using 
the same form as above we can write the cubic equation as 


2 一 Z0)( 2 一 2Z1)(zZ 一 Z2) 








jz) = 和 8 


In addition to the terms defined earlier we have introduced the third-order 

forward difference. This can be defned recursively using A?, so that 
43j=A42(Ajo) 人 2 户 一 人 2 广 

= (pa 一 2 户 二 万 ) 一 ( 户 一 2 访 十 态 ) 

= 户 一 3 户 +3 万 一 帮 ， 


using the Newton forward difference for A2 由 . We now need to integrate 人 fom 


| 


2 三 0X0to2=23 and we again exploit the symbolic tool box for this，using 
the code 


SymS X f0O fl1 f2 f3 h xXO 

X1 = XO+h;i X2 = XO+2#kh;i X3 = XO+3*h ; 

tl1 = (f1-f0)V/hk(x-Xx0O) ; 

t2 = (f2-2*kf1+f0)/(2+kh>2)#(X-XO)(X-X1) ; 

t3 = (f3-3*+kf2+3*xf1-f0)/(6kh>~3)#(X-XO)(X-X1)k(X-X2) ; 
q = fO+t1+t2+t3; 

ql = int(q,X,XO,x3) ; 

simplify(ql) 


This gives the answer 3/8*h*k (fO+3*+kf1+3+kf2+f3). 工 hus we have 
3 
3 
jz)dz = 可 (jo+3 廊 十 3 户 + 广 ). 
贡 三 克 


You should note it is possible to do all these integrals by hand, but we wish to 
demonstrate the power and the utility of this particular toolbox. 
We now need to combine all the subintervals，so 


六 


/rd 祥 巡 ( 抽 +3 户 +3 户 二 问 二 加 ( 放 +37 二 3 户 十 疝 十 … 


让 (Js 十 3 -> 十 3J_1 站 让) 》 
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which can be Simplified to give 
/ 3 
1 jzZ) dz 入 襄 (j 二 3 万 十 3 户 二 21 十 31 十 3 及 十 


化 一 Q 


二 2Jv_ as+3JNv -+3v-i+ 太 )， 


This is referred to as Simpson?S rule. 

We shall now give a MATLAB program based on the same Structure as the 
Previous one. Notice this time the number of points needs to be divisible by 
three. 


simpson2S 3/8 rule， 


10 ; 
1inspace(0,1,N) ; 
X(2)-X(1) ; 
”Number of intervals Should be divisible by three ' ; 


if mod(N-1,3) ”= 0 
disp(ms) 
break 
end 
m = (N-1)V3; 
rdiff = 3+k(1: (m-1))+1; 
Weights = 3kones(1,N) ; 
Weights(1) = 1; weights(N) = 1; 
Weights(rdiff) = 2; 
sin(x. 2) ; 
integral = 3*xkh/8ksum(weights.*f) ; 
disp([integral]) 





The answer given by this js 0.31024037588964. In fact this is not quite as good 
as the previous method. The error is again proportional to 14 but the constant 
of proportionajlity is larger. We could also write the integral in separate regions， 
that is without combination，so 


integral = 0; 
for j] = 1:3:N-3 


integral = integral + hk#(f(j)+3*+rf(j+1) 
+3#+f(j+2)+f(j+3) )*3/8 ; 
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Each of these methods has a restriction on the numbers of points one can 
Use. 再 owever these can be circumvented by using an amalgamation of the two 
Schemes. There are other methods available for integrating functions and some 
of these will be met in due course. We could continue this Process，especially 
with the Symbolic toolbox at our disposal to perform the algebra. For instance 
the formula obtained by using a duartic over fve points is 


Although you might think the higher the order the polynomial the more 
accurately you would know the answer, there are problems which are intrinsic 
to using high-order polynomials. In fact the optimum method is to use a com- 
bination of the two Simpson methods. Ithe number of points SupPlied is even 
we use the one third rule for the first V 一 3 points (which is necessarily an odd 
number of points and consequently an even number of intervals) and then we 
Use the three-eighths rule on the remaining points. 


7.5 Integrating Using MATLAB Commands 


As with many examples in this text we can also use standard MATLAB com- 
Imands, for instance quad and quad8 (see help quad). These commands use 
Simjilar techniques to those above but with the advantage of automation. For 
instance they exploit grids which can adapt. This means that in regions which 
areharder to integrate (perhaps with more variation in the function) the scheme 
adds extra points. 

The syntax is: 


tol = [le-4 le-5] ; 
a=0;b= pi 
trace = 1; 


qd = quad(sin? ,ab,tol,trace) 





These quantities are respectively the extent of the domain Z E [ao, 串 ,the 
tolerances (relative and absolute) and whether the user wants to see a trace OFT 
not (setting trace as non-Zzero Shows the evolution of the calculation)， 


也 xample 7.2 ITe show 态 e ?tegraiom of 雪 e 包 nctom 太 (Z) Jor z = 0 如 
2 三 10. 715s 1s Qctualiy wa Bessel jnc 友 o7 WURZCP occu75 as ome oj 如 e so1u 友 o728 
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to 雪 e qd 太 eremal equa 友 om 


dy dy 
2 
1)7V 三 0 
Z 5+ZTTC 一 1 一 0， 
0a720 15 7eVlisited 7 Chapter 8， 
Fortl7lately 14714PB jas a 7oute WARicP evualuates Bessel 有 刀 mcio75 bt 


We eed 1 Write oU7 0OWPL 7OU8e 1 70Q5e SU1e 妇 o 让 2s QUVQZable jor quad: 





function [value]=ourbess (XI) 


value = besse1j(1,x) ; 





ad 妇 em We sz2712D1V meed 奶 e code: 
d = quad(ourbess: ,0,10,[le-5 1le-5] ,1) ; 


775s gives Q Value of 1.24593587184673. THe ?ntegral of 雪 e 用 nctom 帮 (Z) 1 
一 Jo(Z) ad hemce 她 e Value We seek 45 一 .J0(10) 十 .J0(0) 羡 1.245935764; so as 


We ca7 see 好 e ?tegra 友 0 5CPe7ale does VEe7W et. 


7.6 Specific Examples of Integrals 

We shall now describe how we can deal with other problems which arise when 
evaluating numerical integrals. 

7.6.1 Infinite Integrals and Removable Singularities 

Using the various methods we can evaluate integrals from a to b， but 让 one or 


Imore of these values is infinite we need a different treatment. 工 his will vary 
depending on the form of the integral or more exactly the integrand. 


Example 7.3 For eza7nDle 1et 5 co75zder 妇 e ?teg7al 


反 .: 
| dz. 


0 
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化 


7 如 is case 奶 e itegrazd e 一 日 decays Ve7y quUzcK10 SO We ca7 Qdequwately dete7- 


7006 e Value of 坝 e 2tegral 4s2709 


Jor a suUitable Value of 和 (和 妇 is case 区 = 10 5 7more 刀 am su 磺 ciem 思 ，Te 
Cam evaluate 胡 e ?ntegral for a jeuw values of XU 好 TX 1 comstant (to itpi 
Q dejiped toleramce). Je could develop am algo7ithmm to decide WPat va1ue of 和 
to &Se，bE 2 9emerQl We W2L 5e 太 e above me 坝 od.， 了 e cam also ezZzpiott 态 e 
5V7T11112et1y o D7oble725，jor ?sta7ce 


Co Co 和 X 

学 公 2 
| 梧 dz=2 je dzs2 1 c- d2， 
3 0 0 


DoVUtided X 六 1. 了 e cam also Vse tra7sjor7maa 如 0o75 to 7escale 妇 e 7egzo7s of 
Zateg7Q 友 077. 


In fact in this example we could have used the MATLAB command erf which 
gives the error function 


0 
dg 一 0 


We can Use erf(Inf) which gives us the value unity. 
We now consider how we Imight perform an integral for which the integrand 
is singular at an end-point of the range. For instance: 


TI ，_ [ia 


~ 一 - 


卫 xample 7.4 Je comsider 雪 e integral of 纪 e junction FIZ) =e 7 /1/VZ petueen 
Z 王 0amndgz= 三 1 8F57stoy we separate 妇 e 7amge 矶 如 妇 e to dis7ozmt 7ra79es 
[0,eUle,1 heree< 巡 工 ( 纹 ot5s 让 1 Very s72a1) 到 e now consider 胡 e jnteg7ral: 


eG 一 工 
人 
0 
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amad mote 坑 of over 如 is yange e7 久 1 一 2 十 Z2/2 十 Taus 


/erz / 1 ? 2 1 c 
/ 完 tas /去 下 dz 一 |2z2 一 za/2 一 =z502 十 | 
工 也 2 3 5 0 
0 
2 1 
本 (2 本 5 尝 je 


TPRe ?tegral cam TOW be evaluated 5709: 


epsil = 0.01; 
Val = 2#kSqrt(epsi1)-2/3kepsi1l 1.5-1/5kepsi1 ”2.5; 
= linspace(epsil,1,100) ; 
eXp(-X) ./sqrt(x) ; 
= X(C2)-X(1) ; 


length(x) ; 
Vali 
1:N-1I 
int = int + h/2+k(f(j+l)+f(j)); 





T715s 91ues Q Value 1.49764481658781 ( 妇 e value give by ML4T74 甩 2 
erF(1)*xsqrt( 人 pz) Aich is erN1L)VT 久 1.493648266) where 


eT 九 Z) 一 | e ”dt 


7.6.2 Indefinite Integrals 


So far we have only been interested in definite integrals，but we Shall now 
consider how one Imight determine 


状语 汪 Fg 旺 


Instead of using a scalar variable to store the cumulative total，we exploit &a 
vector to store intermediate results, So that 
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integral = zeros(size(x)); 
Step = X(2)-x(1) ; 
N = length(integral) ; 


for j = 2:N 

integral(j) = integral(j-1)+Stepk(f(j)+E(j-1))V2; 
end 
disp([Value of total integral : num2str(integral(N))]) ; 





Example 7.5 了 玫 e mow plot 太 e 有 mc 友 o7 


gz) 二 / dd. 


linspace(0 ,10) ; 
eXxp(-XV. 2) ; 
Length (xv) ; 

step = XV(2)-xV(1) ; 


g(C1) = 0.0; 
for j] = 2:N 
g(j) = g(j-1)+stepk(f(j)+f(j-1))V2; 


end 
plLot(xv,g) 
text(5 ,max(g)/2, :Integral of e”`{-x”2} ,FontSize)”,20) 





WPZC 有 92VUe5S 
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2 
Integral of e 习 











7.7 Tasks 


Task 7.1 Comstyruct 妇 e _ sequence 
1 不 mod (2 3) 


DO=4 2 让 mod(3) 
3 太 mod (2 3) 


| 
ha 户口 


DO to N =12. 


Task 7.2 7 Cjpapter 7 jor 959272050755 oue 如 7Q 7ULe We Sed 


rodqd = 1:2:N; 
reven = 2:2:(N-1) ; 


Weights(rodd) = 2; weights(1) = 1; weights(N) = 1; 


Weights (reVven) = 4; 





ad jor 9271205072s 态 ree eg7ts 7uie 


m = (N-1)V3; 
rdqiff = 3*xk(1:(m-1))+1; 


weights = 3*kones(1,N) ; 
Weights(1) = 1; weights(N) = 1; 
Weights (rdiff) = 2; 
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全 7rite out 态 ese coe 太 cient1 jor N =9 Jor 妇 eome 妇 zrd rule ad NV = 10 Jor 
态 e 胡 ree ez2gjt1s 7ULe. Yovw should comstruct eaci of 雪 e vectors 0 jamd. 
ByV71owVou Should pe able to read 妇 e codes trap.m szmpD13.m ad szmD38.mn 
ad WU1de7stamld WURat 态 ey do. Youw spould also pe abie WwW7ite youU7 oWwP D7og7Q77L 
PRZCi 7et1725 遍 e Value of a Jonctom evauated at a 92Ve7 DozT 志 TV 成 15 tasK. 


Task 7.3 全 7?te Q 7oute WARzch takes am TD Z ad 7etu77s 妇 e Value of 


Flz)=In(z+Vz2 十 1. 


Task 7.4 Using 态 e 杂 apeziauym rule calculate 太 e integral of 雪 e quadratic 2Z2 一 
3z 十 2 betueen 2 三 1 adz 三 3 (check your asUwUer Wi 议 矶 e eract a725WUe7). 


Task 7.5 Using Simmzpsom255 ome 妇 ird rule itegrate 态 e cubic Z3 一 并 十 1 betueem 
太 e Jitsz=0andz 三 1 (check your answer aqgazst 雪 e eZact a725Wer). 


Task 7.6 Using 952Dso753 ome 妨 i7d 7rule 各 tegrate 坝 e Junctom FzZ) = sin7 
betauee7m 胡 e jits =0andz 三 (check your answer agaz0stl 雪 e ezact 
Q715WUe7)，You 7n40gjt Want to cha7mge 胡 e TDer oF Dot45 WOU USe ad see Rat 
几 aDDe725 如 妇 e er7o7. 


Task 7.7 Calculate 妇 e value of 专 e mtegral 


7 1 
一 dxz. 
/ 


Yow W21L Teed to t 杂 Uacate 妇 e dommaz，a7d yoU souUld 7720e5 友 0ate 如 e efect of 
态 ?5 杂 W2ca 丰 0 05 Well as 胡 e TI1per oj Doz7ts 7equ2red to accurately calculate 
妃 e 30teg7a/. 


Task 7.8 7TjPe /eng 志 along au curvey =VzZ) JomzZz=wtoz=D509uen by 


/ dy AN 
加 V/ 
一 由 + ( 开 ) dz. 


7 700720 CQ5e5 妇 ?15 eZD7ess107 CQ pe detery12370eQ aualg 万 call RowWever 妇 ere Q7e 


胡 e ezZDpy7ess10 几 


SO01106 VUEe1W 5412DVe CQ5ses jor WAhzcR 让 ca pge，Comsider 胡 e problemm of au sz7e 
CU7Ve t 杂 Wucated over 妇 e ramge [0, 工 一 日: 
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0.6 上 村 


0.4 二 





0.2 上 呈 

















T7je ezZp7ess107 Jor 如 e eng 坝 of 轨 is cuyrue 75 
元 一 0 
9 一 V1T 二 cos27dz. 
4 


CTjortaately 态 18 和 tegral 715 tractable 51729 QQ10 友 c 70ea72S5，put deter772370e 
态 e Value 7UI2e72CQLU 25720 胡 e 困 QDe2zU72 7ULe jor a va7ie 怒 of va1ues oj 0. 


Task 7.9 (#) Determziae 专 e 如 teg7al 


10 


COS 人 
1173 dZ 


0 





02 SDLtti7209 专 e 和 tegral 和 to tuo yamges [0,el amd [e,10] where e 35s takemn to pe 
S7110011， 7 胡 15 rst 7a7ge 矶 e 刀 nc 好 om cos2 ca pe aDD7022720ted UV 34 Tayior 
Se11e5 Q11d 妇 15 jormn com pe Used to Wo ott 坝 e comlt 杂 Du 让 07 oo70 坝 e“S229U1a7 
Dazt ”of 如 e Jntegral. 


Task 7.10 (#) Deriue am ezZp7essiom Jor 如 e jntegral of 态 e quadratic Dass2729 
太 7roug1 专 e Dot 好 (2 万 )1=0,1and2jomz 三 2Zotoz 三 Za (use 雪 e genleral 
QuUadratic o7 Dage 231).， THis gives VoU 95702Ds0755 Schemae Jor variapb1y spDaced 
Doz1a45 态 1s ca also pe eztemded to jouwr Dot 好 LI 雪 Q cubzc. 

了 fyVou are jeeli1g Very prave Wo could also org out 雪 e er7ors Qs50czated 
2 志 奶 ese apDD7rozZ720 友 070.5， 
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Task 7.11 yptegrate 她 e jnpction ZJnZ betbueem 如 e lt4 1 and 2 2100 妇 e 
1447745 jnctom quad. 


b 


9olving Differental FE9uations 


8.1 Introduction 


In this book we have introduced you to a variety of techniques and hopefully 
given you a taster for how one might approach the solution of certain types 
of problem. In this chapter we shall tackle the problem of solving differential 
equations Using numerical methods. This i8 perhaps the most prolific use of 
these techniques and it can involve all of the previous chapters and also those 
following. 

Initially we will lmit our attention to problems which we can solve anar- 
]ytically. This jg Purely So we can compare the solutions we obtain with those 
derived directly. It is very rare to be able to do this，although as your know]- 
edge of the Structure of diferential edquations increases you will realise Imore 
problems are tractable than one might initially think，but these stil represent 
duite idealised situations. Understanding how methods work，or more specif- 
ically how they fail, is absolutely crucial when using them. This chapter will 
introduce duite a few terms，. 


8.2 Euler's Method and Crank-Nicolson 


We shall start with first-order differential eduations and we will use a formula 
which we used when we discussed the modification of the Newton-Raphson 
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method (Page 117). Consider the differential equation 


5 . 8.1 
了 一 7( 罗 (8 
Using the formal definition we can wiite the derivative as 


dt+a0 一 2 


dt At 一 0 人 t 


As 人 一 0this tends to the actual derivative (Provided certain conditions are 
met)，but in reality we will need to use a finite value for At+. We shall denote 
the time level 上 by subscript 0 and the time level 上 十 At by the subscript 见 十 1 


in which case 

dy 1 Vn+L 一 yn 

dt At ， 
Which can be seen using the Taylor series expansion for V(t 十 A 胃 .We can now 
evaluate the differential equation (8.1) at the time 三 如 , to give 


Vn+l 一 yn 
由 5 
7 Jo tr) 


This is easily rearranged to give 


yn+1 三 Vn 十 Aion， 大 


This is called Eulers method and is an example of an explicit method. Let us 
use it to solve a couple of problems: 


Example 8.1 Comszder 如 e dierem 帮 Qi equa 友 0 


dy% 
2 
dt 
SUbJect 如 妇 e 325 友 Ql cozdz 帮 om 态 at y(0) =0 Jom 0 加 2 Je cam 和 ntegrate 妇 75 
eduatiom airecty to give Vy 胡 = 妇 /2. Or using 妇 e ezpjicit Fuler me 态 od we 


几 aVUe 
Znm+1l 一 yn 这 


三 忒 
人 At 人 也) 
AZC 几 ca7 be 7eay77a70ed to 971Ue 


Vmn+l1 二 Vm 计 (7 2 TD)(Ab” 


jere We jaue Used 志 三 (有 一 1)At (so 她 of 三 三 0). 
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全 726729 ov 雪 e Jrst jew equa 友 0o715: 








2 二 V1， 

一 风 二 (4 好 = 邦 十 (4 

网 三 册 二 204A 妨 三 页 二 30 人 

齿 二 由 二 3(4A 术 = 页 十 6(Ab 

b6 王 让 十 4(Ab2 一 太 十 10(AbD2 


1 jct we Raoe 妇 e 7esutt 雪 寺 


(7 一 1 一 2) 


2 一 (Ab 


rm 三 2W1 十 


ad 成 15 sjPould pe Vi1 十 (Ab Jor 态 e ezZact so1u 友 oO: S0 We ca see 胡 Qt 


九 1s sc1emze does au 7easo7Qble 700， 


Example 8.2 95olve 妇 e dzjeremial equatio7 


dy 
-过 一 (二 
本 (一 力 V 


SUbJect to e 50l comdi 让 om V(0) = 工 Jom 二 0 加 二 王 5 Firstoy，1etl 145 
deterynat272e 妇 e aalytical so1u 友 0. 7713s ca be Jouwnd 5 diuzdz709 奶 roug 有 00 7 


1d 
大 
V dt 


ad 妇 em 7teg7ratig Wz 专 respect to 世 





2 
人 
2 2 

12 

]ny = 王 二 
1 一 4et 一 纪 /2 


Now apD10i720 太 e 2ial comdijom we jd 志 ot 4 三 1 so 如 eactual sotutiom 如 
胡 e Droblerm 75: 
2 
W 一 et 号 /2， 
Now let Us deter7maz27ae 妇 e Tae73cQl s501 友 0 人 e s5Jall jirsto set UD 专 e Vecto7s 
Jor 如 e t 妈 ne g72d ad 地 e solutiiom: 胡 e actual codzmg of 如 e algorztjhrm 15 Very 


5272D1e.， THe 有 mctom jh= 三 (1 一 坊 V， so 
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% Euler:s method 

% euler .m 
Qt=0.1; 

七 0.0:dqt:5.0; 

y = zeros(sSize(t) ) ; 
y(1) = 1; 


for ii = 1:(length(t)-1) 
y(ii+l) = y(Cii) + dt # (1-t(ii))*y(Ciiy) ; 
end 
exact = exp(t-t. 2/2) ; 
plot(t,y,t,exact，--) 





7712s so1u 友 om co72DQ7es Well Wi 志 胡 e ezZact sol1u 友 om soWUm as 如 e dasjhed curve. 


作 e jave VSsed joy-omne po 好 1o perjorm 雪 ?5 ?tegra 友 om aad 太 we 





1.8 T 











胡 em We couwld Rawue ?DoUed 妇 e accuUracy of 雪 5s so0 必 让 077. 


Consider the example: 


Example 8.3 9ol1ve 妇 e dzerem 帮 al equa 友 o7 


dy 
0 





于 


14Sed 70076 
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SUBject to 态 e 访 庆 al comaditiom W(0) = 1. THPe soutiom of 加 zs 15 9( 提 二 ef anmd 
1 万?s case FU) 三 V， amd we yeuse 妇 e above codes cjha7g11g 胡 e appropriate 
je 2 妃 e /oop， 


This method is dubbed explicit. One way of thinking of this is the value 
of yn+1 is available expjlicitly ffom the edquation. We have taken the equation 
to be evaluated at 上 三 如 but edqually it could have been evaluated at 寺 三 如 上 +1， 
JInstead of using the formal definition to give the derivative at we Use it at 
t 十 At (which is equally valid - representing a backward difference rather than 
a forward difference). The formula is now 


n+l 三 yn 十 Aion+T， 成 平 1 站 


Depending on the form of 三 this can be coded easijly or 过 may involve Subtle 
Imanipulation or use of the root fnding technidques detailed in Chapter 4. These 
techniques are called implicit since the value (that is yn+1) is contained within 
the equation; that is it is implicit to it. As an illustration let us consider the 
Same example as above, that is 


dy 
dt 二 


Using this new Scheme this equation would be discretised as 


Subject to 4(0) = 工 . 





ZWm+L 一 yn 于 
本 2Vn 十 1)， 
SO that 
加 
加 


This type of solution generally improves matters. In fact in this case the Schemes 
are very Similar (especially for small values of At since 1/(1 一 Ab~1+ 人 b， 
We could improve things further by using a technique called Crank-Nicolson. 
In the previous two cases we have taken the formal definition of the derivative 
to represent the time derivative at either the previous (forward difference) or 
the next point (backward difference). We could also take it to be valid at the 
Imid-point (central difference). The errors in the former two cases are of order 
At (that is first-order accurate) whereas the latter has errors of order At (that 
is second-order accurate). The code for this purpose is: 
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% crank .m 
function [error] = crank(qt) 
七 = 0.0:dqt:5.0; 
y = zeros(size(t) ) ; 
y(1) = 1; 
for ii = 1:(length(t)-1) 
y(ii+l) = y(ii)k(1+dt/2)V(C1-dat/2) ; 
end 


exXact = exp(t) ; 


erTrorSs = abs(exact-y) ; 
erLror = max(errors) ; 





which is derived by using: 


Vn+L 一 yn 一 ynp+L 十 yn 
At 2 





which can be rewritten as: 


.正二 轴 和 
人 


In general this is derived 位 om 


屯 加 2 (Fito) + Jaytnr)， 
万 十 172 

Notice 让 the inhomogeneity (or the coe 征 cients) involves functions of 上 they 
Imay be evaluated at 如 +1/12. 

By using the MATLAB command polyfit we can confirm that this Scheme 
behaves as we predicted; that is the errors are of order At2. We can improve 
on these methods and they are the basis for schemes which can Solve partial 
differential equations. At this point we have dealt with systems for which we 
can easily“invert”the function /UV, 妈 . However 让 this is not so we will need to 
guess the new solution (using a predictor step) and then iterate until a solution 
js attained at each step (using a corrector step). Sometimes it is su 得 cient to use 
fxed-point iteration for this process, in which case the predictor and corTrector 
steps are SynonyImous. 再 owever with some Systems it jg necesSary to Use Imore 
of their history. 
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8.2.1 Analytical Comparisons 


Let us pause and compare the solutions for the equation W = y subject to the 
initial conditions V(0) = 1. The three schemes are: 


Explicit Euler : yn+1 三 加 (1 工 十 Ab， (8.2a) 
二 2m 
Implicit Euler: 二 -名 .2 
mplicit Euler : yn+1l 下 (8.2b) 
1 十 AL/2 
CTrank-Nicolson : Vnl (8.2c) 





1 加 2A002 


All of which are of the form yn+il = ay which have the solution Vn 三 Q7V0. 
We know that the exact solution is y( 信 一 et so that 让 上 三 如 三 mAb this gives 








We can now compare the solutions from each of the schemes: 
尼 zplicitl 已 uler The solution of Equation (8.2a) gives 


九 ( 刀 一 了 
2 


and as we camn see this differs from the exact solution in the second term. 


如 二 (LT+TAb7 =1 十 mA 4j2 二 O(nAD3) 





TD1icit 已 wer 工 he solution of Equation (8.2b) gives 


妇 三 (一 人 三 1 十 mA 十 


十 O((nAb3). 


Again this solution differs in the second term. 
Cra7mk-Nicolsom Finally the solution of 了 quation (8.2c) gives 
1 十 Al2N” 
2 | 
which can be manipulated to give 


甸 王 1 十 PATH 、 | ( 训 | 号 (AD3 + O(nAb9. 





In this case the solution difters in the third term and the first two are 
accurate. 


254 8. Solving Differential Equations 





So far we have only considered an explicit method: now jlet us consider an 
example using the implicit method. Solve the difterential equation 


dy 
二 和 一 二 
dt 十 2， 


subject to V(0) = 0 from 寺 一 0tot 上 =1insteps of Al=1/4. Firstly we 
discretise the equation 


和 
交 三 加 +1 十 yn+Dl 


which can be rearranged to give: 


1 
yn+1 二 一刀 {m 十 + 


Now construct the solution where 万 三 ?At so with 风 三 0 we have 


but the initial value yo 王 V(0) = 0 so that 


包 一 17- 


And at the next point 





and for 刀 一 2 





_41(5 13_ 07 
1 

and fnally with 即 = 王 3togivey (ory(I)) 
过 
4 3N\i08 44/ 对 


Now we should solve the original problem，which we do using an integrating 
factor. Multiply through by eto give 





the left hand side of which can be written as an exact differential so that 


d 


吉 (e 雪 ) 三 e 一 tt， 
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which can be integrated and manipulated to give: 


4 一 Ce 十 旦 dt 
t 


The integral can be determined using integration by parts to give 
by 人 ( 昌 三 Ce 一 上 一 1 


The constant is found to be unity and hence V(1) = ee 一 2 0.718. We can 
see that the above solution is quite bad. We note it is possible to perform this 
analysis in a far more rigorous manner,. We Should also note that the Stability 
of these Schemes is crucial. 

We now consider an inhomogeneous example. 


了 Example 8.4 9olve 妇 e edgua 友 om 


2 十 Sin tt 
一 一 Sin 
人 
SUbject to 胡 e 520l comdi 帮 om V(0) = 工 jor 雪 e yanmge [0,1] 和 识 steps of 0.1 vs100 
胡 e C7amk-NMicolso7m tecjh722gue. 
人 e dzscretise 奶 1s eqgua 友 0 Q5 


Vn+1 二 yn ，Vn+1 十 yn 
7 志 了 一 S1n 如 十 1/2. 





开 55 te7aD1700 如 apDprozZz7aate 专 e 759g1t1a7d side of 坑 1s ezpyessiom 0 (sin 如 十 
Sin 如 +1)/2. 瓦 owever 记 e me 纪 od We have cjosen above actualiy 委 雪 e value 寺 
胡 e 71040-Dot1 坊 ULereas 太 1s o 妇 er 1 杂 eataent 15 70eyely am aDD7ozZ2720 友 00，77e 
djference js only of order A 妇 ，but we airmna to reqduce erroyrs UPere possible ( 妃 15 
er7o7r ca be soUm DO US109 Taylor se7ies). Rearra7g172g 雪 e above 91ue5: 


| | 工 
yn+1l1 二 本 I (w 人 { 志 -让 +merao) 
人 AL4t 2 


Ts ca pe coded 152100: 
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nn=11; 

t = linspace(0,1,mn) ; 
qt = 七 (2)-t(1) ; 

y = Zeros(size(t)) ; 
y(1) = 工 ; 

f1 1/dt+1/2; 


f2 1/dt-1/2; 

for j = 1:(n-1) 
y(j+1l) = (y(j)*f2+ ..， 
sin((t(j)+t(j+l))/V2)Vf1; 


end 


The ezact solutom 15 


工 
4 人 一 5(sint 一 cos 旭 十 ze- 5 





二 


Piot 如 0 bo 雪 so1utio75s 0 胡 e Sane 9g7aD1， 胡 ere does 7ot appeaT to pe am 
qz1ere7ce. 


1 T T 





0.95 上 上 


0.9 上 


0.85 上 上 


0.8 上 


0.7 上 





0.65 1 1 1 1 1 
0 








再 ouwever plotting 态 eir 必 jerence shows 女 af 如 e eryrors are of order 10 一 人. 


The explicit Euler method is not limited to linear equations. For instance we 
could solve the equation 
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This has the solution 
2 党 
CIY-3/4 (和 ) 十 .六 3/4 (和 ) 
(生计 EL) 


which is in terms of Bessel functions. 工 hese are solutions to the Second-orderT 
differential edquation 





(三 一 上 


? 





d2 d 
y 2 


训 
dt2 dt 





十 ( 刀 一 zy=0. 


In this case the parameter 7 takes the value 1/4 or -3/4. You will meet the 
functions in due course but at the moment let us presume that the solution to 
the above problem is unknown in which case numerical methods are our only 
Way forward. In fact in Some cases even where the solution is known its form 
Imay be So compjlicated that it is better to use the numerical solution Straight 
away (however 过 an analytical solution is available it is worth checking that we 
have the correct value). 

In order to solve the above problem (subject to the boundary condition that 
V(0) = 0) the code euler.m needs to be modified to (mod_eul.m): 


二 =0.0:dqt:1.0; 
y = Zeros(size(t)) ; 
y(1) = 0; 
for ii=1:(1Length(t)-1) 
y(ii+1) = y(Cii) + dt * (t(ii) ”2+y(ii) 2) ; 
end 


figure(1) 
pPlot(t,y，--)) 





This gives 
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- 1 1 1 1 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 


The“exact”solution can be plotted and is given by 


0.4 





0.35 上 上 


0.3 上 




















SymS 七 y 
dsolve(Dy = 上 "2+y”2:，y(O)=07，) 七 ) ; 
20 ; 


linspace(eps,1,N) ; 
for 1 = 1:TN 
f(i) = double(subs(y,t,tv(i))) ; 
end 





Here we have used the commands 


dsolve Which solves the diferential equation defined as its first_ argument， 
Subject to the initial condition y(0)=0 and fmnally we use the third argu- 
ment to tell MATLAB that t is the independent variable. 
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subs This substitutes values from the array tv in the solution of the differential 
equation. 


double This returns a double precision value (that is 志 converts a symbolic 
value to a double precision value)， 


We shall now discuss a class of methods which can be derived using Taylor 
Series， 


8.3 Banded Matrices 


In many problems matrices will not only be sparse but they will also have very 
well-defined Structure. Let us consider a tri-diagonal matrix，so that the only 
Don-Zero entries are in the super- and sub-diagonal. We consider the set of 
equations 


Q1V2 王 D121 一 站 1 





a243 十 bg2y2 十 c2V1 一 72， 





an_1lyn 十 bn 127m 1 十 cn 1 一 2 一 7m 一 1， 


pnom 十 Cmzym 一 1 一 77. 


Notice that we can solve the first equation to give Vi in terms of V2，So that 


which can then be substituted into the next equation to elimninate 1. 工 his gives 


71 Q1 
Q2%3 十 02V2 十 c2 太一 太 儿 上 =72， 
1 1 


Q 刀 
Q273 十 2 一 cz 于 只 一 和 一 co 于. 
1 pb1 


This amounts to a redefinition of 2 and rz2. 工 his equation can then be used to 
express ya in terms of ya and then substitute it into the next equation，until 
we reach the fnal equation at which point we have an equation Solely in Vn 
Which is easjly solved. he system at this point has only got a Super-diagonal 
(we have eliminated the sub-diagonal) and hence the values of all the preceding 
VS can be found by back Substitution. 工 his is wrTitten in code as: 
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Set UP System 
0.0:Pi/6:pii; 
Length(Xx) ; 
X(2)-x(1) ; 

1/h ”2*xones(sSize(x)) ; 
-2/h "2*xkones(size(x)) ; 
1/h ”2*xones(Size(x)) ; 
X.kSin(X) ; 
a(1) = 0; b(G1) = 1; T(1) 
cCN) = 0; b(CND = 1; CN) 
%Y Forward sweep 


for j = 2: 
b(j) = b(GO) - cGj)*a(j-1)Vb(j-1) ; 
r(j) =T(O) - cGO)*r(j-1)/b(G-1) ; 


end 
% Final equation 
yGCN) = (N)/bCN) ; 
for j = (CN-1) :=-1:1 
y(j) = GOj)Mb(j)-a(j)*y(j+l)/b(jy) ; 


end 


xf = 0:pi/50:pi; 

Sol = 2#k(1-cos(xf))-xf.ksin(xf)-4kxf/pii 

C]f 

plot(x,y,，.，，?MarkerSize) ,24) 

hold on 

plot(xf,sol,b)) 

XlLabel1(?Xx)， ,FontSize， ,15) 

ylabel(?f， ,FontSize:,15) 

text(0.5,-0.2,)Finite difference solution，,FontSize，,12) 
text(0.7,-0.3,，shown as blobs，,)FontSize，,12) 





This is actually solving the following problem 


d29/ 
二 二 2Zsin7z 4(0) = V(T) = 0. 


We can solve this by hand by integrating twice and applying the boundary 
conditions to obtain 
47 


V(Z) 三 一 2cosZ 一 ZSinZ 十 2. 
元 
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As you can see even using 7 points determines the solution quite well 





-0.2 Finite difference solution 村 


Shown as blobs 


=-1.2 上 














0 0.5 1 1.5 2 2.5 3 k 


This method is called a Thomas algorithm. 


Example 8.5 刀 order to solve 奶 e System 


SUbJect 如 妇 e gounadary comdio7s V(0) = 0 and V(T) = 1， we se 雪 e code 
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Set UP System 

= 0.0:pi/60:pii 
length (x) ; 
X(2)-Xx(1) ; 
(1/h>2+4/(2*xh))*kones(size(x) ) ; 
(-2/h”*2-1)*xones(Ssize(Xx) ) ; 
(1/h>2-4/(2*xh))*kones(size(x) ) ; 
cog (X) ; 
= 0; b(1) = 1; IT(1) 
= 0; b(CN) 1; zx(CN) 

% Forward sweep 


for j] = 2:N 


b(j) = b(GO) - cGj)*a(j-1)Vb(j-1) ; 
r(j) =T(Oj) - cGOj)*r(j-1)/b(j-1) ; 


end 
% Final equation 
yGCN) = (N)/bCN) ; 
for j = (CN-1) :=-1:1 
y(j) = T(j)/Mb(j)-a(j)*y(j+l)/b(jy) ; 


end 


Cj] 工 

plot(x,y) 

XlLabe1l(?Xx) ,FontSize， ,15) 
ylabel(2y”，,?FontSize,15) 





WPZC 有 92VUe5S 
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[ye Paove Used 如 e discreisa 刀 om 


2Vm 二 1 一 27/n 十 2m 一 1 2Vm 二 1 一 yn 一 1 
趟 
碟 0 





2 一 COS 0m 


This can be extended to penta-diagonal Systems，which can again be done 
using a Thomas algorithm but this becomes more and more complicated. How- 
ever，WwWe can also exploit the sparse command， We can also solve periodic 
Problems which give Tise to sparse Problems, but with elements in the top right 
and bottom jleft corners in addition to the diagonals. 


8.4 Runge- 上 kutta Methods 


We shall not derive these methods in fullness but shall give a favour of how 
this may be done. In order to solve the System 


号 = 了 已 功 ， 
we Use Taylor series and as Such we write the scheme as 
yn+1 二 gr 十 QKl 十 Djo (8.3) 
Where 
说 二 LAtjtnynh)， 


Ko2 一 At 如 和 QAb on 水 Dj )， 
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In order to derive an equation of this form we start with the Taylor series for 
yn 一 vt 二 Ab 
友 
Wn+1 三 加 十 Altn yn) 十 5 (如 ,yn) 十 ……， 
where the prime denotes a derivative with respect to 志 Using the chain rule we 


can Write 
df _ 0/ oj/dy 
dt 6 6y dt 





but using the original equation (7 = 力 





上 1 81， 
dt 8 by 
SO that 人 
二 
2Wn1 三 十 AtFtnoyn)d+ ( 喇 二 下 站 


Let us now Substitute the forms for ji and Ko into Equation (8.3), so that 
Up 三 十 QAtFtor) 十 At 起 十 at 人 十 BGA)) 


We now need to expand the last term in this equation, so that 





上 (tn 十 QAb 2m 十 DA， 2m)) 冬 tw， Zn) 十 QAt 
忒 2 
O 
相国 DALFLtn， om) 于 








mm 


By substitution and comparison with the other Taylor series we find that 


We have only three equations but with four Unknowns, So we are free to choose 
one value. For instance w = 1/2 implies = 1/2 with in turn gives a = 0 = 1. 


The Scheme is then 
世 
n+l 三 Vn 十 了 (tr Zn) 半 让 (to 十 Atoyn 十 AtFtn om))) ， 


We can of course choose other values of au (or any of the other variables). In 


order to code this algorithm we use: 
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从 
% Funge_kutta .mm 
办 
二 =0.0:0.1:5.0; 
del tt = 0.1; 
a=0.5; b=1-a; 
alpha = 0.5/b;j beta = 0.5/b; 
na = length(t) ; 
y = Zeros(size(t) ) ; 
y(1) = 0; 
for ii = 1:Dn-1I 
time = 七 (i=) ; 
k_1 = del_t+rfunc(t(ii) ,y(ii)); 
k_2 = qdqel_t#kfunc(t(ii)+alphakdel_t,y(ii)+beta*kk_1) ; 
y(ii+l) = y(ii) +akk1+bxkk-2; 
end 
eXact = exp(t-t. “2/2) ; 





Using 


function [value] = func1(t,y) 


Value = y#k(1- 七 ) ; 





Using this number of points there is no visible difterence between the numerical 
and the exact solution. We can investigate the effect of altering the value of ua. 
This method can be extended to higher orders: for instance the fourth-order 
Scheme is given by 


工 
Zn+lL 三 2Vm 十 6 (Ki 十 2K2 十 2K3 十 14) 








where 
1 一 Atjtn， Zn) 
人 At 1 
kj = At 起 十 二 ,由 十 二 
2 上 5 4 5 】 
人 At K2> 
矿 将 
3 At ( 2 ) nm 2 】 
14 一 At7 ( 刀 十 At， 2m 十 克 3) 


MATLAB offers two commands ode23 and ode45 which perform these in- 
tegrations. It uses a more advanced numerical Scheme which iterates to correct 
the Solution as it progresses. 工 he above code could be replaced by 
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y0O = 1; tspan = [0 5]; 


[tt,yy] = ode45(?func1: ,tspan,y0) ; 





This uses an adaptive Step which is based on the local gradients. Interestingly 
this chooses to use 57 points to attain the default accuracy (which is defined 
in terms of relative and absolute errors，see the manual pages help ode45 for 
details). 


8.5 Higher-Order Systems 
8.5.1 Second-Order Systems 


At the moment we shall only briefy mention these systems and shall not dwell 
on their solution using the So-called finite difference techniques. 百 owever we 
shall discuss how they might be solved using Runge-Kutta methods (Specifically 
using the intrinsic MATLAB commands). Let us consider a Simple example: 
Consider the solution of the System 
d2 
了 十 4 三 ， 
subject to the conditions that V(0) = 1 and W(0) = 0 fromt= 王 0to 王 T 
Firstly we introduce a vector Z Such that 


SO that 


“人 区)-()-( 二 ) 


We can now construct the corresponding MATLAB code (func2.m): 


function [out] = func2(t ,in) 
out=Zzeros(2 ,1) ; 
out(1) = in(2) ; 
out (2) = -in(1) ; 


yo=[1; 0] ; 
ts=[0 pi] ; 
[,y]=ode45(func2， ,ts,y0) ; 
plot(t,y) 
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Which givegs 


1 








0.8 引 


0.6 本 


0.4 了 











3 3.5 


Notice that y not only contains the solution 21 (加 but also its derivative (z2(). 
The exact solution here is cost (and consedquentjly its derivative is 一 Sin 加. 工 his 
technique can be used equally for non-autonomous systems (that is involving t 
explicitly). At this stage we will not consider all the options which are availabple 
to use When using these methods: however we merely mention that Using the 
ode Toutines one camn set the absolute and relative erTors. 

Before moving on we remark that it is8 possible to consider higher-order 
Systems in a Variety of ways. For instance in order to Solve 

2 
52 十 g 一 san 

(which is a second-order linear ordinary differential edquation)，we can either 
use finite difference representations of the derivatives, for instance 





d2% 运 Un 二 1 一 2Vyn 十 Zn 一 1 
dt | 人 


世 m 


or we can Tewrite the System as coupled first-order systems (which is more 
conducive to Runge-Kutta techniques). We introduce 旭 王 V and 2 区 三 
dy/dt. Hence the above System js rewTiitten as 


dz21 
dt 
dz2 
dt 


一 Z2 


2 一 22z2 一 对 十 Sin 记 
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了 Example 8.6 卫 e write 妇 e syste7 
艺 十 22 一 cost 
Q5 Q 5Vste1m oj Jrst-orqder edua 太 0o75，dejnaig 21 0s2 ad 2 ad 7 so 雪 Qt 


2 一 Z2 2 一 三 这 十 cogst. 


We shall now discuss the solution of second-order Systems and start with 
an example of a constant coe 重 cient problem， 


了 Example 8.7 9ol1ve 妇 e dzeremial equa 友 0o7 


d2y ， .dy 
3 


SUbject to 胡 e 5106al comditio72s 态 aot y(0) 王 1 and (0) 三 0 Jom 0 to 1. 
ffe wziscretlise 胡 e above equationm to Vzeld 


十 2y =0 


2Zm 十 1 目 运 2 十 Zn 一 1 | 3 名 +1 一 yn 一 1 








2yn = 0， 
2 人 
17C 访 25 7ea77Q72ged t0 97VUE 
| 3 一 2 二 2Zm 一 1 3 
二 AR 7 2 也 一 2 人 
( 遍 是 二 2 区 


T7e 妃 谨 al comdz 丰 os te1l Us 态 ot 三 1 anad (一 由) 人 At=0so 如 at 三 1 
al1so). The egua 友 om jas 态 e ezact so1u 丰 om yt 一 er 吃 
CO712DaQ77S071. 


一 e 一 ，WRzich 1s VSsed Jor 
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卫 10 ; 

t = linspace(0,1,Dn) ; 
qt = 七 (2)-t(1) ; 

y = Zeros(size(t)) ; 
y(1) = 1; y(2) = 1; 


fact = (1/dqt*2+3/(2*+kqdt) ) ; 


for j = 2:(n-1) 
y(j+l) = (-(-2*xy(j)+y(j-1))Vdt ”2 ... 
+3/(2#dt)*y(j-1) 
-2#xy(j) )/fact ; 
end 


true = 2kexp(-t)-exp(-2#t) ; 

Cj] 工 
plot(t,true,t,y,.:，MarkerSize，,15) 
legend(?EXxact ,ApPProX ,=-1) 


772s D7oduwces 妇 e 7esults: 


1 








0.95 


0.9 


0.85 


0.8 


0.75 


0.7 


0.65 








0.6 
0 














Exact 
。 Approx 


Voice: ol 5120 tem Dotats We do mot get Q Da7 友 cuUiarty accuUyrate Q72Se7T-。 


TPRZs ca pbe 7ec 友 有 ed 0 579 70o7e Doz7215. 
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We shall now discuss the solution of two problems，which are quite similar. 
Both of the examples can actually be solved using analytical methods: however 
at this stage the solutions are not accessible to us, So we shall treat them as 
problems for which we do not know the answersl. The first problem will be 
solved using fnite diference methods and the second one will be tackled using 
the second-order Runge- 上 kutta Scheme described on page 263. 


8.5.2 Bessel's equation 


We shall now discuss the solution of the mathematical problem，whereby we 
Seek to integrate the differential equation 


dd 1 
妇 二 宇 十 t 2 人 jy=0 





dt2 dt 


位 om 上 三 0 tot=10 subject to the initial conditions V(0) = 0 and W (0) = 十, 

We shall solve this problem using finite-difference techniques, in order to do 
this we need to exploit the discretised form for the second derivative given on 
page 267. We introduce the grid such that 妃 = (有 2 一切 At so that 妈 corresponds 
to the initial time, 寺 三 0. There is also the corresponding values of the function 
4 We shall presume that there are NV points in the grid. At time 寺 三 如 we 
can write the above differential equation as: 


Zn 二 1 一 27/n 浊 Zn 一 1 Znm+1lL 一 yn 一 1 时 工 
让 t t =0 
人 妇 0 ( 2 





for 妈 三 2upto 妈 三 广 一 1. Inthis expression we have used the central difference 
formula for both the first and second derivatives，which are both second-order 
accurate expressions. We now consider the initial condition V(0) = 0 implies 
that 册 三 0 andW(0) =1means that (2 一 Wi) 人 At=1sothat =A 人 At Here 
we have used the forward difference formula，which is necessarily biased. By 
using the above discretised equation with 7 = 2 we obtain an expression for 
2a in terms of the known quantities V2 and V1. Similarly by using the equation 
with 兄 三 3 we can obtain V4 and so on. TIo this end we rewrite the eduation asS: 


1 tv 一 2 十 2m 一 1 tm 1 工 
0 1 友 二 
( 忒 六 2 "2 而 


We now use MATLAB code to solve the problem as posed above, 





1 The first one is called the Bessel equation and has solutions 邦人 () and 友信 and 
in this case the parameter 7 三 1/2. These functions are discussed extensively in 
a book by G. N. Watson 4 7Tyeatlise om Bessel mumnctio75 The second equation 
has solutions which are Airy functions，affectionately called the Airy and Bairy 
functions. 
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从 
Y Code to determine Bessel functions of order 1/2. 
从 


y_zero = 0; 


ypP_zero = 1; 

deltat = 0.1; 
t=0:dqelta :10; 
N = length(t) ; 


y=Zeros(size(t) ) ; 
y(1) = y_zero; 
y(2) = y(1) + delta_t *k yp_zeroi 
for j = 2:N-1 
factor = 七 (j) ”2/delta_t”2+t(j)/(2xdqelta 七 ) ; 
y(j+l) = (〈-t(j) ”2+k(-2*y(j)+y(j-1))V/delta_t 2 ... 
+t(j)*y(j-1)/(2xkdqelta 七 ) .. . 
-(t(j) ”2-1/4)*y(j))Vfactor; 





The solution is found to be: 





0.5 T T 


0.4 上 本 











-0.2 1 1 1 1 1 1 1 1 1 
0 





1 2 3 4 5 6 7 8 9 10 


In this case we have elected to use the higher-order derivatives directly: however 
we could have used the idea of introducing a Second function So that the System 
is reduced to two first-order diferential equations. FEor this Purpose we define 
dy 


2 人 办 一 Vand zC) 人 (一 本 
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Using these functions the differential edquation becomes: 


2 
2Q2 ) 十 友 O) 沪 (e 本 1 (1) 一 0 





subject to the initial conditions z(D)(0) = 0 and z(2)(0) = 1. Again we discretise 
the equation So that 


(2) (2) 
2 思 +1 一 2 Of _ 工 20) - 
世 寺 杨 色 二 人 也 2 一 0. 
We also need to discretise the relation between z() and z(2) so that 
(1) (1) 


2 AL1 一 和 
的 人 At 
We are now ready to use MATLAB code. 


办 

% Solve Bessel2s equation Using two first-order Systems . 
办 

y_Zero = 

ypP_zero = 1; 

delta 0.1; 

t=0:dqelta 七 :10; 

nt = length( 七 ) ; 

Z=Zeros (nt ,2) ; 


Z(1,1) = y_zeroj 
Z(1,2) = yp_zero; 


for j] = 2:N 
time = (t(j)+t(j-1))/2; 
factor = time”*2/dqelta 七 ; 
Zz(j,1) = delta_t#kZz(j-1,2)+Z(j-1,1) ; 
z(j,2) = (time`2*+kz(j-1,2)/delta_t-timekZ(j-1,2) ... 
- (time”`2-1/4)*Zz(j-1,1))VEactor; 





Notice that we have elected to evaluate the time at the midpoint of the interval. 
H 玉 wehad just used it at the start of the range, then the singularity (obtained py 
dividing by 万) would cause our scheme to fail. In fact this method does not do 
very well and this sensitivity to initial conditions is partly the reason for this. 
Also we have actually used first-order accurate discretisations. We will see that 
this reduction to first-order Systems is necessary for Runge-Kutta methods in 
the next section; fortunately the failings of this approach in finite differences 
are not reproduced. 
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8.5.3 Airy's Equation 


We shall now discuss the solution of the problem 


subject to the initial conditions V(0) = 1 and VW(0) = 0. Again we use the 
reduction to two first-order Systems defining 
d 
(zy) 一 dz2(z) = 2 弄 
2 (2) 三 WOZ) and 2 (7Z) 本 


We also introduce the column vector z with these functions as elements, So that 


2 三 fcz,2) 一 zz 


derived using the fact that (z(D)' = z(2) by definition，and (z(2))/ 一 zz(l) 
directly from the differential equation. The Runge-Kkutta method derived on 
page 263 can equally be applied to vectors. We recall that we have 


0 
zt 一 2 十 可 (f(cnzn) 十 fon 十 gz,zn 十 gzf(znyzn)))， 


We can use a Similar code to the previous example, but we shall use a slightly 
different format. Let us define a function to work out the function ff: 


儿 


function [out] = func(xy,in) 


out(1) = in(2) ; 
out (2) = Xkin(1) ; 





and the main routine 


X=0.0:0.1:5.0; 
delta Xx= 0.1; 
N = length(x) ; 
Z=Zeros (N,2) ; 
z(1,1) = 1;，z(1,2) = 0; 


for j=1:(N-1) 
kl = delta_x#kfunc(x(j) ,z(j，,:)); 
K2 = delta_x#kfunc(X(j)+delta_x,Z(j,:)+K1) ; 
Z(j+l,:) = Z(，,:) + 1/2*+(k1+Kk2) ; 
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In these two examples we have solved problems which have two boundary 
(or initial) conditions at one location. Let us now discuss how we might solve 
problems which have conditions at two difterent locations，. 


8.5.4 Shooting Methods 


也 ere we solve problems by starting at a point where we need to guess certain 
duantities and these guesses can subseduently be improved upon. We shall 
jllustrate the technidque with a couple of examples. 

At the outset we note that for linear problems there are other ways of doing 
What we are about to discuss (see for instance the example in the section on 
banded matrices on page 259). 


卫 xample 8.8 (A Linear Boundary-Value Problem) 
人 e sjall use 她 e Rage-KuUtta scjemze detazled above to solve 地 e DToplemm 


d27/ 
Sa 一 0 
d22 放 

SUbJect to 妇 e bgou7ldary comditions Vy(0) = 1/2 amd y(T/3) = 1/2.， Je cam so1vue 
态 ?15 D7oble7 aa1o 友 caLly to 9?Ve 

工 下 工 

0) 一 二 COSZ 

2 2V3 

Zet us solue 态 e equatiom subyect to (0) = 1/2 amd W(0) = 入 wpere we are 
万 ee 如 choose A (at 雪 e mome1 友 re 雪 en integrate 廊 om 0 如 T/3: 太 Vy(T713) 


1 1ot equal to 1]2 矶 en we cam ad71ust 矶 e Value of 入 1 order to ao 妇 is we 


Sin Z， 





15e 矶 e Neuwtom-Raphsom sche7ae. THAe 70a272 7OUt70e 15: 
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炎 
办 
glLobal X Z 
1ambda = 1; / Initial guess 
delta = 1e-2; 
for its = 1:40 

f_lambdqa = int_eqn(1Lambda) ; 

if abs(f_lambda)<1e-8 

break 

end 

f_lambdqa_del = int_eqn(Lambda+delta) ; 

ambda = ambqa ... 

- f_lLambdqakdelta/(f_1lambdqa_dqel1-f_lambdqa) ; 

end 
exact = 1/2*#xcos (X)+1/(2*sqrt(3))#sSin(x) ; 


儿 


% int_eqn .mm 


function [err] = int_eqn(Lambdqa) 


glLobal X Z 
delta_x = (Pi/3)/100; 
= 0.0:delta_x:pi/3; 
length(Xx) ; 
Zeros(N ,2) ; 
,1) = 1/2; 
,2) = 1Lambda; 
j=1: (CN-1) 
kl = qdqelta_x#kfuncl(x(j),z(j，,:)); 
Kk2 = delta_xkfunc1(Xx(j)+delta_Xx,Z(j，,:)+Kkl) ; 
Z(j+l,:) = Z(j,:) + 1/2*k(k1+Kk2) ; 


ZCN,1) - 1/2; 


function [out] = func1(xy,in) 
out(1) = in(2) ; 
out (2) = -in(C1) ; 





This method is very Successful and the exact solution is retrieved (albeit appPIrox- 
imately). Let us now discuss the solution of a problem for which an analytical 
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solution is not available, and in fact this is how it would actually be solved. The 
other technique hinted at earjlier is not available as this is a nonlinear Problem. 


卫 xample 8.9 (A Nonlinear Boundary-Value Problemy) 

772s D70Ob1e72 co7265 万 o770 用 ULid dy72Q722C5s QT2d 45 so1u 刀 0o7 D7oVides Q desc72D 友 0 
of 刀 e jiow projle wzt 妈 ia powdary ayer om a jat plate. 帮 e shall mot quell om 
2t5 de72Uato7，51ce 让 715 Jor peyomd 妇 e scope of ts te pt We are 7edguz7red 
to so1vue 


d5 太 d2 太 
SuUbject to 态 e poumadary comdiiio7zs F0) = 万 (0) =0 and 
和 / 下 过 
证 二 和 


45 密 矶 e pyreuious ezZamaDle We aye s1ort of oa poumadary comdztom at ome ed 
50 WE 501ve 胡 e proper 5200 妇 e 210 友 QL comdz 友 0725 


2z()(0) = 0，z(C2)(0) = 0 and zt3)(0) = 入 . 


人 e 妇 emn jntegrate towards 各 j25 刀 (0 如 ct 和 雪 is case avalue of 10 15 jine Jor 
227j72itoy，evem 矿 UVe 和 tegrated 用 rt 雪 er mo 妇 19 ould chamge). THPe discrepa7lcy 
betauee7l 态 e Value of 记 o 轨 5s potzt aad Vi 55 Used to iterate om 妇 e Value of 
入 . TARe codes We shall Use jor 妇 is Purpose QTe 
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办 
办 
gLobal X Z 
lambdqa = 0.5; / Initial guess 
delta = 1e-2; 
for its = 1:40 

f_lLambdqa = int_blas(1Lambdqa) ; 

if abs(f_1ambdqa)<1e-8 

break 

end 

f_lLambdqa_del = int_blas(1lambda+deltal) ; 

ambdqa = Lambdqa ... 

- f_lambdqakdelta/(f_1lambdqda_dqel-f_1lambda) ; 

end 
pP1lot(z(: ,2) ,X) 
Xlabel(?Fl1ow Velocity ) 
ylabel(?Distance from the Val1)) 
axis([-0.5 1.5 0 10]) 


儿 


%Y int_b1las .mm 


function [err] = int_blas(1ambqa) 
glLobal X Z 
delta_XxX= 0.1; 
= 0.0:dqelta_x:10; 

length (x) ; 

Zeros(N ,3) ; 
Zz(1,1) = 
Zz(1,2) = 
z(1,3) = 


for j=1:(N-1) 
kl = delta_x#kfuncb(x(j),z(j，,:)); 
Kk2 = delta_xkfuncb(X(j)+delta_Xx,Z(j,:)+Kkl) ; 
Z(j+l,:) = Z(j,:) + 1/2*k(k1+K2) ; 


err = Z(N,2) - 1 工 ; 
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function [out] = funcb(xy,in) 
out(1) = in(2) ; 


out (2) = in(3) ; 
out (3) -in(1)*in(3) ; 





THe actual Value oj 入 715 aDD7OZ?Taately 0.4689. 7T1e Jow pyrojle looks 1iKe 雪 15: 


10 





9 上 如 


8 上 习 


学 习 了 习 





Distance from the wall 
Cn 
T 
上 








0 | 烛 
-0.5 0 0.5 1 寺 海 
Flow velocity 





8.6 Boundary-Value Problems 


We shall now consider more general boundary-value problems. These can be 
solved by shooting methods (as presented above): however if the problems are 
linear they can generally be solved directly. Rather than starting at one end of 
a domain we Simply set up a set of eduations for the entire Problem and solve 
these as a matrix problem. 

We shall demonstrate this via a few simple examples: 


Example 8.10 9oloe 轨 e dzzjerential egua 友 om 
d27/ 


人 
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SUbject to 态 e cozldi6oms ot y(0) = 0 and yy(1) 三 1. (7TPe ezact solu 友 om oF 
态 15 ca be jund as V(Z) = Sinhz/sinhl.) 

Ersty We co1sider Qa 977d of Doza45 7U7720120 廊 o 0 1 了 友 steps of 1 jor 
矶 e sakpe of argument We 51all tke 严 to be 0.1 (so 坝 of 坝 ere ae 11 Dot 好 ). 
THzs 972Q ca7 pe set UD 51009 


1inspace(0,1,11) ; 


Zeros(size(Xx) ) ; 
X(2)-x(1) ; 





再 ere We Raue Used 妇 e co7ma00720 177SDace 加 set ULD 妇 e g72d and also set asiqde 
Q Vector y to co7ztai 记 e asWUer. The step 5s12e， ji Pas also bgeem dejnead Pere， 

Zet 45 co7ls1der 太 e above edua 友 om at 态 e pott 2 二 01 7Pem We ca7m QD- 
D7oZ1Tate 如 e qua7 太 友 es to 97Ve 


Vj+1 二 2%1 十 -1 
妨 2 





2 三 0 
0O7 7Ea7TQ7297720 


gj 十 力 (-2 一] 十 力 -1=0. 


772s equa 友 om olds jor al 妇 e te7ior Dotzts, 如 at 157 三 2 奶 rovg 几 to7 三 10. 
41 the end poimats We meed to 71Dose 妇 e boundary co7zditio7s， so at = 0 
(Wich cory7espo1ds 如 工 三 21) WUe have 册 三 0 amad of 坝 e o 胡 er ed 雪 ot 05 
2Z 三 21l 三 1，Wwe have Wi 三 工 Co70027201020 胡 ese We jaVe elevem equa 友 0725 7 
eleve7 172720U7S WRZCR co pe DUt toge 妇 er 加 jorm 雪 e Tat7r 和 7 


10000000.0.0 0 41 0 
1]17100000.0.0 0 12 0 
017100000.0 0 13 0 
001710000.0 0 24 0 
000171000.0 0 V5 0 
000017 1000 0 V6 三 20123 
0000017 100 0 V7 0 
00000017 1 0 0 8 0 
000000017 1 0 29 0 
0000000017 1 V10 0 
0000000000 1 Vi11 1 


jere 荆 一 一 2 十 12. 775s systema ca pe set WUD Si70 太 e 1M4T74 了 commands: 
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A = diag(ones(11,1)*(-2-h”2) ,0)+diag(ones(10,1) ,1) 
+dqiag(ones(10 ,1) ,-1) ; 

A(1,:) = 0; AG1,1) = 1 

A(11,:) = 0; A(G11,11) = 1 工 ; 


Zeros(11,1) ; 
b(11) = 1; 
y = ANb; 





T715s gives us 态 e solution to 雪 e above problem to 由 池 和 识 approziraately 10 一 4， 
WPZCR ca be 5ee7l 2 co7m2D072720 人 UV 遍 太 e ezact so 让 000， 人 玫 e ave sed 太 e 
ezZD7essiom 4\b to returm Aib. 


In this case both of the boundary conditions were imposed on the function， 
whereas it i8 plausible to consider problems in which conditions are imposed 
on the derivative (or even Imixed conditions). 


Example 8.11 95olve 妇 e qzzerential eqwua 友 om 


d27/ 

RE 人 

dz 
SUbject 如 胡 e comditio7s 万 at W (0) = 0 amd yy) 三 1 加 is case 雪 e ezact 
Solutiom 15 VW(Z) = cosh Z/ cosh 1.， Te Pave Vsed 妃 e sa7me edquazo7 05 妇 e 1ast 
eZQ1TDLe ad 几 eTce We 0 7eed to cjamge 妇 e Vi0es WARzcP TDose 妇 e pgoUdary 
co1mdz 如 0o75. 4 胡 e Vower end of 态 e domaim we meed to Jpose W (0) = 0. 7T7e 


dae7iVUatUe at 成 15 ed 15 92VET0 0 


dY 1 一 2V0 
dz | 刀 


了 1 


775s comdz1om 1 困 aslates 加 yo 三 1. Dence 如 e Jrst ne of 如 eatrZ 715 5et 
2S2720 





Tjis soutiom /as eryrors of approziraately 10-2 jicjh are st1 acceptable pt 
ao1e 7eVUe7 雪 eless 1a70ger 圾 om 充 妇 e Dy7euwiouUs eZa70D1e. 


At this point it is worth pausing to consider the source of these errors. We 
can choose to use more points to reduce the errors but ti would be better to 
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Understand how they arise, since increasing the number of points is not alwayS 
an option. In the first example we used the approximation 


d27/ 


一 必 
， 区 2I 十 1 V1 十 V7 一 1 (8.4) 


凡 2 








We now wish to predict the probable error associated with this formula. To do 
this we exploit Taylor series. We recall that 

dy 
dZ 


12 d27/ 
2! dzZ2| 


713 d3g 
3! dz23|，， 





V(a 二 站 二 Woa) 十 忆 人 








攻 


The key here is how many terms to take in the expansion. We note that the 
entire Series can be written as 


革 商 世间 人 dy/ 


mL dz 





九 二 1 2Z 一 Q 


or Using the intermediate value theorem 


TV 
太 dy PN+1 dvT+1 
y(a+ 间 一 W(a) 十 > 有 开 


我 二 上 


2 
(N+IH)L dzN+1 











where ee [aa 十 由. Different values of 5 in the interval obviously give differing 
values of the errors and we usually talk about the maximum error and the 
bound on this value. 

Consider the simple example of approximating a curve by a straight line: the 
SOUrce of error is going to come fom the fact that the curve is not necesSsarily 
a Straight line. A straight line has a zero second derivative so the errors will 
be proportional to this quantity, that is the curve is a straight line then the 
appProximation will be exact. 

Now we shall substitute the Taylor series into the fnite difference formula 
(8.4) which gives: 





九 ? 13 7 
2VjH1 一 怨 十 10 史 十 3 F 芯 y 的 二 
VJ1 二 2V7， 
1 // 7 (3) 几 4 (4 





甸 -1 二 攻 一 4 十 页 拖 一 可 抢 十 而 田 十 
Thus we have 


ViH1 一 2 十 0 2172 0 
凡 .2 2 
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We can eliminate the dots and write this as 


2 
= 由 90 人 9 

Where 上 E [Zi1Zi+H1. We now have a useful estimate of the error，namely 

that it is proportional to 12 and the maximum value of the fourth derivative 

in the interval. 

This shows us that we can reduce the error by increasing the number of 
points (which you might think anyway). Obviously the fourth derivative is 
beyond our control. 

In the second example we had to use what is called a biased stencil at the 
edge to evaluate the derivative there. Again we can use the Taylor series to fnd 
out the form of the erTror 





晶 | 更- 细 
dZ| 必 
伙 一 ZI1 
必 
下 + 


where 上 E [wo 加 ]. Im this case we note that the error i8 proportional to 忆 
(rather than 12) and as such the errors will be larger (as indeed they are). 

It is possible to reduce these errors by using wider stencils (that is using 
the values of yj+2 for example). However, there is a computational cost to pay- 
In fact it is possible to use all the points to work out the derivative at a point 
and these methods are very accurate and require very few points (due to their 
enhanced accuracy). This class of techniques is called spectral methods, but 
their structure is beyond the scope of this text. 





8.7 Population Dynamics 


We now consider the solution of the eduations which arise within the descrip- 
tion of population models. Let us consider the solution of the problem of a 
population which depends on the environment in which it lives， namely the 
logistic model 

dNV _ AN TV2 ， 

dt 开 
where 7r jg assumed to be positive and the constant 玫 represents the capacity 
of the environment to supply the population with resources (for instance food 


and water). The solution of this system is 


匡 TVo 天 
No+( 氏 一 No)e-E 





(8.5) 


六 的 
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where No is the initial population. It js also observed that ast 一 co NO 一 开 
(the eduwz1briu70 Dopulatiom). Let us now Presume that we do not know this 
solution and determine the solution of the equation numerically. Let us start 
with a simple Euler integration Scheme. 


二 
二 =0:0.1:10.0; 
delta_t = 七 (2)-t(1) ; 
nt = length(t) ; 


Zeros(size(t) ) ; 
NC1) = NO; 
for j = 1:(Cnt-1) 
N(j) = N(j-1) + delta_t*#k(rrN(j)-zrxN(j) ”2/K) ; 
end 
exact = NOF+*K./(NO+(K-NO)*#exp(-T#t) ) ; 








4.5 上 本 


Population 
CD 
Cn 
T 
1 


2.5 上 | 











2 1 1 1 1 1 T 1 
0 1 2 3 4 5 6 村 8 9 10 


Time 


As you can see this numerical solution matches that acquired analytically very 
We]]. 


284 8. Solving Differential Equations 





We how Imove on to discuss the numerical solution of multi-dimensional 
Systems, for instance: 


dNV 
一 -一 Na 一 5 
(一 2) 
d 己 
一 = 一 PCcN 一 dd 
dt (c )5 


where 已 reflects the number of predators and N the number of prey. The values 
of the constants Q， bc and a reflect the reproductive and predatory habits of 
the two Species. For instance a larger value of a corresponds to an increased 
rate of reproduction of the prey. We again use Eulerian integration to give the 
numerical solution , 


deltat = 七 (2)-t(1) ; 
nt = length(t) ; 


Zeros(size(t) ) ; 
Zeros(size(t) ) ; 
N(C1) = NO; 
P(1) = P0; 
for j = 1:(Cnt-1) 
N(j+l) = N(j)+delta_t#(N(j)*(a-bxP(j))); 
P(j+1) = P(j)+delta_tk(P(j)*(crN(j)-d) ) ; 
end 





The solution here is oscillatory and looks like this 


8.8 Eigenvalues of Differential Systems 285 














Predator 














Here we observe that the population of the prey grows and then the numbers 
of predators are able to increase until there are too many predators and the 
SUupPply of prey is virtually destroyed. Enough survive to rebuild the population 
and the cycle repeats. 


8.8 Eigenvalues of Differential Systems 


We shall now discuss the solution of equations like 


d27/ 
0 
日 2 
subject to the conditions that V(0) = V(T) = 0. This is an example of a simple 
differential eigenvalue problem. It can be solved analytically and we fnd that 
there are only solutions when 入 = mn2 for mn E Z. There are many problems 
where an analytical solution is not accessible and we need to use finite difterence 
technidques. To this end we rewriite the eduation as 
d27/ 
dZ2 
We shall now discretise the equation at a set of points {2Vj 了 三 1 ，V, SO 
that 


三 区 米 





Wi+1 一 20 十 纺 -1 
2 
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for7=2)V 一 1land 几 =( 一 Jiwith=T/CN 一 .We also need the 
conditions that Vi = VN 三 0, which reflect the conditions that V(0) = V(T) = 0. 
This gives a system of the form Ay = Ay. Consedquently we expect the values 
of 和 to be the eigenvalues of the matrix A. 


200 ; 
Pi/Cn-1) ; 
diag(2xkones (n-2,1)/h”2,0) 
+diag(-ones(n-3,1)/h ”2,1) 
+diag(-ones (n-3,1)/h”2,-1) ; 
[V,D] = eigs(A,3,:SM?) ; 


y = linspace(0,pi,mn); 

for 1 = 1:3 
eigf = [0 V(C:,i)， 0]; 
pPlLot(y,eigf) 
pause 





This code gives the first three eigenvalues and eigenfunctions，which should be 
1 4and 9 and correspondingly sinz, sin2z7 and sin 37. 


8.9 工 asks 


Task 8.1 太 奶 ?s chapter We ave 5ee1 QT eZa11lDVe W15CR USes Eler s 70e 妇 ood 
to so1oe a jirst-order equatiom， QT0elV 


SUbject 如 V(0) = 1 715s Was solued Vs1209 妇 e code evler .1 
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从 
Y Eulers method 
Y euler .nm 


0.0:dqt:5.0; 
= Zeros(size(t)) ; 
y(1) = 1 
for ii=1:(1Length(t)-1) 
y(ii+1) = y(ii) + dt # (1-t(ii))#y(ii) ; 
end 
exact = exp(t-t. ”2/2) ; 


figure(1) 


plot(t,y,t,exact，--?) 





Modz 负 妇 e above code to solve 妃 e equa 友 om 


Qgai SUbJect to 专 e bgounadary comditom Vy(0) = 1 Jomt=0tot=1 (7ov 
51oU1d also WorE out 胡 e ezact so1utiom ad comaDare WOU7 a715WUers.) 


JIn the notes we then go on to discuss the errors intrinsic to this kind of calcu- 
lation. In order to work out the error it is crucial to know the exact solution. 
There are two main waygs of expressing the error，which are defined earlier (see 
page 52). 


Task 8.2 Calculate bo 成 雪 e above er7o7s ?UVU0tued 充 志 e solutiom of 雪 e equa- 
友 07 
dy/ 加 
过 
SUbJect 1 胡 e bgounadary comditiom V(0) = 1 petbeen 寺 = 0 and 上 = 1， sz00 


z 


)》 


人 4 三 1/4. (Youw should do 妇 ese _ calculation5s by ad ei 太 er Vs129 Q calcula- 
tor or 1D119 专 e Tape7s 各 to MA4T74B)，Compare 妇 e eryors jor 如 e samme 
calculato7m aDD1ied 如 矶 e dieremtial equa 友 oO 


dy 


主持: 一 一 二 
三 Y 


了 


eVe7V 妃 ?009 else 7rem20370720 妃 e sa710e. 
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Task 8.3 Pr 妇 er 7modz 启 矶 e above code (nod_eu1.m) to solue 地 e deremnial 
edquWUa 怒 07 


0 二 
一 一 Sint 十 Sin 
二 2， 
SUbJect to 胡 e comnditiom ot yy(0) = 0 Jom 寺 =0 如 二 = 10r， Yo cam se wa 


VUQ71Iety oj steD /eg 圾 8: 1oWUEeVEer WOVU TUSE esUTe 妇 ot 妇 ey ae 1ess 妇 aT UV00 刀 
2 70090720tLQe， 


Task 8.4 9olve 妇 e dzjerenial equa 友 om 
dy 二 


2 
dt 2 3 
251020 态 e 32D1ict Buler scheme WwW 所 At = 1/3， Jom 上 = 0 加 了 = 工 vsig 
太 e bgouadary co7dilom V(0) = 0. Compare 妇 is solutom 如 雪 e ezact so01u 丰 om 
aad ome 00taied 5109 QQ 14774PB code vsi9 1001 po 好 似 妇 55 2770terual. 
(Youw wz meed to soue 胡 e above eguation jor n+1 amd 坝 en modi 旋 one of 如 e 
DTeuious codes. 开 7nigjt be pest to go bgacF to euzler. 凡 ) 


We can also use MATLAB'S intrinsic functions ode23 or ode45，which ex- 
ploit Runge-Kutta technidques. These routines are more accurate than the Euler 
Schemes We have Used above. Im order to use them it j8 necesSary to Write & 
code which evaluates the right-hand Side of the equation 


dy 

二 一 全 切 . 

3 一 也 切 

One Such example is given on page 265. Let us give a further example. Im order 
to solve the problem posed in Task 8.3 we should use the code (odef .m) 


function [value] = odef(t,y) 


value = sin(t)+sin(y) ; 





together with the code 


[0 10*xpi]; 
= odqe45(odef ,tspan,y0) ; 
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万 om tt 一 0 如 tt 三 25subject to 妇 e bgoudary cozditiom 胡 at y(0) = 0，Vs2709 妇 e 
144774B rovwtne odef 5. 


It should be noted that even 让 the system does not explicitly vary with 世 
(that is a dependence of the right-hand side on 妈 the first line of the corre- 
sponding function should include t in its arguments. For example in solving the 
SyStem 

dy/ 天 
柜 可 二 /， 
the corresponding function would be 


function [value] = func(t,y) 


Value = y 





(Note that these equations are referred to as autonomous 让 there is no explicit 
variation with t) 


Task 8.6 Co7mzDaye 胡 e TU1ae72cQL ad ezZact 501u 友 om of 如 e equa 友 0 


SUbJect to 妇 e comdztiom 坝 ot y(0) = 1 ntegrated 六 om tt 一 0 to 一 2. 


Task 8.7 Mouzj 妨 e code om page 260 to solve 妇 e Dropblerns: 
1. 办 =ZcoszZ subyecl io 态 e condiozs V(0) = 1 anad y() = 0. 
2. =Zcosz subject to 妨 e comditioms W (0) =0 and y(1) = 0. 
3. 凡 二 2 =0subject to 如 e condio7zs V(0) = 0 amd yy(1) = 工 . 


Task 8.8 9olve 妇 e dzjerenial equa 友 om 
d27 

二 三 

要 


SUbject 如 胡 e 10 训 al comdi 友 o75 WO) 三 W (0) =0 5o 砚 Taerical1y ad aa1y 友 - 
cal1 over 妇 e razge ti E [0,1]. 


Task 8.9 59olve 如 e equa 龙 oO 
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Jor 矶 etitial comdioms y(0) 王 1 andy(0) =0over 妇 erangetE 0,2|. 矶 加 er 
21510209 Q 51o01720 70e 胡 od or 8 qiyrect solu 太 om sol1Ve 矶 e sa70e equa 友 070 SUD7Tect 
to 妃 e gouadayry comditio7s V(0) = V(2) = 0. 


Task 8.10 9olve 妇 e jirst-order drerental equa 友 0 
( 十 DY 十 245 = 0， 


SUbJect 如 态 e 议 详 al cozlditom 专 ot yy(0) = (aagaiz po 专 amnalytically amd 720- 
7ae7ical1y) over 奶 e ra7zlge t E [0,5|. 


Task 8.11 (#) So1ve 如 e tird-order d1eremzial egua 友 om 


人 


% 一 2 一 多 十 27 = 0， 


SUbJect 10 妃 e comdiio75 遍 at y(0) = (0) =0 amd (0) = 1， 2 comuerti72g 让 
to Q syste7na of tree Jrst-order equa 友 0705， 


Task 8.12 (#) Vsz79g 态 e metlods o jinpite qiperences determime 妇 e viable 
Values of 太 e ezgenValue 入 记 矶 e 1erem 帮 al egua 友 om 


办 十 (snz 一 入 )y=0， 


SUbJject to 专 e jhommogeneous poumadayry cozditions VC0) = V(T) = 0，Comsider 
态 e 态 ree ezgeTjunc 友 0o728 W1icj cory7esDpo7md 如 地 e ezgeTUalues Wz 雪 坝 e s700l1est 
70Q9720tLQe， 
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911mulations and ARandom Numpers 


9.1 Introduction 


We shall use MATLAB to generate random numbers so that we can discuss itSs 
statistical capabilities and also explore Some simulations. We also Show how 这 
Imay be used to analyse Sets of data. 

We start with a definition of some statistical quantities， 


9.2 Statistical quantities 


In this section we consider a set of data which we shall refer to as Zi where 
1 一 1toN.Atthis point we shall not make any further assumptions about the 
data both in terms of its Source or its form . 


9.2.1 Averages 
Perhaps the most popular choice of average is the mean (which is usually the 


arithmetic mean): this is given by adding up all the data and dividing by the 
number of objects in the set. This is written as: 
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and can also be denoted as 歼 (X), the expected value of the random variable 
和 X. If we presume that our data is stored in a vector, the MATLAB code to 
determine the mean is Simply: 


xbar = Sum(X)/1Length(x) ; 


In fact, as you might expect, there is a MATLAB command which does exactly 
this, namely mean(x). 

In fact there are two further averages, the median and the mode. The latter 
is the data value which occurs the most often and we shall not discuss this 
further. However the median is the value in the“middle”when the data has 
been put in order. I there are an odd number of pieces of data this is well 
defined: however 计 直 jg even then the mean of the data at each end of the 
central interval is given, for example the median of (1,2,3,4) is (2 十 3)/2 = 2 乞 
whereas the median of (1,5,7) i8 5. We note that the median can be equal to 
the mean (as it is in the former case) but it is not necessarily So. The median 
can be determined using the code: 


xs = Sort(x) ; 
1]1X = length(X) ; 
if mod(1x,2)==0 


median = (xs(1x/2)+XS(1LXx/2+1) ) /2 ; 
else 

median = XS((Lx+1)V/2) ; 
end 





Alternatively we can use the command median(x). 


卫 xample 9.1 Deteryrnzz70e 如 e 7neaml ad 70edzam of 妇 e joliowzg data: 
3,4, 5,3;,2,1,3,5,6,3,2,5,6,38, 2, 0. 
4 太 ou 几 让 WouUld pe ua 5122Dle Tatter to do 怒 1s 0 jad we use 如 e code: 


[3453213563256820]; 


mean(Xx) 


median(Xx) 





The 7eaTl 15 3.625 amud 矶 e 7nediam 715 3. 
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9.2.2 Other Statistical Measures 


In the Previous Section we have discussed the various averages of a set of data 
but there are more measures available to us, for instance these two distributions 


have the Same mean but are obviously quite different in formt: 





04 本 





间 条 
来 关 
闪 
检举 
闪闪 
尖 类 
亲 亲 
间 六 
本 林 
术 天 
天 幸 
本 四 
天 幸 
四 亲 
关 六 
来 四 
闪 的 
料 尝 
天 灯 
水 后 
妆 的 
二 汪 
交 术 
这 志 

















The first curve is narrower than the second and this is quantified using the 
variance which is given by 
1 ww， 
万 一动 
这 1 


We can interpret this as the“mean”of the sum of the squares of the distance 
们 om the mean. This can be written in terms of expectations as 瓦 (X2) 一 妃 (X)2. 


The variance can be determined using the simple code 


length (x) ; 


xbar = Sum(X)V/N; 
Var = Sum((Xx-xbar) .2)/(N-1) ; 





or UnSuUrprisingly using the MATLAB command var (x). Another related mea- 
Sure is the standard deviation which is merely the square root of the variance 
(determined using std(x)). This also is a measure of the width of the distrib- 
ution but has the advantage that it has the same units as the data. 


Example 9.2 Calculate 胡 e va7ia7ce ad stamudard deuvzatiom of te data 9iuem 
2 书 Za710DLe 9.1. 
772s ?5s dome s2170010 0 QU970e0t1700 妇 e above code Wi 地 雪 e ies 


Var (X) 
std(Xx) 
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There are various other measures, Some of which are higher-order moments， 
the mean being the first，the variance the second, the skewness the third and 
the kurtosis the fourth (see Task 9.3). 

We note that there are also measures which Show how two sets of data might 
be related. These are the covayrza7mce and co7yelaiom. They are defined as: 


Definition 9.1 (Covariance) 
This quantity is defined as 
axy 二 万 (XY) 一 一 ( 台 ) 巨 ()， 


and for a set of data is evaluated using 


1 包 1 亿 包 
CA 下 2m 2 
二 as 2 一 1 
1 包 
-2 人 下 
1 一 


Note that the variance of a random variable X is Imerely its covariance with 
itself. Here we have used a factor of mn rather than 兄 一 1 (which is relevant 
to the covariance of a sample). The correlation is a measure of two variables'， 
variabijlity with each other when compared to their own“spread”. 


Definition 9.2 (Correlation) 


The correlation of two random variables is defined as 











OXT 
过 一 
OICXOT 
二 Ci 一 (一 习 
ee 一 二 (人 一 画 ? 


The correlation takes values between minus one and plus one. 


A_ correlation of plus one means that the random variables are positively corT- 
related, that i8 节 =aX 十 (where ais positive), and similarly for r = 一 1 in 
that they are negatively correlated. 
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r= 0.9941 r= -0.9573 
12 12 
10 O 〇 ) 9 10| 吕 
8 O 〇 ) 8 号 
GO 
6 6 
4 9 4 
GO 
到 : O oO 
0 0 
0 2 4 6 8 0 2 4 6 8 
r= 0.5535 [= -0.09759 
12 1 
10 O 〇 ) 10| O 〇 ) O 〇 ) 
O 〇 
8 8 
6 O 〇 ) 6 
4 二 | 4 
2 全 | 2 
GO) 思 所 有 人 @ 
oo 冯 4 6 8 00 亿 4 6 8 
There are MATLAB commands cov and corrcoef. The first of these calculates 





the covariance between two vectors and returns a matrix including the variancegs 
OX OOXY 
OYX 0OY 
and similarly the correlation command corrcoef (x,y) gives 
| 人 生 广 
不 工 


The elements along the diagonal merely show that a random variable is corre- 
lated with itself (unsurprisingly). 


SO that cov(X,y) Teturns 


9.3 Random Numbers and Distributions 


In order to generate random numbers we can use the various commands avail- 
able within MATLAB. We shall not worry about how this is done and the 
technical aspects of the seeding. It is possible to get Similar results from a Pro- 
gram by alwaygs getting it to use the Same set of random numbers but we will 
discourage this. 

We shall start with the simple command rand which returns a Tandom 
number between zero and one. Let us start with a Simple dice Program 
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办 
% rol11.m 
办 


function [number] = zol1() 
number = ceil(randk6+eps) ; 





which is called using 


办 
% mrol1 .m 
办 
for ii = 1:6000 
rr(ii) = zol1; 
end 
for j] = 1:6 
ii(j) = length(find(rr==]j)) ; 


end 
disp([” Mean ， num2str(mean(rTr))]) 





We include eps in case the value of the random number is zero，which is im- 
probable but possible. 
This prints the mean of the sample which is defined as 


1 V 
Z 三 一 ii 
7 各 


which should be given by 7/2, derived from 


Noutcomes 1 1 


1 
6 
2D(I 6 十 8 十 … 十 8 


2 


1 21 .1 
二 (1 十 2 二 3+4+5 二 6)= 一 =3=. 
8 十 2 十 3 十 4 十 5 十 6) 


We can also determine the sample variance as 


NV 
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and this can be determined for this case as 


6 
Z2 一 元 2 一 >》， ip(i) 一 元 ? 
i1 
6 
1 4 
二 
i1 
91 49 35 
一 一 一 一 = 一 久 2.9167 
6 祭 12 


It also gives the distribution of the values in the array which can be plotted 
Using bar(ii) to give 


1200 





1000 


0 由 则 
径 3 5 6 


HI we wanted the above experiment to investigate the effect of using two dice， 
we could modify the line within the for loop to read rr(ii) = TolL+Trol1; 
which yields the plot 


吕 


E 


井 











1000 














卫 xample 9.3 你 e cam use 奶 1s pyocess jor o 妇 er “gammes” Jor ?sta7ce toss2720 
Q CO771: 
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function [out] = toss() 
A = [headqds);?tails?] ; 


ceil(randk2+eps) ; 
= ACT,:); 





772s ca 雪 em be called 7ust Us2720 toss WARicP gemlerates either heads or ta7z1sS. 


There are various other experiments we could try to analyse but let us 
discuss other random number generators, or at least variants of the above. 


9.3.1 Normal Distribution 


The normal distribution has two parameters associated with it: the mean 
and the variance. The MATLAB command randn generates Tandom numbers 
which have a mean of zero and a variance of unity. We use the command X = 
randn(1,500) ; to set up the array and the command hist(x,12) to produce 
the plot 














We can now use the commands mean and va to analyse how close to the 
advertised values the random number generator achieves. 工 his gives 


>> mean(X) 


0.0702 


>> Var(x) 
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0.9873 


Usually we would have the data from an“experiment”but here we shall 
generate it from the internal generator. 


了 Example 9.4 Comszder 胡 e distripu 友 om of salaries W? 纪 meam of 20000 amd 
sta7dard deuiatiom of 上 3000.， Fow may People Would Vow ezZpect 如 jave 
Sala7ies 1 eZcess 0 22000 记 a group of 200 peopley 

人 re wse 如 e code 


DOo_experiments = 200 

for ii = 1:no_experiments 
zandn(1,200) ; 

Salaries = Xk3000+20000 ; 


number(ii) = length(find(salaries>22000) ) ; 
end 


mean (numnber) 





pzCR gaVe meamu (umber)=50.94，amd 矿 让 75 7epeated 52177031a7 Values QT7e 00- 
ta?zed. 下 715 Doss1ble to determ2i70e 妇 2s Value 方 om tb1es. 


9.3.2 Calculating Probabilities 


We note that the probability that a random variable X is less than a value 2 
where the random variable is knowmn to be distribputed normally with mean 风 
and variance a2,， and can be written as 


忆 (X 入 2) 2 ) e 


OV2T 
4 一 一 co 


(全 


IF 





Of course we can calculate this quantity using MATLAB (relatively easily). 
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Sig = 1.5; 

min_inf = -6kSsig; 
input(?Enter Z: ?); 

Clear X 了 


1inspace(min_inf,z,1000) ; 


length (Xx) ; 

X(2)-X(C1) ; 

exp(-((X-mu)/sig) .2/2) ; 

= (sum(f)-f(1)V/2-fGn)/2)*#h; 
prob = val/sqrt(2*xpi)/sig 





In this code we have used the trapezium rule and the fact that the rate at 
which the integrand decays to zero is proportional to a (and as such we set the 
lower end of the range of integration as 一 6c). We can use this code to work 
out confidence intervals. 


9.3.3 Permutations 


MATLAB has many other commands for this kind of operation but 记 also 
provides other devices which can be used for randomisation of lists. 


Example 9.5 Zetl Ws suWD1Dose 奶 aot WUe Wis 由 to produce Q 7amdo7m order27209 of 
态 e Joe ma7aes: 4uU7r，Beryl，Cayrol，Daisy amd 0i10. 


a [Avril1?; ”Bery1?; Carol:; Daisy?; Emily?]; 


LT = fandperm(5) ; 


a(Tr，,:) 





9.4 Maps and VVhite Noise 


We have already met incidences of maps (for instance page 91) and these can 
be described as taking a value Zn and returning the next iterate. 工 hey can be 
wiitten in a variety of ways but here we shall use the nomenclature: 


作 m 十 1 一.jxzn) 
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for a one-dimensional map. A fxed point ofthe map is defined to be zn = jznm). 
We can also consider repetitions of the map, for instance jzn)) where 7 .) 
operates on Zn+1. This is written as 户 (zn) and the mt iterate of the map 
would be written as 大 ( . ). In the case where j 普 (zz) 三 2 wesay that Zr is a 
fxed point of period 7 and the sedquence of points {Z*， (zj 一 1(z)} 
is the corresponding orbit. 


卫 xample 9.6 (Tent Map) e dejpne 胡 e Tent7map as 三 :月 一 月 ere 





jzicj 25 7007e CO7Ue7lMe1t 1or se 和 MA4714B. ITe mow use 如 e code 


function [out] = tent(a,X) 


out = ak(0.5-abs(0.5-x) ) ; 





了 fwe plot 奶 e results of us Qu 三 4: 


linspace(-1,2) ; 
plot(x,tent(4,x) ) 


Ph = gcai 
set(h,YGrid: ,0n?) 





te 几 QVUe 
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aa0 D7oduczg 矶 e secomd iterate (y = tent(f,z); DIot(ztent(f ,VD)) Ue 
九 QVe 











_16 1 1 1 1 1 
=-1 -0.5 0 0.5 1 兴 人 2 





7 思 jaoct ost Dotlts WU pe ezZpelled to 702045 3217at 思 bt some Dozat15 WU 7e- 

12007722，7jese aye 妇 e Jized po 好 .For ?sta7ce Do2 好 of period to Wi 15e om 

态 e ?tersec 胡 om of 坊 e 10es sowm 砚 机 e Drevious 用 guU7e ad 妇 e 10e 7 三 20， 
7712s ?1s Q VEe7V 74CP topzc jor 儿 7rther ImVes 友 ga 友 07. 
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We shall return to one-dimensional maps，but shall start by deriving a 
Simple two-dimensional map，which is written as 


Zn+l 一 帮 Zn oh)， yn+1l 三 9g(Zn on) 


This is a two-dimensional explicit map and can be used to simulate various 
behaviours depending on the forms of 矿 and 9. We shall start with the simple 
example of 

Z 二 y， V 王 一 0， 
where a dot denotes the derivative with respect to time， We shall use the 
Crank-Nicolson method to discretise this System and denote the values at the 
mth time level by the subscript m. The system becomes 











mi 二 1 一 尼 m mm 玉 2m 十 1 
全 冯 “ 

Zn+L 一 yn 生肖 尼 作 交 化 m 十 1 
4 和 2 


We can Wiite this as the matTrix System 


人 
生 工 2m 十 1 2m 一 人 
This can now be solved to yield the next point. Before we give the code for this 


Purpose we solve the system analytically. Multiply the first equation by Z and 
the second by Vy and then add them to obtain 





22 十 yy =0 


which can be written as 


This can be integrated to give z2 + 92 = C, which are circles of radius VC 
也 ence the initial conditions will give the value of C and then the points Should 
transcribe a circle. Notice 这 we use an Euler Scheme the inaccuracies in the 
Imethod soon become evident. 再 owever, using the following codes we camn track 
a point. 


儿 

% maps .mm 

儿 

function [f,g]=maps(X,y) 
gLobal dejt 


A= [1 -delt/2; delt/2 1]; 
= [x+delt/2*xy;i -delt/2*x+y] ; 
ANrhs ; 
V(1) ; 
V(2) ; 
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and 


儿 

% crmap .mm 

儿 

gLobal dejt 

delt = 0.05; 
X=0.5;y=0.4; 
noise = 0.0; 

Dop = 500 

po(1) = X+iky ; 
for it = 2:Dnop 


[xn,yn] = maps(x,y) ; 

xn = Xn+ ..， 
noisekSqrt(-2*xk1og(randq(1)))*cos(2*pikrand(1) ) ; 

yn = yn+ ..， 
noisekSsqrt(-2*xk1og(randq(1)))*sin(2*pikrand(1) ) ; 

po(it) = Xn+ikyn ; 


X = xnij y = yn; 
end 
plot(po,:.) 
axXiSs equal 





This gives the result: 





0.6 上 


0.4 上 二 


0.2 上 二 
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where we have used the array po as being complex. Hence it can be plotted in a 
straightforward manner using plot. The radius of the circle jg V0.42 十 0.52 ~ 
0.6403 (and this can be verified by typing max(real(po) )). In the above code 
we have introduced some noise (at the moment it is set to have an amplitude of 
Zero). This is two-dimensional Gaussian noise and its effect is to add difrusion 
to the system. With noise=0.01 we have: 





0.6 上 于 


0.4 











We could look at the noise purely in isolation. Here we consider a random walk 
using the simple code: 


x= 0.0; y= 0.0; 
noise = 0.05; 
nop = 50; 
po(C1) = X+ikyj 
for it = 2:Dnop 
y = y+noisek (Tand(1)-0.5) ; 
X+0O .1; 


po(it) = X+iky 


end 
plot(po) 





which yieldqs 
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0.25 T T T 





2 寺 


0.15 上 上 叶 


0.1 上 村 











The above is a very simple map derived from the Crank-Nicolson Scheme 
and does not exhibit any strange (that is chaotic) behaviour, put we could try 
the map 

Zn+1l 三 (Zn 十 yn)|1， yn+l 一 (Zn 十 2%nj|1， 


Which givegs 





0.8 上 本 


0.7 上 上 本 


0.6 上 时 


0.5 上 寺 


0.4 上 “ 


0.3F 过 


0.2F 可 
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This plot is given with no noise as the map (which is called the Baker map 
(Drazin Nomlimea7r 9ystems)) jg chaotic. This was coded using the MATLAB 
comImand rem So that the map part of the code is given by 


% mapb .mm 
function [f,g] = mapb(x,y) 
Tem(x+y,1) ; 


g = Tem(CX+2*xy，1) ; 





The function rem gives the remainder when dividing the frst argument by the 
Second. 


9.4.1 Modelling Discrete Systems 


There are many problems which require Simulation: this is largely because 
t is not viable to actually run the physical tests. 工 his covers things from 
experiments on aircrafts (which are too dangerous or expensive) to population 
studies and economic Strategies， 

We consider the example of two populations N and 忆 . The evolution of 
these co-existing populations are governed by the difference equations: 


Viail 一 re 一 < 产 


PH=N -ero)， 





中 


This is an example of a predator-prey model. 
This is solved Simply using the code 
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于 人 这 二 
Zeros (size(t) ) ; 
zeros(size(t) ) ; 
N(C1) = Tryklog(r)/(ak(T-1))+0.01; 
P(1) = log(r)/a; 
for j = 1:(Cnt-1) 
N(j+1) = zxN(j)*exp(-arkP(j)); 
P(j+l) = NGCj)*(1-exp(-akP(j))); 
end 
subplot(2,1,1) 
plot(t,N,o ,MarkerSize) ,12) 
title(2N values，) 
subplot(2,1,2) 
plot(t,P,，T+， MarkerSize ,12) 
title(?P values'，) 





In this code we have used the MATLAB command subplot which allows more 
than one graph to be added to a figure. The arguments are: the number of 
IOows, the number of columns and the position within that System. For instance 
Subplot (2 ,3,5) has two Tows and three columns and makes the Second fgure 
on the Second row the current fgure. he figures are numbered across the rowsS， 
So that“]1”ijgs top left and“6”is bottom right， 

The above calculation yields 
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N values 
1.55 T T T 《 攻 
1.5 O 〇 了 
〇 
1.45 上 划 
O O 〇 可 O 〇 
1.4 叶 
人 人 
1.35 GO ] 
全 | | 上 上 | O OO 上 | ) 
0 生 4 6 8 10 12 14 16 18 20 
P values 
0.85 T T T 
0.8 蛮 下 
0.75 上 了 
十 十 十 2 
0.7 了 
0.65 
人 
0.6 | | 上 | 上 | | | | 
0 人 二 总 8 10 12 14 过 18 20 


We observe that by changing the values of the equilibrium ampjlitudes slightly， 
the populations start to oscillate and eventually diverge from the values we 
start with. his would seem to suggest that this equilibrium is unstable. 


9.4.2 Periodicity and Chaos 


Here we discuss one of the most famous models of populations，which has an 
incredibly rich Structure. Consider 


Ar+i 一 作 ; 十 TV 人 1 2 由 ). 


This difference eduation has very different solutions depending on the values 
of 7. The new population Neyli is taken to be the old population Ne plus a 
term which is proportional to the term Ni(l - Na)，where unity is taken to 
be the optimal population. Notice that 让 Ar > 1 then the second term in this 
expression jg negative，and the new population is reduced. This is supposed 
to represent the idea of finite resources. 工 his model was posed by Verhulst 
and it is related to the logistic model. In the main we Shall consider an initial 
population corresponding to N = 17/10， 
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St = ”Please enter the ”|; 


input([str ?rate constant 工 :?]) ; 


input([str initial population N(CO) :7?]); 
input([str number of years nm :?]); 
1:1:Dn; 
zeros(size(t)) ; 
NGC1) = NO; 
for j = 1:(n-1) 
N(j+1) = NGj) + zxN(j)*(1-N(Cj)) ; 
end 


plot(t-1,N,，*# ,MarkerSize) ,10) 





工 his gives 


Columns 1 through 7 
0.1000 0.1900 0.3439 0.5695 0.8147 0.9657 0.9988 
Columns 8 through 10 


1.0000 1.0000 1.0000 


and as observed in the other notes the population tends to Unity，whereas 
when the rate constant 了 三 2.1 we fnd that 


N = 
Columns 1 through 7 
0.1000 0.2890 0.7205 1.1434 0.7991 1.1362 0.8112 
Columns 8 through 10 
1.1328 0.8168 1.1310 


So after an initial period the population tends to oscillate between two 
values，which can be seen by extending the Simulation to 100 years 
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Increasing the value of r further leads to higher-order periodicity, for instance 
7 一 2.5 gives 


1.4 





否 作 上 
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0.4 上 


0.2 上 
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which is a period four structure. Increasing it further produces structures which 


don' seem to possess any periodic Structures, for instance 了 三 2.8 gives 
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1.4 
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交 
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米 


0.8 上 有 二 米 必 米 米 米 了 


0.4 上 米 米 村 











100 


This has changed into a chaotic orbit: for further details refer to Drazin's book 
on Nonjlinear Systems or any popular Science book on Chaos, for instance the 
book by Gleick. 

We pause here and determine analytical results for certain values of the 
Tate constant 7. Firstly we determine the fxed point in which case Ni = 
and Using the eduation for Neili we fnd that Ni equals zero and one are fxed 
points (independent of the choice of ”). 下 we seek points of period two，we 
reduire Ni+2 三 Ni so that we have the coupled equations 


il 一 ri 十 TV 人 1 ee Ji) 
= Ni+7rNHid 一 Verl)， 


These can be combined to form a single quartic 
0 一 Ne 人 1 二 Ni) {1 十 (1 十 7F(1 一 Ni)) (1 一 Air)}， 


Where we have extracted factors of Ni and (1 -- Ni) since we know that the 
fxed points must also be solutions. The remaining quadratic has solutions 





一 7 十 2 十 
27 
This second pair of solutions is only real provided 7 is greater than or equal to 
two, and the System Undergoes what we call a bifurcation. Im fact at a higher 
value of7r period four solutions come into existence and this phenomena is called 
De7iod dowpb1700. For the case7 = 2.1 we fnd that the two points correspond 
appIoximately to 1.1286 and 0.8237. 
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Ags we see we can determine the values of the points within the orbit ana- 
lytically (sometimes): however here we present a method for fnding the values 
numerically using the Newton-Raphson method. Firstly we include a routine 
which returns the image of the point after m iterations of the map: 


4 map1og 
function [new] = maplog(old,r,D) 


for j=l: 
new = ol1dq+rkoldk(1-old) ; 
OoJ1d Dew; 

end 


input(Please enter the Value of 工 :?); 
starting_guess = input(?Please enter Starting guess ) ; 
”Please enter the period of the orbit Sought ， 


period = input(mns) ; 


maxits = 200 
tolLerance = 1e-10; 
delta = 1e-4; 

Starting_guess ; 
for its = 1:maxits 

erTr = maplog(X,z,period)-X; 

if abs(err)<tolerance 

breakK 
end 
erTr_dqx = maplog(x+delta,T,period)-(x+delta) ; 
X - delta*+kerTr/(err_dqx-erLr) ; 

end 
If itSs==maxitS 

disp([?No period ” int2str(period) ”point found ?]) 
elSse 

disp(?Orbit?) 

for j = 1:period 

disp (xy) 
X = maplog(Xx,T，,1) ; 
end 





The results of which for the two cases above are: 
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>> mapSsearch 
Please enter the Value of 工 :2.1 
Please enter Starting guess 0.82 
Please enter the Period of the orbit sought 2 
Orbit 
0.8237 


1.1286 


>> mapSsearch 
Please enter the Value of 工 :2.5 
Please enter Starting guess 0.58 
Please enter the period of the orbit sought 4 
Orbjit 
0.6000 


1.2000 
0.6000 


1.2000 
>> mapSsearch 
Please enter the Value of :2.5 
Please enter Starting guess 0.52 
Please enter the period of the orbit sought 4 
Orbjt 
0.5359 


1.1577 
0.7012 


1.2250 


Notice in the second case the program actually generated a period 2 point, and 
So an alternative initial guess was required. 
We can actually plot a diagram of the fxed points of this map using 
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C1] 工 
for 工 0:0.01:4; 
X = rand(1) ; 
% Remove transients 
for j = 1:100 
X = X+LT 米 X 冰 (1-X) ; 


end 


xout = 癌 ; 


for ]j 1:400 
X = X+L#X 水 (1-X) ; 
Xout = [xout xX] ; 
end 
pP1lot (Frkones(size(xout) ) ,xout，,:. ,MarkerSize? ,3) 
hold on 
end 
axis([0 401]) 





This gives: 





1 了 
0.9 上 上 
0.8 上 


0.7 上 上 





0.6F 


0.5 上 


0.4F 





0.3 上 汪 训 人 到 
0.2 上 本 


0.1F 5 











0 0.5 1 1.5 到 2.5 3 


and zooming in 
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0.6 上 人 











9.4.3 Random Motion 


Let us now congsider a particle in a box and ask the duestion of how likely it is 
to hit the east wall. We assume that the western wall repels the particles and 
that there is no vertical motion. In this case the position at a Subsequent time 
js related to the current Position by 


ZitH1 = 2 十 用 zz) 十 Noise， 


where jzZ) = KE/z2 so that the force away from the western wall at Z = 一 0 is 
proportional to the inverse of the distance Squared. The noise is given by *e 
times a random number between minus one and one. The eastern wall is taken 
to beatzZ=5andthe constant of proportionality for the repulsive force is 
不 三 0.5， with a noise amplitude of 1. 
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XO = 2.5; 
noise 


eagst_WwWallLl = 5; 
KK =0.5; 
DOo_experiments = 200; 


for ]j 1:Dno_experiments 
XO ; 
Steps = 0; 
While X<east_Wal] 
steps=Steps+1; 
X + kk./x?*2 + noisek(rand(1)-0.5)*2; 


st_store(j) = steps ; 





The result of one Simulation is given as 





12 T T 














0 10 20 30 40 50 60 70 80 90 100 


Running the code for two hundred experiments yields these results: 
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We can use the MATLAB commands mean and std to extract statistical in- 
formation from the experiments.， But perhaps the most helpful command is 
hist(st_store) which yields: 





70 T 


60 


50 


40 


30 


20 
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This shows how many of the runs took for instance above 100 steps to reach 
the eastern wal]. 
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9.5 工 asks 


Task 9.1 ZEmpter 如 e data 
又 一 {3,2,4;,5,6, 一 15,6,7,8,2} 了 =1{12, 一 6,3,2,0,1,4,5,6,7,8} 


ad calculate 太 e ea725s ad 70edza7s oj po 坝 dist770u 友 072.5， 妇 etr VQTVQ7TCe5s QQ 
妃 e cova7?ia7Cce ad co77ela 友 07. 


Task 9.2 5957ow 地 of 如 e coryelation7 of juo ramdomm va7iIables WARo are 7elated 
pb 态 e yelaiom 下 一 aX 十 0 05 give 0 52970(Q). 


Task 9.3 (#) 4 distribu 友 om cam be qua7m 友 ed 09 159jer-order oemts. 了 玫 7ite 
Q code to calculate 胡 e sKetwmess ad 如 e ku1tosis，dejirmed as 





QT20 





7esDectively. THese 7epyresent 妇 e Level oj sy7TTletry ad s1a7DTes5 Of 雪 e dist 杂 7- 
pb 万 07. 


We now revisit the topic of maps. We shall start with a one-dimensional 
map 上 :了 月 一 及 (which is read as: takes areal number and returns another 
one). We shall write the map as 


mn 十 1 一 jzny NI) 7 短 尼 


where Zn is the current value，Zn+l is the next one and /is a Parameter 
We have also restricted the values of m to be integers. In general we will only 
consider natural numbers: however you Should be aware that these maps can 
go backwards. The Parameter / can be passed through as an argument to the 
routine, map (xn,mu); or as a global variable (this is preferable if the value is 
unjlikely to change). The codes we will use for this are: 


function [xn] = map(Xo) 


gLobal mu 
xn = mukXxok(1-Xo) ; 





in conjunction with 
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0.25; 


map (xold) ; 





This example has been given for the map zn+1 = cz) = HUzn(L 一 2zn). The 
comimand glLobal allows the program to know the value of variables globally. 
Any routine which is going to use (or set) a parameter must contain this state- 
Iment. In the above example the variable is declared as global in main.m and 
then set，and when the routine map.m is run and the command glLobal mu is 
found it sets mu to be the value set within the main Program， 


Task 9.4 Rewrzite 态 e code mazm.1m to evaluate 奶 e maD 7070e 如 72e5 Qud 用 emuce 
5ta7t100 Jom 2Z1 三 0.25 qdeter7m2370e 210， 


The fxed points of this map are where xnew is equal to xold and are given 
by solutions of 
1 


2 三 HZ(1 一 2) 2 一 0or7 三 1 一 一 . 
几 








Sometimes we are interested in longer cycles, for instance period 2 points which 
are SUuch that Zn+2 三 Zn，wWwhere 
Zn+1 一 HZn(1 一 Zn) (9.1) 


Zn+2 三 ULZnHi(L 一 Zn+l). 





We can substitute Zn+l 位 om (9.1) into (9.2) to give 





Znm 一 Hon 人 (1 Zn)j(T 一 HUZn(1L 一 Zn))， 
which can be manipulated to give the duartic 


二 十 21 一 达 和 十 辣 吧 二 (性 一 1)zn: 





0 = 一 0Uaz 
We can find the roots of this using MATLAB code: 


mu = 0.4; 
co = [-mu”*3 2+kmu”3 -mu”2*+k(1+mu) (mu>2-1) 0] ; 


[r] = roots(co) ; 





Unfortunately this quartic only has two real roots，which are in fact the 
points for which zn = Znp+Hl (ie.2=0andz 三 1 一 1/ 内 .There are values of 
/for which there are real period 2 cycles， 
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Task 9.5 By ezZpe7z70e104729 Wz 志 如 e Value of nu 记 e above code ?dem 帮 太 
VQ1Ue jor WPzCJ 胡 ere ?5s Q 7eal Deriod 2 cycle ad 胡 em sjow 妨 ot 专 e po 好 OoccuT 
2 DQ27S 5220 妃 e code map .mn 


In order to find roots of higher order it is obviously impractical to perform 
this manipulation; we can use a root finding technique associated with the 
function 

Zn 一 太 (Zn AI) 
where the 7 denotes that the map has been applied 7mp times. The zeros of this 
function occur at the points of period 77. 

We can also use these maps in higher dimensions 三 : 及? 一 及 2 (which takes 
two real values and returns two further values)， 

Let us consider the example 


2Zn+l 三 Zn 十 Sn(zn 十 op) 





Wn+l 三 cos(zZn 一 yn)， 


We can evaluate the map using the code: 


function [xn,yn] = map2(xo,yo) 


xn = Xo+Ssin(xo+yo) ; 
yn = Cos(Xo-yo) ; 





in conjunction with 


Xx(1) = 0.2; 
y(1) = 0.4; 


for = 2:20 
[x(i),y(Ci)] = map2(CX(i-1) ,y(Cz-1)) ; 


end 





Task 9.6 CRamge 态 e above code 如 evaluate 妇 e Jrst 20 20ages of 雪 e Doz 妈 5 
(1/2,1/3) amd (1/5,1/5) wader 如 e 和 huence of 态 e maD 


Zn+1 = (Zn 十 2yn)|1， 
yn+1 三 (3zn 一 2yn)|1. 





Task 9.7 Comstider 妃 e 有 Epom 7aD， 


Zn+l = 一 Zn coS0 一 加 Sin0 十 2 sin 0， 





nl 一 Zn sinO0 十 on cos0 一 2 coOS 0. 
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jJor oa va7ie 怒 of values of 0 us2700 如 e code: 


0.34; 
sqrt(1-cosa ”2) ; 


:0.05:0.5 
= St ; 


:1000 
IIi+l1; 
= COoSakX-Sinaky+X`2#kSinaj 
= SinakX+COSaky-X~2#kCOSaj 
X = xni y = ynD; 
po(ii) = x+ikyj 
if or(abs(X)>10 ,abs(y)>10) 
break 
end 
end 
end 


plot(po,:. ,MarkerSize ,4) 
axXiSs equal 
axis([-1 1 -1 1]) 





T71j5 code set WD am 和 ial 7rake of Dot 好 7u7707209 方 o7m (一 0.5, 一 0.5) to 
(0.5, 0.5).，779 us2729 万 e zoom co7772072d to see 妇 e detaz15. 


盯 | 


ANathpematcalj jntroducbon to Natrces 


Matrices are objects which have special properties and there are a number of 
rules which must be adhered to in order to manipulate them in a consistent 
(and correct) manner. A_ matrix can Imost readily be defined as an 7 x 7 array 
of numbers which is comprised of 7 rows and 7 columns. For example，a two- 
by-one matrix (two rows and one column) has the general form 


(5 


Whereas a three-by-two Imatrix (three rows and two columns) has the general 


form 
Q 
EC 
e 上 
In these examples ab..., 丰 may be real or complex numbers. To refer to 


indqividqual elements of the matrix we use the notation aij to denote the element 
in the it row and the jh column. Using this notation the three-by-two example 
could be written in the general form 


Cl11 Q12 
CQ2,1  Q2,2 
Q3,1 QQ3,2 


Matrices for which 7 = 7m (so that the number of rows equal the number of 
columns) are referred to as sduaye Imatrices. 玉 7m = 1 then the matrix is simply 
a co1u710 Vector (as in the first example above). 开 凤 =1 (the matrix has only 
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one IOW) then we refer to it as a row vector. A scalar is simply a matrix in which 
both mn and mm are equal to one (that is, a one-by-one matrix). Throughout this 
text we will adopt the universal convection that both vectors and matrices are 
denoted by a bold font1l. In general we shall use Upper-case letters to denote 
Iatrices and lower-case for vectors. 


了 Example A.L1 玫 e spow 妇 e rows ad coluz725 oj a gemeral 如 ree-by- 妇 ree 70Q- 
























































厅 7 
一 有 27st 7OUU 
QQ bc 
QQ e 
9 灵 1 
一 ecomd 7o 
QQ 0D cc 
QQ e jj 
9 灵 1 
一 了 T7z7rd 7row 
Q 0D cc 
QQ e 
交友 
一 Fi7rst colu77270 
Q|D cc 
Qile 7 
9|1 17 
一 9eco7d colu77270 
Q C 
QIeli7 
9| 屎 | 1 
一 Tjz7rd colu7770 
QQ Dec 
QQ elji7 
9 灵 | 1 











1 Of course，other notations do exist， For example，many textbooks employ the 
notation of a single underbar for vectors 2 and a double underbar for matrices 4. 
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Of all the operations which can be performed on matrices one of the simplest 
is that of transposition (or taking the transpose of a matrix); this operation is 
usually denoted by a subscript 全 or a prime '. 玉 A is mby-mmn then 也 = A7 is 
70-by-7 有 ,Where the elements of B are defined by 
lb 


1 一 Qi 1 一 工 了 三 上 7 


) 


the transpose is thus obtained by interchanging the rows and columns of matTix 
A to give the matrix 也 = A7. If the matrix A is square then the operation 
of taking the transpose is equivalent to a reflection in the leading diagonal 
(which runs from the top left corner to the bottom right). Matrices for which 
AL = A are referred to as syrmmmetric and those for which AL = 一 A are amz 帮 - 
5V1T21etyric2. In the case of three-by-three matrices the general symmetric and 
anti-SyImImetric three-by-three Imatrices can be written aS 


QQ D cc 0 D cc 
Asymm 一 D ad e and Aanti 一 一 b 0 如 
C e jj -cC 一 e 0 
where ab .EC Weremark that 计 the complex conjugate transpose of a 


Imatrix (with elements ai) is edual to the matrix then it is called 五 ermziztiam 
and 计 志 js equal to minus its complex conjugate transpose then it is referred 
to as SFe 万 er7700 友 070. 

We pause here to state that A = B imnplies that oa 三 wj for all the 
elements of the matrices， whereas A 震 only requires that ai 夭 by for one 
pair (? 刀 . 


Example A.2 Deter7rnzzme 胡 e 1 困 Q10sD05ses oj te jollowz72g 70atryces: 


工 
工 4 7 
(3 (0423 


ThAe so1u 龙 o75s a7e 


7 
2 3 
0 2 
2 3 


1 -4 4 1 2 3 
二 3 | 2 | ， 2 0 2 
7 4 3 3 2 3 


Volice elements om 妇 e /eading diagomal， 轨 at 15 elements of 如 e jorm aii，7e- 
7020772 72CRa720eQ 0 杂 a705D05?07. 7 太 e Jal eza7aDle 妇 e 杂 a725D05e 15 equal to 
刻 e o77927201 700172Z ad 妇 erejore 奶 e TatyrZ 45 5V10TT0et77C， 

2 Note that the diagonal elements of anti-symmetric matrices must be equal to zero. 


This can be seen by setting1i 三 7J in the relation ai 三 一 ji Which is only true 让 
Qii 一 0). 
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The usual arithmetic operations of addqition, subtraction and multiplication 
also apply to matrices, 百 owever，there are now several additional rules (or 
constraints) under which these operations can be performed on two (or more) 
Iatrices. These are outlined below, 


Addition and subtraction: two matrices can only be added together ifthey are 
the same Size (that is, they have the same number of rows and the same 
number of columns). In this case the operation of addition is performed 
element by element. FEor example, 让 A,B are both mn-by-7m matrices then 
C=A+Bis deftined as the matrix with elements cij = ai 十 书记 人 
similar rule holds for subtraction. 


Scalar Imultiplication: Imatrices of any Size can be multiplied by scalars. The 
Imultiplication is performed element by element so that C = AAA where 
Ci 一 入 Qi 


Matrix multiplication: in order to multiply two matrices A_ and B together the 
number of columns of A_ must equal the number of rows of 吾 . TIo perform 
the multiplication we“multiply”the first row of A by the first column of 
也 , multiplying the first element of each together and then the second ones， 
etc, and finally adding up all the results. 工 his gives the element in the top 
left hand corner. We then proceed to Imultiply the first row by the second 
column in the same manner (and put the result in the first row，Ssecond 
column). Mathematically this can be written as 


7 
Ci 一 》 Qi KDJ 4 一 1 7 了 三 1 ……，D， 
天 一 1 


where A is -by-7m and B is 7-by-Dp. Then the answer C is m-by-7D. 


This rule for matrix multiplication highlights one of their important Proper- 
ties，Dnamely that the order of multiplication is important. In this example， 
with A an mby-mm matrix and 也 an 7m-by-Dp matrix, the operation “A 万 Ines 
也 ”is definedq. However,， the operation“B 她 mes A”(that is，pre-multiplying 
Imatrix A by matrix 也 ) is not defined unless Dp = 7. Even 让 Dp = in gen- 
eral AB 和 关 BA. This is equivalent to saying that, unlike scalar multiplication， 
Imatrix Imultiplication is not commutative. 


了 Example A.3 玫 e demomstrate 奶 ese comcepts bp am ezZa72DVe 7200LU27209 加 0 
如 0-b9-b0O 70Qt7LCces， QT0e1V 


ao 9 1a DC 
A=( ”) oaB=( wo 


A. A Mathematical Introduction to Matrices 327 





7Tjpe sw C 三 A++ 了 BY5s determized as jollows.， Forsty 妇 e element cl1 375 
obtazeQd DV addz0g 妨 e coyryespomd272g elements 人 A and 也 so 态 0 


en 


Vouw jor 她 e cl entry (the top rigjt elemzentb: 


Ce 


8927001a710 Jor cl ( 妃 e bgottomm 1e 此 elemme7z 


( 自 信 (和 人 -人 人 人 


a12d ral110 Jor cz 2 ( 纪 e bottorm 7igpt elemzemt We Pave 
Q Q 1 wa 十 Qa 十 COC 
所 加) 属国 ) 2 


卫 xample A.4 47 ezamaple of 7paUlbDlicatom oF bo to-py-tuo 7natrices Wi 









































































































































Se1VUe 10 129 有 91t 太 e dzrerences petueen addz 训 om ad TULtDLica 友 om Oo atr7- 
ces.， Comsider 如 e Tatyrzces 


ao 5 aa CC 
A=( ”) oaB=( 由 


BV ouw7 earlier 7ule 妃 e productC 王 AB ?is dejmnead amd ?5s deteryrnazT2ed as Jo1lows. 
Te start Wi 太太 e top le 下 entry， 7a7n0ely cll (formed 0 7nULbpD1i79 成 e 万 st 
70U of A 0 态 e jst colurm or 也 ) 


( 呈 )G)-(sm  ) 


710U 态 e top 759gpt emitry，7Q70e1V cl2 (wjicP 03 Jormed 5 7PaUD10i09 雪 e 万 st 
7roWw oj A 59 雪 e secomd coluz7270 of 也) 


Q aj0N (axa+bxTy |axB+Dx0 
C 人 则 攻 

































































忌 | 心 
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1e2Zt 胡 e bottom le 大 entry，7a70e1y cz1 (WwW1cJ 2 Jormed 0 7nU1bp1i709 态 e 
Secomd 7r0U of A py 妇 e jirst cofu7n70 or 也) 


Q a | 8 axa++bDx7y axB+DXx0 

c d y|6)/ WUlcxa+dx7y ) 
a72d 2Q11 刀 e botto7m 7591t eltry， ae1y cz.2 (WA 25 Jormed 5 70aU1DLVi709 
刀 e secomd 7row of A by 态 e secold cofurnm or 也) 


Q al60N axaw++bDx7y axB+DXx0 

c y|6 WUcxa+dxy cx6+dx5l 广 
胁 general to calculate 胡 e cij entry We 7nal6ip1y 态 e 识 row of 雪 e st at 他 
A 好 万 e 各 cofurnm of 万 e secomnd natriz 也 terrm py term. 

































































了 Example A.5 Calculate 妇 e producl AB of 如 e matrices 


1 一 1 一 2 
A=-(n ) ) maB=( 证 外 
Vs200 太 e me 奶 od give 妃 圾 e Drewious eZa7T2DVe 
AB 一 1 一 1 一 2 1 
0 3 4 一 2 
(1x(-2)+(-JJx4 1x1+(-1 x(-2) 
NOx(-2)+3x(4 0x1+3x (一 2) 


1-6 3 

加 12 -6 / 
(政和 wo7 雪 practisj29 胡 ese _ calculation5s; 杂 y calculating 万 e product 也 A yov7- 
Sel 0 ]a7d.). 


We now turn our attention to matrix Imultiplication in which the matrices are 
Dot necessSarily square. 


Example A.6 Comsider 如 e matrices 
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Coalculate 态 e quantities: AB, BA, A+B7 AC, ATC, 3C 上 +2(AB)7 (AB)C 
ad jally A (BC)，wpere Dossible (amd 矿 mot state 妇 e reasom WARy 雪 e calcu- 
la 万 oms ca7i00t be Derformed). 

Te spall start (for 态 e jst couple of eza7mmples) 9 D7ouid2729 用 11 so1uto725 
ad 妇 ereajter TUst 91Ue asWEe7s W? 坝 a 7 OF zter72edzate steDps. 090， 


一 业 了 
3 0 一 | 
AB=( 9 | 3 5 





-2 0 
(3x(-H+0x3+(-HDx(-2) 3x7+0x5 十 (-1J x(0) 
引 4)x(-1) +T2x3+2x(-2) (人 | 
人 | 
6 -18 
.21720407 
二 | 
3 0 一 | 
BA = 3 5 
本 生 2 | 





1x3+7x(-4 -1x0+7x2 -1x(-]) 十 7X2 
一 3x3+5x(- 和 和 3x0+5x2 3x(-H+5x2 
2x3+0x(-4 -2x0+0x2 -2x(-J 二 0x2 














一 31 14 15 
一 | -1 10 了 
-6 0 2 


有 下 2s70tD0551ble to DTe-70aULbD1 70at7 A VC sce A 15 10-b9- 妇 ree ad C 15 
to-by-tuo, so 坝 e 名 mer di7aemsioms do mot agree ( 雪 ot 55 雪 e secomd di7m2ems1o7 
of 雪 e jirst 7natriZ and 妇 e Jirst diaemsiom of 如 e secomd matri are derentb. 
For 雪 e mezt ezaaDle ATC We obserue 雪 of AT 18 坊 ree-bgy-tuo so 雪 ot 成 e jnmaer 
qz72e7.51075 Qg7ee QQ 几 e71ce 胡 e calcula 友 0o7 45 Do05s5s101e， 全 e obtaz 


3 一 4 10 12 
AT7LC = 0 2 本 ; LE -2 一 6 
三 二“ 汉 三 本 三 人 
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7T7je ez2t eZa71DVe 7reguWzires 5Scala7 92L1zDlzca 友 0 ad 胡 e Use of 如 e jirst of 如 e 
TesuUlts 纪 圾 ?5 eZa12D1e; We 几 QVE 


sC+2(ABJT=3( 二 本 
加 人 
” \-3 -9 42 -36 几 
4 12 
 \39 -45 广 


TPRe jnal io calcula 友 0o75 Se7Ve to demomstrate 奶 ot 70at73 001tD1ica 友 om 75 
Q550ciatiuve, 妇 aot ?5 Jor 如 hree matrices A,B anda C, A(BC) = (AB)C. (Voice 
态 ot 妇 1s does mot comsttute au Jormal proof ) 


Cpc 人 儿 1 3)-( 3 到) 


470 10Uw 太 e jal eza7m0Dle 


-1 7 
3 0 -1 2 0 
3 
(30 = 1 区 1 -23 -63 
人 0 


了 胡 ?s ezZa12D01e We see 胡 at 胡 e yesutt of 坊 e YUlbplicatom BA 7s a 如 ree- 
0-t 妈 ree 700t72Z， 有 Tt 态 er enDjas151720 矶 e jacl 态 oi AB ?5s mot Tecessa7zly equal 
to 也 A. 7 sommne cases 让 700V Oot eve be Dos5s1b1e to Derjorm 妨 ?s seco7md 7TLULL- 
训 Dlica 友 072，77155 ezZa72DVe SerVes to demomstate 矶 at 70atr22 70ULtDUzca 友 om 715 
0Q550ciatiuve (志和 A(BC) 三 (AB)C)， pt 和 25 1o 坟 名 ge7eral，co7270Lta 友 UVe. 
下 2s also Q 5?712D1e Iatter to sow 雪 Qt70atr2Z 90L2DLca 友 07 15 distr7b2 胡 UVe， 太 0 
05A(B+C)=ABT+AC Jorany treematrices A,B anad C jor whicin 妇 e 


7T001722 IltDL5ca 友 0725 QTe De77704tted. 


A.1 Special Matrices 


There are two special matrices that we will make use of often within the text and 
we introduce them here. The first is the zero matrix, which we will denote by 0. 
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This is simply a matrix whose elements are all equal to zero3. Not Surprisingly， 
the zero Imatrix has no effect when it is added to another matrix (of the same 
sizej. So A+0=A=0+A.Wewil make use of this matrix to initialise 
Imatrices in preparation to assigning answWers to a InatTix. 

The second important matrix we will have call to use often with the text is 
the ?identity (or un 坟 matrix，denoted by 工 The identity matrix 工 is a 7-by-7 
Imatrix whose elements consist of 1s (ones) along the main diagonal and are 
ZeroO eveIywWhere else. For example, the three-by-three identity matrix is given 
by 

1 0 0 
I=|0 1 0 
0 0 1 
Multiplying a square -by-m matrix A by 工 has no effect: 


AI 


| 
芝 2 
| 
一 
芝 


A.2 Inverses of Matrices 


The inverse of a matrix，written as A-1l, is defned as the matrix which when 
pre- and post-multiplied by the matrix A produces the identity matrix 工 


A-IA==AA-L= 工 


Only square matrices can have an inverse but it is only a subset of all square 
Iatrices for which the inverse exists. The existence of the inverse of a matTrix 
(that i8，whether the matrix is invertible or not) is intimately linked with the 
determinant of the matrix. We introduce this，and many other Properties of 
Imatrices, in Chapter 6. 

The utility of the inverse of a matrix is best Seen when solving Systems of 
equations. An example will serve by way of ilustration. 


了 Example A.7 Comsider 妃 e systemm of sinUltameous equa 友 0705: 


21 十 Z2 王 3， (A.la) 


3 Of course, we could include the dimensions of the matrix by writing 0 to denote 
that it is an 7-by-7m matrix. We will adopt the convention in the text that when 
we refer to the zero matrix we are taking a matrix of the appropriate size required 
for the operation. 
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7Pese equatio7s ca be Solued 5729 CO7Ue7 友 0O704 70e071S8，To do 如 zs We rst 


suUbtract (4.1a) jhom (4.10) to give 
2Z1 十 202 一 (Z1 十 Z2) 一 5 一 3 

07 

2Z2 一 2， 
QQ 10OUW SUDS 友 tt72g bacF 27to etitper equationm (et us Use (4.1a)) we have 

2Z1 十 2 一 3 

7ZC 及 97VUES 

21 一 工 . 


Te cam Jst as easig Write 矶 e systemm (4.71) as oa 7nat 杂 红 edqua 友 oO7 
1 工 化 1 3 
业 - 沁 化 2 人 5 


Ax 一 b. 


O7 Q5S 


TV 70a1tD10229g ou 雪 e Ta 杂 纪 edquaio7m to check you get (4.1a) and (4.710)， 
忆 lementary 1inear algebra sjPouws 成 at 态 e sofutiom 2 given 8 A-ib，whpich cam 
be Written 科 M4T74P as inv(C4)xb or 人 b. 7T7He operator \ detery7nie5s 妇 e 
efrectl of pauiDLWi009 0 胡 e JUe7se of 太 e jirst arguaent om 妇 e secod，Wwz 雪 oz 
eVUE7 co715tVUCt00 记 e ?0Uerse. TPRe code jor 如 is ezZa7Dle WouUld be: 


>>A= [11;12]; /Initialise the matrix 人 
>> b = [3; 5]; 4 Initialise the Vector b 


>> 式 inv(A)*b %Y Determine the Solution Vector 式 


Bejore we pyoceed We 10 如 饥 e pyeuious 如 ree es of 4774PB code eve7y- 
态 19 aKer 胡 e percent 5190 务 33 tlen 0 4T74PB to pe ua comment Com- 
12e1045 are Q USejhl way of makiag VoU7r ML4TZ4B code readable 0 5o 雪 you 
Qmd others. 

ffe cam cpecp 妇 e asWwer Jromm ou7 7001Z co1DUta 友 0 0 怒 DZ729 4x2D，WRZC 及 
Sould be equal to 5. 
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了 Example A.8 Deter7rnzime 妇 e Vector X WAzch satlisjes 奶 e _ equation AX = b 


也 用 e7e 
二 :分 3 4 5 
4 3 人 .二 10 
和 二 | 二 
--1 1 -1 1L| 20 


Te enter 妇 e matr A and vector b directioy 52009 


>> A= [123 4; 
4321; 
10-=-10; 
-11-=-11]; 

>>b= [5; 10; 15; 20] ; 


(Note We hphaue sed 雪 e 如 ree dot … (or ellipsis) 如 和 dicate 加 1M4T74 态 qt 
胡 e ?DA 02e Com217206e5. 天 25 good D7actlise to ave Q sDace bejore 如 e do 好 s 0 
太 e end of 雪 e Je.) THese results cam 奶 en pe Used to jorm X: 


>> inV(A)*b 


3.2500 
4.5000 
-11.7500 
7.0000 


Ts 5o1u 友 om Was obtaizued 0 co7zsi1de77729 妃 e equationm AxX = b amd Pre- 
7012D1037209 eacP side D9 专 e Joerse of 雪 e matriZA (we jave deliberately chosem 
A so 如 at its inuerse ezZis 好 ) 7T1is giles AIAX=A-ib btaoe recall From 态 e 
dejipiom of 态 e 各 Verse 矶 of A-1IA = 工 and 态 of Ix = X. 古 ence We jave 如 e 
solutio xx 一 A-lb. 


已 


GO/jossary of Usefulj 1erms 


This appendix is provided purely as a guide. MATLAB has a very informative 
help feature help command which is Supplemented with several other features 
Lookfor maths. You can also access the help files on the web helpdesk. 

This appendix is broken down into: 


-arithmetic and logical operators 
一 Symbols 

一 plotting commands 

-general MATLAB commands 


了 B.1 Arithmetic and Logical Operators 


+，- Used to add or subtract variables of the Same Size together，whether they 
are Imatrices，Vvectors oOT Scalars. 


[1 2; 3 4] ; 
ones(2) ; 
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LI is also worth noting that these operations will add (or subptract) scalar 
duantities from matrices. For instance': 


ones(3) ; 
Ar+2; 


3 - 人 ; 





This produces a three-by-three matrix full of threes in B and a three-by- 
three matrix full of twos in C. MATLAB will complain ii these operations 
are not Viable. 


k，/ Used to multiply or divide variables as long as the operation is mathe- 
Imatically viable: 


半 3.2 
2.3 
[1 2; 3 4] ; 
ones(2) ; 
B 
B 





The last two operations give AB and AB-1!. Notice that the multiplica- 
tion operation is only viable if the inner dimensions agree: the number of 
columns of the first matrix must edual the number of rows of the second. 


L can also multiply (or divide) matrices by scalars: 


ones(3) ; 
A/3 ; 


人 A#4 ; 





These commands give B as a three-by-three matrix full of 1/3”s and C as a 
three-by-three matrix full of fours. 


. This binary operator allows one to perform multiplication calculations el- 
ement by element on arTrays of the Same Size. 工 we consider the vectorSs 
X 一 (Zlzo23)24) and y = (ya,y3W). Then the calculation X.*#?y 
gives (Z1V1,22V2,Z3y3, 2Z4V4). Notice that both x and y were Tow Vectorg 
of length 4 and So is the answer. Let us consider the example: 
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This does the calculation element-wise and gives the result: 


2 4xl 3x2\、 1/(4 6 
CN2x3 1x4/ \ 作 64 和 广 
This command can also be used on values which are scalars, so for instance 


A = ones(2); B = A.*2; gives B as a ImatTix full of twos， 


The most common use of this operator is again in the construction of 
functions. 


1:5; 
X.#Sin(x) ; 


(3*xX+4) .k(X+2) ; 





This gives usXx= [12345] andthen: 了 =ZsnzZevauated at those 
points, ij.e. [sin(1) 2*xksin(2) 3ksin(3) 4*ksin(4) 5*sin(5)]; and 9 王 
(3z 十 4)(z 十 2) at the points. Notice it is not necessary to Use the operator 
. When calculating 3*#x Since 3 is a SCcalar. 


./ This binary operator allows one to perform division calculations element 
by element on arTrays of the Same Size. 开 we consider the vectors X 一 
(Zl;zZz2;273,24) and y = (Way4)，then the calculation X./y gives 
(Z1/U1 Za2/ya,Z3/V3a, 24/4). Notice that both x and y were IOW vectors of 
length 4 and So is the answer. Let us consider the example: 





工 his does the calculation element-wise and gives the result: 


Ra 


This command can also be used on values which are scalars, so for instance 
A = ones(2); B = A./2; gives B as a matrix full of halves. 


心 | 亚 Mo 


The most common use of this operator is in the construction of functions. 
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下 5 
X./sin(x) ; 


(3*#X+4) ./(x+2) ; 





This gives us xX= [12345] andthen: /= z/snz evaluated at 
those points，i.e. [1/sin(1) 2/sin(2) 3/sin(3) 4/sin(4) 5/sin(5)]; 
and09g 三 (32 十 4)/(z 十 2) at the points. 


We can use this command where either of its arguments are scalars (in fact， 
it is necessary for this example). 


[12345]; 


2./xX 





This gives [2/1 2/2 2/3 2/4 2/5]. This construction is useful when 
Working out functions of the form jz) = 2/z. 


This binary operator allows one to perform exponentiation (Taising to a 
power) calculations element py element on arrays of the same size. If we 
consider the vectors X = (zl1,2Z2,23,24) and y = (Way4)，then the 
calculation xy gives (Z 人 7782 792 人) Notice that both x and y were 
TOW Vectors of length 4 and So is the answer. Let us consider the example: 





This does the calculation element-wise and gives the result: 


让 
NA2 1 81/ 


This command can also be used on values which are scalars, so for instance 
A = ones(2); B = A. 2; gives B as a matrix full of ones (that is one 
Squared)， 


The most common use of this operator is in the construction of functions, 


.53 
X.”~(x+1) ; 


(3#X+4) .~X; 
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This gives usx= [12345] andthen: /=zzf+levaluated at those 
points, ji.e. [1`2 2`3 3` 4 4”5 5`6]; andg=(3z 十 4)7 at the points. 


As with the operator '…./”we can use this command when either of its 
arguments are SCcalars. For instance: 





This gives y=[2 122 2 3 2` 4 2 5] andz=[1 2 2 2 3 2 4 2 5 2]. 
\_ This works out the effect of pre-multiplying by the inverse of the first ar- 
gument on the second argument. So 让 we want to solve the set of linear 


eqduations represented in the matrix edquation Ax = b, we need to construct 
xx 一 人 -lb. 





This solves the set of equations: 


开工 村 272 于 交 
321 四 轴 472 三 沿 : 


1 2 2 
人 


= 二 Checks equality， rather than sets edqual. This is usually exploited within 





by defining 


with X 一 (Zl)2Zo) 工 
logical statements with Scalars: 
if == 


disp(” 1 is Seven ，) 
else 


disp(” 1 is not seven 2) 


end 





This can be used in other forms: x = 1:12; mod(xX,3)==0. This gives the 
Output: 


340 B. Glossary of Useful Terms 





that is it is true provided the corresponding element of x is divisible by 3. 


~ 三 Checks not equal to. Again this is mainly used in logical statements with 
SCalarS: 


if i=7 
disp(” 1 is not seven 2) 


else 
disp(” 1 is equal to seven )?) 
end 





This can be used inline x = 1:12; mod(x,3)~=0. This gives the outpnut: 


that is it is true provided the corresponding element of x is not divisible 
by 3. Note: great care is needed with this command Since the Simple order 
change to y=~xX Imeans set y edual to not(x). 


>，>= Checks greater than and greater than or edual to. Mainly used with 
SCcalars within logical statements: 


IE I>7 
disp() 1 is greater than seven )) 
end 


if 1>=7 


disp(” 1 is greater than or equal to seven ) 


end 





Can be used for an array X = 1:12; Xx>7 which gives 


whereas xX = 1:12; x>=7 gives 
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that is the second one is true for Z 一 7. 


<，“《“= Checks less than and less than or edual to. Mainly used with scalars 
within logical statements: 


if ii<7 
disp() 1 is less than seven )) 
end 


if 1i<=7 


disp() 1 is less than or equal to seven )) 


end 





Can be used for an array X = 1:12; x<7 gives 


that is the second one is true for Z 一 7. 


all1 This returns a value of true 让 all of the arguments are true: al1(X. 2>0) 
would be true (Provided all the values of x are realj;jx = 1:12; al1(x>0) 
Would give true Since all the elements of x are positive， 


and Boolean operator for and can also use &. This is true only 证 both its 
arguments are true. 


if and(x>7,X<9) 


disp(” XxX is between 7 and 9)) 


end 





This can also be wiitten as x>7 《 xX<9 and can be applied to arraySs，SO 
thatx = 1:12; and(x>7,x<9) gives: 
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any This returns a value of true 让 any of the arguments are true: any (X<0) 
would be true 这 any of the values in the vector X are Strictly negative; x = 


1:12; any(x>10) would be true Since Some elements of x are greater than 
10. 


find Provides a jlist of integers when the condition is true， for instance X = 
1:10; [i]=find(x. “2>26) ; gives the locations i=[6 7 8 9 10]. 


not Negates logical variables，can also use ~. This can be used to turn true 
into false and vice versa, So that 


if not(x>=7) 


disp(” X is not greater than or equal to 7)) 
end 





This could also be written as ~ 人 (x>=7). This can be applied to arrayS，SO 
thatx = 1:12; not(x>=7) gives: 


or Boolean operator for or can also use |. This is true provided one of its 
arguments iS true. 


if or(x<7,X>9) 


disp(” X is less than 7 or greater than 9)) 
end 





This can also be written as X<7 | x>9 and can be applied to arraySs，SoO 
that xx = 1:12; or(Cx<7,X>9) gives: 


Xor Exclusive or. This gives true 过 one of the values is true and false 这 they 
are both false or both true. 
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gives [0 1 1 0]. 


We note that this can also be done for or and and. 


也 .2 Symbols 


.Used to link lines together (but cannot be used within a string): 


1:10; 
X. ”2+SqTt(x. “2+1) 


+ CoSs (X) ./xX; 





This gives the function 上 = z2 二 Vz2 十 1 二 cosZ/z at the values from 7Z 
eqduals 1 to 10. 


4 Means the rest of the line is a comment. It also has special meaning at the 
Start of a code. It can be very useful for eliminating the execution of certain 
lines of a code. 


This code calculates the Value 
of X times Sin(Xx) 
= X.#kSin(Xx) ; 


and the Value of cos(x”2) 


= cogs(x.”2); Y where xx can be a Vector. 





HI this code was saved as mycode .m then typing help mycode would pro- 
duce: 


This code calculates the Value 
of X times Sin(Xx) 
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; Used at the end of a phrase to Suppress output. It can occur at the physical 
end of a line or at the end of a set of commands. 


ones(2) ; 


ones(2); c = ones(2) ; 
ones(2); qd2 = ones(2) 





This code will set up the two-by-two matrices a, b, c, dl and d2 full of ones. 
LI will only report on the initiation of d2 since this phrase is not concluded 
with a semicolon . 


L can also be used to end lines within matrices (enclosed within pairs of 
square brackets) 


A= [12; 34]; 


工 his gives the matrix 
业 2 
A = 2 
(as 


(Note that the semicolon is used in both its incarnations here.) We note 
that both uses of the semicolon correspond to the end of the Phrase: 让 
is merely that the square brackets are Unbalanced in the latter case So 
MATLAB knows that ti going to read the next line of the matTrix. 


: Used to delimit values when setting Up a vector and also to refer to entire 
IOWS OF columns of matrices，VWVhen setting a IOW vector there are two 
SyntaxXxeS: 





The first of these commands sets Up an array from 1 to 12 in steps of 
unity (and is equivalent to 1:1:12) whereas the second array Tuns 位 om 
1 to 13 in steps of 2，thus it yields [1 3 5 7 9 11 13]. 工 he syntaxes 
are a:b (an array from a to a value not exceeding b in steps of unity) 
and a:h:b (an array from a to a value not exceeding b in steps of hbh) 
(see also linspace). Note that h can pe negative 11:(-2) :1 gives [11 9 
7 5 3 菇 .We note that the length of an array set Up using a:h:b is not 
(一 oa)/R (presuming that this is an integer), but (2 一 aq)/ 疡 十 1. For example 
0:0.1:1 has eleven points [0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
1.0] rather than ten. This dimension can be determined using Length. 
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The second use of this symbol allows reference to all viable values of a row 
OF column, 


A(1，,:) First row of 人 
A(: ,2) Second column of A 
A(:，:) Whole of A. 


A(:,1:2) First and second columns of 人 
A(1:2:3，,:) First and third rows of 人 
A(1:2,1:2) Top left two-by-two corner of A 





and to separate elements of matrices on a particular line 


A= [1,2,3,4;5,6,7,8] ; 


It is also used to separate arguments of functions 


Xx = 1inspace(0,1,200) ; 


” ” Used to surround strings and for passing arguments to various functions: 


= ”Do robots dqream of electronic Sheep7?， 
1:12; 


2 
plot(x,y, :LineWidth，,2) 





See the comments on pl1ot below. 


”Gives the complex conjugate transpose of a matTrix. 开 the -by-7m matTix 
A has elements aij then B = A is -by-m and has elements by 一 0 
(whereie {11 ,mm and7e{1 ,7m). 


米 


JJ 
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[1+2x*xi 2-1; 3 4+i] ; 


有 ; 





This gives 
1 一 2 3 
也 三 
2 二 1 4 一 ! 】 
.” Gives the transpose of a matrix. 开 the m-by-7m matrix Ahas elements ai 旋 


thenB = A.， is 7n-by-m and has elements bj) = aii (wherei ee {1 ,7 
and7 ET{1L 7). 


[1+2*xki 2-1; 3 4+i] ; 


= 人 .|; 





This gives 
B ] 十 2 3 | 
2 一 4 二 1 
It is better to use this form rather than Aunless you are concerned with 
issues of complex matrices. 


(space) Can be used to separate elements of matrices, as for the commai but 
cannot be used to separate commands. 再 ence we can Use: 


[123;456]; 


[二 3 





The reason that (space) cannot be used to delimit commands is that 这 
can occur naturally within a command, for instance a = 2 which is used 
rather than a=2 merely to improve the readability of the code. 


decimal point - This can be used firstly as the mathematical decimal point: 
3.145 or 567.3245. It is also used to punctuate fle names into two parts: 
an identifer (descriptive of the contents of the code, or its function) and 
then the fle's type (.m，.mat，.dat or .fig). For this reason you should 
only have one '… in each number or flename. 


[ ] used to enclose elements of a vector or matTix: 


[123567]; 
[1 2 3; 
3 4 5]; 


[Vector array， ， of strings?] ; 
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These brackets should balance. 
( ) used to Surround mathematical expressions and lists of arguments for 


functions: 


X= 1:12 
1./(x. ”2+1) ; 


X.kSin(y) ; 





Again these brackets should balance. 


也 .3 Plotting Commands 


Before we start this section we need to discuss the idea of a handle. This is 
essentially a variable which allows us to access properties of an object. 


>>X= 1:12; y= 工 “2; 
>> h = plot(x,y) 
>> get(h) 


Color = [0 0 1] 
EraseMode = normal 


LineStyle = - 
Linewidth [0.5] 
Marker = none 

MarkerSize = [6] 
MarkerEdqgeColor 


auto 
MarkerFaceColor = none 

XData = [ (1 by 12) dqouble array] 
YData = [ (1 by 12) dqouble array] 
ZData = [] 


ButtonDownFcn = 
Children = [] 
ClLipping = on 
CreateFcn = 

DeJeteFcn = 
BusyAction = queue 
HandleVisibiIlity = on 
Interruptible = on 
Parent = [3.00012] 
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Selected = off 
SelectionHigh1light = on 
Tag = 

Type = 1ine 

UserData = 

Visible = on 


The variable h allows us to access all of these commands，which can be changed 
using the command set, for instance set (h, :MarkerSize， ,10). 


axes Used to initiate a set of axes 


figure(1) 
Ph = axes 


figure(2) 
hn = axes(position,[0.2 0.2 0.6 0.6]) 





The first command yields a ful window set of axes with default ranges. 
The second command gives a reduced set of axes: 








in the centre of the window of dimension 0.4 times the window width and 
height. The attributes of the handle can then be used by get and set. 


axis In plots used to set the range of the plot, the argument is a row vector of 
length 4 (for two-dimensional plots) or of length 6 (for three-dimensional 
Djlots)， 
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xX= 0:pi/20:pi; y = sin(x) ; 
pP1lot(x,y) 


axis([-pi/2 pi/2 -1 菇 ) 





The initial ranges for the axes are given by [min(x) max(x) min(y) 
max(y)] which gives: 


1 





0.9 


0.8 


0.7 


0.6 


0.5 














whereas typing the axis command above giveSs 


1 














Eor three dimensions a similar Structure applies with an extra pair of vari- 
ables representing the minimum and maximum of the third variable. 
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1inspace(0 ,2*xkpi) ; 
cogs (七 ) ; 
sin( 七 ) ; 

= 七 ; 


plLot3(Cx,y，,Z) 
grid on 
axis([-1.5 1.5 -1.5 1.5 -pi/2 2*xpi]) 





This gives the Plot: 








We have used grid on to add the dotted lines. 


The command can also be used as: 


of 工 % Removes the axis from the current figure 


equal 4/ Sets the axis scaling to be equal . 


square % Sets the axis to be square . 


tight /Uses the max and min of the 
data for axis 1]imitSs 





for more variants see help axis. 


bar Produces a bar chart of the data. 
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x= [12345]; 
y = [13 12 9 8 15]; 
b 


ar(X,y) 





This gives: 





总 


中 











r 
0 有 
1 2 3 4 5 


开 only one argument is Supplied it uses X = 1:m where mis the number of 
values of y. 


barh Produces a horizontal bar chart of the data. 


x= [12345]; 
y= [13 12 9 8 15]; 


barh(x,y) 





This gives: 
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HI only one argument is Supplied it uses x = 1:m where mis the number of 
Values of y. 


clf IThis clears the current fgure, in fact it removes all children with visible 
handles. It removes any axes from the current fgure. It is useful to use thig 
before we start plotting， 


close This is used to close figures;i close all closes all figures. There are 
basically three Syntaxeg: 


Cl1LoSse 4 Closes the current figure 


close(4) % closes figure number 4 
close al1l 4% closes all figures . 





This can be used for other windows by using their handle: close (h) closegs 
the window with handle h. 


figure This brings the requested fgure to the fore，or creates 让 让 直 doesnt 
exXist. 


figure % Creates a figure 
figure(3) “ / Ensures that Figure No. 3 is the current 
figure and is at the fore. 


figure(h)  A Ensures that the figure with the handle 
h is the _ current figure 





gca _ Returns the handle to the current axis;i this allows various properties to 
be displayed (get) and modifed (set). 
There are many variables involved: 


>> X = 1:12; y=X. “2; 
>> plot(x,y) 


>> h = gca 

>> get(h) 
AmbientLightColor = [1 1 
Box = on 


CameraPosition = [6 75 17.3205] 
CameraPositionMode = auto 
CameraTarget = [6 75 0] 
CameraTIargetMode = auto 
CameraUpVector = [0 1 0] 
CameraUpVectorModqe = auto 
CameraViewAngle = [6.60861] 
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CameraViewAngleMode = auto 
CLim = [0 甘 
CLimMode = auto 
Color = [1 1 菇 
CurrentPoint = [ (2 by 3) double array] 
Colororder = [ (7 by 3) double array] 
DataAspectRatio = [6 75 1] 
DataAspectRatioMode = auto 
DrawModqe = Dormal 
FontAngle = Dormal 
FontName Helvetica 
FontSize = [10] 
FontUnits = Points 
FontWeight = Dormal 
GridqLineStyle = : 
Layer = bottom 
LineStyle0rder = 一 
LineWidth = [0.5] 
NextPlot = Teplace 
P1lotBoxAspectRatio = [1 1 菇 
PJLotBoxAspectRatioModqe = auto 
Projection = orthographic 
Position = [0.13 0.11 0.775 0.815] 
TickLength = [0.01 0.025] 
TickDir = jin 
TickDirMode = auto 
Title = [287.001] 
Units = Dormalized 
View = [0 90] 
XColor = [0 0 0] 
XDiT = Dnormal 
XGrid = off 
XLabel = [288] 
XAXiSsLocation = bottom 
XLim = [0 12] 
XLimMode = auto 
XScale = 1]inea 
XTick = [ (1 by 7) double array] 
XIickLabel = 

0 

2 

4 

6 

8 

10 

12 
XIickLabelMode = auto 
XIickMode = auto 
YColor = [0 0 0] 
YDiT = Dnormal 
YGrid = off 
YLabel = [289] 
YAXxisLocation = eft 
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YLim = [0 150] 
YLimMode = auto 
YScale = Linear 
YTick = [0 50 100 150] 
YTickLabel = 

0 

50 

100 

150 
YTickLabelMode = auto 
YTickMode = auto 
ZColor = [0 0 0] 
2ZDir = normal 


ZGrid = off 
ZLabel = [290] 
ZLim = [-1 1] 


ZLimMode = auto 
2ZScale = 1inear 

ZTick = [-1 0 1 
2ZTickLabel = 
2TickLabelMode = auto 
2ZTickMode = auto 


ButtonDownFcn = 
Children = [285] 
ClLipping = on 
CreateFcn = 

DeleteFcn = 
BusyAction = queue 
HandleVisibility = on 
HitTest = on 
Interruptib]le = on 
Parent = [1] 

Selected = off 
SelectionHighlight = on 
Tag = 

Type = axes 
UIContextMenu = 癌 
UserData = 

Visible = on 


gcf Returns the handle of the current figure. 工 his allows various properties to 


be displayed (get) and modifed (set). 


1:12; y = X. 2; 
pP1lot(x,y) 


Ph = gcf 
get (hy) 
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returns the list printed on page 348. 


get Extracts a particular attribute from a list, retrieved for example by gca 
OT gcf. 


>>X= 1:12; yy = 和 .2; 
>> plot(x,y) 

>> h = gcf 

>> a = gca 

>> get(h, Color)?) 


anSs = 
0.8000 0.8000 0.8000 


>> get(a,)YTick)?) 


0 50 100 150 


The colour variable is returned as a triple (a one-by-three vector giving the 
RGB (Red-Green-Blue) value). The values associated with the axis and the 
fgure can be changed using the set command. 


ginput Returns coordinates of mouse clicks on the current fgure in terms of 
axis Units; very useful for obtaining initial estimates for roots (see also 
Zoom). 


Xx = 0:pi/20:4*xpii; 
y = Sin(X) ; 


plot(x,y) 
[xp ,ypP]= ginput 





Notice that control is passed over to the figure and the points are stored 记 
the arrays xp and yp (until the return key is hit). 工 he command can also 
be used asna = 10; [xp,yp] = ginput(n) to only get 10 points. 


gplot Plot a graph using the vertices and the adjacency matrix. To plot the 
graph 
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we use the code: 


xy = [00;1 0; 
1 1; 0.5 0.5]; 
[0 1 0 0; 
10. 二 ; 
0101; 


0110]; 
gp1ot (A,Xxy，?-#?) 
axis equal 
axiSs of 了 





grid Add a grid to a plot (or turn it o 企 ). 


grid on /Turns the grid on 


grid off / Turns the grid off 


grid Ah Toggles the grid state 





hist Produces a histogram of the data. 


>>yY= [12343325433245356321152]; 
>> hist(y) 
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gives 











70 





We can Use a second argument for hist to define the number of bins， 


hold Stops overwriting of current figure. 


on  YV Turns the hold on 
off V Turns the holdqd off 


4 Toggles the hold state 





This is useful for putting multiple lines on a plot， 


0:pi/20:Pi; 
sin(x) ; 
CoS (2#xX) ; 


pP1lot(x,y) 
holdq on 


pP1lot(X,Z) 
holdq off 





legend Used to add a“legend”to a figure, to describe the lines. 
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1:10; 
文 5 忆 信 3 


Sin(x) ; 


世 6f《 生 光世 ) 


legend(?x"2 ,sin x)?，0) 





This gives 








5 二 册 和 
3.5 上 











The arguments for legend consist of the labelling for the lines and anumber 
Which is chosen 位 om: 


0 一 ”Automatic“best”Pplacement (least conflict with data) 
1 一“ Upper right hand corner (default) 

2 一 “Upper left hand corner 

3 一 ”Lower left hand corner 

4 一 ”Lower right hand corner 

-| 一 Tothe right of the plot 


loglog Produces a graph of natural log against natural log of the data. 


[le-3 1le-2 le-1 1 1lel le2] ; 
y = [10e-3 10e-2 10e-1 10 10el 10e2] ; 


loglog(x,y) 





This gives: 
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see also semilogx and semilogy. 


plot Used to set Up figures and plotting of data. The simplest form would be 
plot (x,y). This command is extremely powerful and has many Variants 
(typing help plot helps tremendously). 


X= -1:0.1:1; 
y =X. ”3; 
plot(x,y) % Produces a simple plot of y=X7>3 


4 using the default 1ine colour 


plot(x,y, go:) 4% Prodquces a Simple plot of y=x">3 
4 using green circles . 


The arguments in plot either occur: in pairs in which they are pairs of 
coordinates for plotting or in triples in which case they are pairs of coordi- 
Dates and the line style with which the data is to be plotted. You can also 
define variables associated with the plot in the statement: 


plot(x,y, LineWidth，,2) 


plots the line but with a thicker line. 


plot3 This is similar to plot but gives a line in three dimensions， 
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0.:0.1:3.0; 
2 


3kX+1T ; 


plLot3(Cx,y,Z) 
grid on 





工 his gives 








print Used to output the contents of fgures to fles, for Postscript use Print 
-dps2 output .ps. For colour Postscript use Print -dpsc2 output .cps 
or for JPEG format printf -djpeg90 output .jpg. 


Semilogx Produce a plot of y versus ]n 7Z， 


= linspace(1,100,30) ; 


Semilogx(X,1og(x)) 





giveg: 
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1inspace(1,100,30) ; 


Semilogy(1og(X) ,Xx) 





giveg: 














set Allows the deftnition of a particular attribute from a list，retrieved for 
example by gca and gcf, or directly from a plLot command. 
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1:12; 
1./X; 


plot(x,y) 
set(h ,LineWidth，,4) 





This gives 

















FEor alist of the attributes of an object (and their values) use get (h),， where 
h is defined directly using gca orT gcf. 


Subplot Sets Up Sub-elements of a plot and points to which one is current. 萎 
takes three arguments: 


Subplot (4,2,3) /Gives an array of figures 4-by-2 


and setgs the current axis to be the third fgure, that is the left hand fgure 
on the Second Tow， 


for j = 1:8 
subplot (4,2,j) 


text(0.5,0.5,int2str(j)， :FontSize”,24) 
end 





This gives eight subplots (which have been labelled with their correspond- 
ing numbers). 
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05 1 05 2 
0 0 
0 ， 02 04 06 08 1 0 02 04 06 08 1 
1 1 
05 3 05 4 
0 0 
0 ， 02 04 06 08 1 0 02 04 06 08 1 
1 1 
0.5 5 05 6 
0 0 
0 02 04 06 08 1 0 02 04 06 08 1 
1 1 
0.5 也 05 8 
0 0 
0 02 04 06 08 1 0 02 04 06 08 1 


text Used to add useful ljabels to figures， 


六 全 二 和 国人 于 
y = Sin(Xx. ”2) ; 


pP1lot(x,y) 
h = text(0,0.5,?sin Xx7>2)) 
set(h, FontSize，,18) 





This gives: 


0.9 T T T T T T T T 





0.5 上 Sin X ] 











The syntax is text (a,b,String) where (a,b) is the coordinate in terms of 
the data and String is enclosed in Single quotes. Notice here that sin x “2 
actually appears as sin x2. These commands also recognise underscore for 
SUbscript and Greek letters in the form \omega, for instance. 
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title Used to set the title of a plot or supbplot. 工 his has quite Simple syntax 
and attaches it to the current set of axes. 


歼 0.0:0.1:5.0; 
y = 1-exp(-X) ; 


pP1lot(x,y) 
title()f(x) = 1-e?*{-x+) ,FontSize: ,18) 





Which gives: 














Notice we have used curly brackets to group the power of e for the title. 


xlabe1l，y1label Sets the text for the Z and V axis， 


x = 1inspace(-2,2,30) ; 
天 (23332053 
pP1lot(x,y) 

hx = xlabel()X Values)) 


hy = ylabel(2y = (xX-3) ”27) 
set (hx, FontSize， ,16) 
set (hy, FontSize， ,16) 





which gives: 


B.4 General MATLAB Commands 365 








y = (x-3)2 











8 1 1 1 
-2 -1.5 -1 -0.5 0.5 1 Te 人 


0 
X Values 


Zoom Permits zooming into fgures: right click enlarge, left click to reduce. This 
has the Syntax: 


ZOom on % Turns the zoom on 


Zoom off % Turns the zoom off 


Ah Toggles the zoom state 
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abs _ Returns the absolute value of a real number or the modulus of a _ complex 
one (actually both are the same thing). 


abs(-1) 4 Gives 1 
abs(1+i) 4 Gives sqrt(2) 


xX= [1 -2 3+3i]; 
abs (X) 





This also works for vectors and matrices So that the final example gives 
[1.0000 2.0000 4.2426] (where the last value is 3V2). 


angle Returns the argument of a complex number， 
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angle(sqrt(-1) ) /4 This gives Pi/2 
angle(2) /4 This gives 0 


angle(-2) /4 This gives Pi 





This can be used for an array of values and returns a vector of the same 
Size full of the corresponding arguments. 


atan2 Gives the arctangent with values between (一 fr,T]. (see also tan,atan). 
Rather than calculating y/z and then taking the arctangent this function 
takes account of which quadrant the value is in.， 


atan2(1，,1) Ah Gives PiV4 
atan2(-1,-1) Ah Gives -3piV/4 
atan2(1,0) Ah Gives PiV2 





Note that the y value is given first. 工 his command can be used to determine 
the argument of a complex number as atan2(imag(z) ,real(z)) (which 
can be compared with angle(z). 


besse1j Gives the solution 几 (z) to Bessel's equation z2/ 十 ZW 十 (2Z2 一 2)7 一 


linspace(0,6) ; 
besse1j(0.5,X) ; 


pP1lot(x,y) 





This gives the graph: 


1 





0.8 上 


0.6 上 


0.2 
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The parameter Z is set to be 1/2 here and iD fact .13(z) 三 sin 7Z/VZ. 
There are other Bessel functions: bessely(nu,X)，besseli(nu,x) and 
besselk(Cnu ,Xx) . 


break Stop current level of execution and go back to the previous level， for 
instance exit a function. 


function [sx] = takesqdrt(X) 
if X<0 
disp(” X is negative )，) 
SX = NaN; 
break 


SX = Sqrt(x) ; 





This routine finds the square root of positive quantities and breaks 这 z is 
negative. 


case 了 lements of a switch list, plausible values which the argument can take 
(See switch entry for example). 


ceil Rounds up to the integer above, has the Syntax ceil(x) where x can be 
a Iatrix，vector oOT SCalar. 


>>X= [0.30.9; 1.01 -2.3]; 
>> ceil1(x) 
ans = 


半 二 
= 双 


clear Used to reset objects; clear variables removes all variables. 


Clear al1 4 Clears variables，glLlobals，fns etc 
ClLear Variables % Clear al1l variables 


Clear glLobal 4 Clear glLobal variables 


CTLeaLr % Same as clear Variable 


ClLea 4 Clear local Variab1le 式 
ClLear 4 Clear local variables Starting With x， 
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cond Gives the condition number of a matrix，that is the ratio of its largest 
and Smallest eigenvalues. 工 his reflects the ease with which the matrix can 
be inverted,，amongst other things. 


A= [100 0; 00.1]; 


cond(A) 





This matrix has eigenvalues of 100 and 0.1 and cond(A) returns 1000, that 
is 100/0.1. In particular the Hilbert matrix is particularly badly conditioned 
(il-conditioned)，see hilb. 


conj Gives the conjugate of a complex number or an arTay of them. 


xX= [1 1+i -2-1 4+3i] ; 


conj (X) 





corrcoef Gives the correlation coe 生 cient between two sets of data. 


>> 六 
>> Y 


[123456]; 
[342145]; 
>> CorTrcoef (x,y) 


ang 三 


1.0000 0.3268 
0.3268 1.0000 


This means that xandy aretotally correlated with themselves and that the 
correlation coe 重 cient between the vectors is 0.3268. That is a slight posi- 
tive correlation. The correlation coe 重 cient between two random variables 
X and Y is given by 

COV(X, 了 ) 

var(X)var(7) 


Where the variances are defined in Equation (也 .2) and the covariance 记 
Equation (也 .1). 


cos ，acos Cosine and arccosine. These functions need to be used with brackets 
cos(x) and acos (x) (without, it produces a bizarre result, for instance cos 
pi gives a one-by-two row vector with the elements cosine of the ASCII code 
for“p”followed by the cosine of the ASCII code for “和 这 ). These functions 
can also be used for vectors and matrices. 
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0:pi/20:Pi; 


Cos (X) 
acos (y) 





cosh Hyperbolic cosine, equal to (ez 十 e)/2. 
cov Gives the covariance of two sets of data. 
>> 驻 [123456]; 


>>y= [3421435]; 
>> cov(x,y) 


局 也 咏 三 


Cn 


.5000 0.9000 
.9000 2.1667 


4 


The top left and bottom right elements are the variances of x and y and 
the other elements are the covariances. The covariance is defined as 





axy 一 ye 二 (W 一 习 . (B.D) 


人 


FEor the definition of the variance see Equation (B.2). This is normalised 
using V 一 1 (rather than V) since this gives the best unbiased estimate of 
the covariance. 


cputime Gives the current value of the CPU time. This can be used to time 
how long parts of the code take: 


cputime ; 
rand(100) ; 
inVv(A) ; 


t2 = cputime -七 ; 
disp([?Took ”num2str(t2) ” seconds ]) 





dec2hex Converts a decimal number to a hexadecimal number. Ihe output 
will be a String; a=23456; dec2hex(a). See also hex2dec， 


demo Demonstrates the features and capabilities of MATLAB. 


det This gives the determinant of a matrix. A = ones(10) ; det(A). 
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diag Sets one of the diagonals of a matrix. The diagonals are referred to as: 0 
the leading diagonal， which runs from top left to bottom right. The Super- 
diagonals 1，2, etc are above the leading diagonal and the Sub-diagonals 
一 1, 一 2, etc are below the leading diagonal. Note that the mtn diagonal is 
|I”| units longer than the leading one. Ino diagonal is specified then the 
leading one is used. 


1:4; 
diag(x) ; 


diag(x,2) + diag(x,-2) ; 





The matrix A is a four-by-four matrix with the elements of x (ie. 1,，2, 3 
and 4 down the leadqing diagonal)，whereas B is the matTix 


NE 
0 
己 骨 口 口 口 睛 
上 口 OODOhP 
党 全 人 矶 性 
口 口 尾 上 口 口 吕 


The command can also be used in reverse, for instance qiag(A) gives [1 2 
3 4] and diag(B,1) gives [0 0 0 0 0]: here we have extracted diagonals，. 


As a further example we run the code 


Zeros(10) ; 
for 奔 = -9:9 


A = A+diag(ones(10-abs(i) ,1) ,ii)*(i) ; 


end 





Which gives 


>> 人 
A = 
0 1 2 3 4 5 6 党 8 9 
0 1 2 3 4 5 6 7 8 
-2 = 0 1 2 3 4 5 6 7 
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| -2 三 出 0 2 3 4 5 6 
-4 二 二 多 = 省 0 1 2 3 4 5 
-5 -4 -3 -2 = 0 灿 2 3 4 
-6 9 -4 = 三 之 一 0 业 2 3 
= -6 -5 -4 3 二 之 = 0 1 2 
-8 二 站 -6 < -4 -3 二 人 = 0 1 
=8 -8 -7 -6 -5 -4 -3 二 2 = 0 


diary Records the user commands and output. IThis is useful to see which 
commands have been used. One camn specify the fle in which the output is 
Stored : 


diary(?1ist.diary7) 
1:10; 


y = 工 . “2; 


qiary off 





diff Gives the difference between Successive elements of a vector (is one unit 
shorter than the original vector): x=(1:10). “2; diff(x)，where d(7) 三 


z( +DTJ 一 z(7 
disp Displays its argument，which is usually a string: a=10; disp([):The 
value of a is ， int2str(a)]). 


edit Invokes the MATLAB editor，which is very useful since it allows us to 
see the current values of variables and provides a very user friendly envi- 
Ionment for developing MATLAB programs. 


elig Returns all the eigenvalues and eigenvectors of a matTix. 


直人 [122 2 


[V，D] = eig(A) 





V is a two-by-two matrix with the eigenvectors and columns and D is a 
diagonal matrix containing the eigenvalues on the leading diagonal. 


eigs Returns certain eigenvalues and eigenvectors of a matrix，specified by 
certain criteria. [V,D] = eigs(A,3,?SM)) gives the three eigenvalues of 人 A 
with the smallest magnitude (and the corresponding eigenvectors). There 
are Immany options for this command, see help eigs. 


else If the argument for the preceding if statement is false execute these 
statements. 


elseif Same as else but imposing an alternative constraint 
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end This command ends all of the loop structures and for each Starting argu- 
Iment there must be a corresponding end (used with for，if，switch and 
while)， 


eps The distance 位 om 1.0 to the next largest foating point number. So MATI- 
LAB cannot tell the difference between 1 and 1+eps/2, for instance. 


erTor Causes the code to Stop execution; error(?Brokenl! ) usually used 
within a conditional statement. 


exist Checks to See whether an object exists: 


if ~exist()a)) 


disp([?The variable a ， 


does not exist)?]) 





This can be used beyond variables: see the help lines for the command. 


exp Evaluate the expression ez，can be used with vectors and Imatrices， 
expm Evaluate the expression eA，where A is a _ matrix. This differs 位 om 
exp (A)，which evaluates ez for all the elements of A rather than eA which 


2 
5 


is given by: 


eye Sets Up the identity matrix: eye (n) gives 工 . 
factor Gives the prime factors of an integer. 


factorial Ihis calculates the factorial of an integer 7: factorial(n) gives 
7 . 


feval Evaluates a function, either user-defined or intrinsic. feval(?sin?,piy)， 
fix Rounds to the nearest integer (closest to zero)，also works for matrices. 


fliplr Flips an object left to right. 开 his has no eftect on colummn vectors. 


1:6; 


fliplr(x) 





setgs ytobe [65432 人 .Thsalsoworks with matrices. 


fl1ipud Flips an object upside down. This has no efftect on Tow vectorS. 
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transpose(1:6) ; 


flipud(x) 





setSs y to be [6; 5; 4; 3; 2; 要. This also works with matrices. 
fl1oor Rounds down to the integer below, also works for matrices， 


fmins This uses the Nelder-Mead simplex (direct search) method to fnd the 
Iminimum of a function. For instance to fnd the minimum of the function 
jziyza) 一 (zl 十 2z2 一 1)2/(z2 十 1) weuse 


function [f]=func(x) 


tf = (x(1)+2*xx(2)-1)>2/(x(2)>2+1) ; 





and the command [x]=fmins(:func”, [0 0] ). 


for Defines the start of a loop which runs over a list of objects. 


for j = 2:10 
disp(j) 
end 





displays the numbers from 2 to 10. 


format Used to specify how MATLAB displays variables. The options can be 
retrieved Using helP format， 


full Tells the programme to treat the matrix as ful1l, rather than sparse. 


[102;0-20; -100]; 


Sparse(A) ; 
ful1(B) ; 
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>> B 

本 党 
〈1 ,1) 1 
〈3 ,1) -1 
〈2 ,2) -2 
〈1 ,3) 2 


and C is back to A again. 


function Occurs at the start of a function definition; 
function [vil,v2]=testfn(in1,in2,in3). 


fzero Determines one zero of the function passed as the first argument to 
fzero. This function takes many diferent arguments and these can be 
displayed using help fzero. 


inline(?sin(3*xx)，) ; 


fzero(f ,2) ; 





fnds a zero of the function jz) = sin 37 near Z equals two. 


Zero found in the interval: [1.8869，2.1131] . 
>> 


2.0944 


gcd Gives the greatest comimon divisor of two integers. This is unity 这 they 
are coOprime: used as gcdq(x,y). 

glLobal This enables variables to be accessed 位 om other places in the code 
without being passed directly as an argument. here needs to be a glLobal 


statement in the context in which the variable is defined and also one where 
it is used. 


help Gives help on MATLAB commands and can be used to expand the mar- 
terial given in this glossary. 


helpbrowser Launches a web browser help facility (MATLAB 6). 
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helpdesk Provides access to the web-based help facility. 


hex2dec Converts a hexadecimal number to a decimal: the input needs to be 
a String; a=?FF0，; hex2dec(a). 9ee also dec2hex. 


hilb(n) This sets up the mn-by-? Hilbert matrix with entries (A)i 三 /4 十 力 . 


,j Initially set to be the square root of minus 1. 工 hese can be used to set Up 
complex numbers: 





(Note that once either of these variables has been used in another context 
they will not necessarily be equal to V 一 |.) 


if Start of a conditional block: if the statement is true then execute itS con- 
tents. 


if X>1 


disp(?X is greater than 1?) 


end 





This statement Uses the logical structures described in section 了 .1. 
imag Gives the imaginary part of a complex number; imag(1+i) gives 工 . 
Inf This represents answers which are infinite, for instance 17/0. 


inline Used to define functions which will be evaluated inline，see the help 
function; g = inline(t 2?) gives 9g = 万 and then it can be used in 
feval as feval(g,5). 


input Used for user entry of data a=input(Enter a: );; can also be used 
to enter Strings name = input(?Enter name ”,S) ;. 


int2SstTr This takes an integer and returns a String: int2StTr(10) gives "107. 


inv Works out the inverse of a matrix (这 过 exists). 


3 





This gives the two-by-two identity (which could be constructed using the 
command eye(2)). 
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isempty Checks whether a variable ?s ez2Dt/. 


if isempty(x) 


disp(2X is empty)?) 
end 





This means that the array has either zero rowS or Zero columns but stil] 
exists; to check the existence of a variable use the exist command. 


isreal Checks whether a variable ?5 7rea/. 


isreal(exp(0)) 


isreal(exp(i)) 





Care is needed since this command checks to see 过 the imaginary part ofthe 
complex number is exactly zero and does not allow for computation erTorS: 
for instance ex = 一 1, but the command isreal(exp(i*xpi)) suggests that 
the quantity is comPplex. 


isprime Checks whether a variable ?s p7imme: isprime(24) gives false (that is 
Zero) whereas isprime(3571) gives true (that is one). 

1ength Gives the length of a vector or alternatively the larger dimension of a 
InatTiX: 


a [123;456]; 
b = 1:16 


length(a) 
length(b) 





gives the values 3 and 16 respectively. 


1inspace Sets Up a grid of one hundred points from the first argument to the 
Second. 开 there are three arguments Use this as the number of points in 
the grid. 


1inspace(0,1,6) ; 


linspace(1,10) ; 





This givesx= [00.20.40.60.81] andzhbengthe array Tunning 
from 1 to 10 in steps of (10 -- 1)/99; since the endpoints are included the 
step length is not (10 -- 1)/100 as you might initially expect. 
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load Reads in data，either directly into variable load data (which loads 
data.mat) or load data.dqat， which returns a matrix data. 


log Natural logarithms. 


[1 exp(1) exp(2)] 


1og(x) 





This would be written mathematically as V = In 2Z. 


log10 Logarithm to base ten. 


[1 10 10”2] 


1og10(x) 





This would be written mathematically as y = log107. We note that log1o7z 二 
Inz/ln1l0. 


lookfor Allows one to search help files for any command which has a string 
in its Specification Lookfor bessel1. 


Lower Converts the characters in a String to lower case: 


name = Bob Roberts ，; 


1Lower (name) 





This gives bob roberts (the opposite command is upper). 


1u This produces the LU decomposition of a matrix and can provide informa- 
tion concerning pivoting. 


A= [123; -132; -101; 
[L,U] = luCA) 





1.0000 0 0 
-1.0000 1.0000 0 
-1.0000 0.4000 1.0000 
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U = 
1 之 3 

5 5 

0 0 2 


To obtain the pivoting information we would have used [L,U,P] = 1Lu(CA). 
In this case P is the three-by-three identity. 


magic Returns a Imagic Square: 


>> magic(4) 


站 


16 忆 3 13 
5 11 10 8 
9 7 6 12 
4 14 15 1 


Notice that not only do the rows, columns and diagonals add up to 34, but 
So do the four numbers in each corner，the numbers in each two-by-two 
block in the corner and the central two-by-two block， 


max IThis returns the maximum of a vector: 让 a matrix is Supplied it returns & 
Vector providing the maxima along the rowsS. 


X = 0:pi/4:2#pi 


max(Ssin(Xx)) 





gives 1, and 


A= [123;456]; 
max(A) 


max (transpose(A)) 





gives [4 5 6] (that is the maxima of the columns) and [3 6] (the max- 
ima of the rows)，respectively. Instead of using the transpose we can Use 
the Syntax max(A, [] ,2)，which determines the maximum along the sec- 
ond dimension. To fnd the maximum of a two-dimensional array we Use 
max (max(A) ) . 


B.4 General MATLAB Commands 379 





亿 
mean Calculates the mean of a set of data， 1/m >》， 2i. 
i1 


mean([1234567]) 


This can also be used on matrices: 


a= [123;456]; 
mean(a,1) 


mean(a,2) 





the former giving the averages of the columns and the latter the averages 
of the TowsS. 


median Gives the median of a set of data, that is the one in the middle when 
the data is ordered. This works in the Same way as mean on Imatrices. 


min Similar to max but giving the minimum . 


mod Ihis gives the remainder when the first argument is divided by the second. 
开 used in the context mod(x,1) this gives the fractional part of X. It is 
Similar to Tem. 


NaN Not-arNumber，used to return duantities which are not assigned, for in- 
stance 0/0. 


norm Gives the mathematical norm of a duantity, particularly useful for work- 
ing out the length of vectors. For vectors we have 


gives 
克 1/P 
(om 
1 一 1 


开 P equals two this is a“conventional”norm and the commands 


norm(v,inf) 
norm(v,-inf) 


give max(abs(V) ) and min(abs(V) )，respectively. 
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num2stLr Converts a Dumber to a String with a specified numbper of digits; 
Dum2str (pi,4). This can also be used without Specifying the number of 
digits (which uses the default corresponding to four Places after the decimal 
point)， 


ode23 ,ode45 , Hybrid Runge-Kutta routines to integrate functions, the former 
being a combination of second- and third-order Schemes and the latter 
fourth and fifth. 


We considqer the solution of the difterential edquation 
号 一 刀 一 防 


subject to the initial conditions V(0) = 1. Firstly we need to set up a 
function to give : 


function [out] = func(t,y) 


out = 了 七. 2-y. 2; 





(which we shall presume has been saved as func.m). This can now be called 
Using: 


trange = [0 1]; 
yinit = 1 工 ; 


[t,y] = odqe45()func， ,trange,yinit) ; 





This gives the solution: 





1 


0.9 上 习 


0.85 上 二 


0.8 上 二 











0.65 1 1 1 1 1 1 1 1 
0 
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We can gset tolerances, amongst other options. Consider the System of dif- 
ferential equations 


dz _， 
本 一 久 
dy 
下 一人 


subject to the initial conditions Z(0) = V(0) = 0. We introduce the vector 
y = (z 人 ,yb)7 and as such we modify the code func.m to be: 


function [out] = func(t,in) 
% in(1) is X(Gt) and in(2) is y(t) ， 


out = zeros(2,1) ; 
out(1) = 上 -in(2) ; 
out (2) = in(C1) ; 





This is called using the code: 


trange = [0 1]; 

yinit = [0; 0]; 

options = odeset(?RelTol ,1le-4, :AbsTol:,[le-4 1le-4] ) ; 
ode45(func ,trange ,yinit,options) ; 


This is for the above version of func.m for the coupled first-order Systems， 
which sets the relative tolerance to be le-4 and the absolute tolerances to 
be [te-4 1le-5]. 工 his gives: 





0.5 


0.45 上 上 
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The upper line is z( 切 and the lower one is y 人 加， 
ones Sets Up a matrix full of ones. ones(n,m) gives A which is an m-by-7m 


Imatrix for which aij 三 1. ones (n) gives a square Imatrix (mn-by-7). 


otherwise If none of the cases correspond to the argument of the Switch 
command then these statements are executed. 


path A list of places MATLAB looks for files，also serves as a command to 
alter this variable. This command varies on different Platforms and as such 
you Should look at helpP path. 


pause Causes the programme to wait a specified time,， or can be used to wait 
until the User touches a key. 


1inspace(0 ,10) ; 
for its = 1:5 
y = besse1j(its/2 ,X) ; 
C]T 


plot(x,y) 
pause 
end 





This programme runs through the functions .jnjz(Z) for 兄 三 1 2 3,4and 
5 as the User presses a key. 


Pi T-this is 4*atan(1) or imag(1Log(-1) ). 


poly TIhis returns the characteristic polynomial of a matTix. 





This gives [1.0000 -4.0000 10.0000 -7.0000]，which represents |A 一 
和 AI| = X3 一 4X2 十 10 和 一 7. The eigenvalues of the matrix can then be found 
Using roots. 


polyfit Tries to ft a polynomial of best ft，using a least squares idea. 下 
there are 7 points in x (with no repeats) and y，and the user requests &a 
polynomial of degree 即 一 1 then the fit jg“exact”: 
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[1 2 3] ; 
[4 5 -2] ; 


Polyfit(x,y,2) ; 





Note that the coe 生 cients are returned with the one corresponding to the 
largest power first， This gives the duadratic 一 4z2 十 137 一 5: however 
polyfit(x,y,1) on the same data gives the straight line 一 3z 十 25/3 (which 
is the line of best fit). It is possible to get information about the level of 
the ft using the form [p,s] = polyfit(x,y,1). 工 he object s contains 
information, for instance the covariance 8s .R. 


polyval 了 Evaluates a polynomial specified by its coe 生 cients at a set of data 
points y=polyval(c ,X). 


[1 2 3] ; 
[-4 13 -5] ; 


polyval(c,x) ; 





工 his reconstructs the data used in the example for polyfit. Notice that 
the coe 旨 cients are given with the one corresponding to the largest Power 
first. 


Primes Lists the Primes up to and including the argument. 工 he Syntax is 
Simply n=20; Primes(n) . 
prod Similar to sum and gives the product of the elements of the vector X，SO 
7 


that prod(x) returns [[ zi 
这 1 


1:10; 
Prod(X) 4 Gives 101! 


ZzZ= [1456-2]; 
Prod(z) 





The factorial could also be found using factorial. 


Tand Generates Iandom numbers between zero and one. This can be used to 
form a matrix of random numbers as well. There are many versions of the 
argument for this command, see helP zand. 


randn Generates normally distributed real numbers: again can be used to gen- 
erate Imatrices Yandn(n ,mm) . 
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randperm Generates a random permnutation of a list of objects: TIo rearrange 
the letters of our names: 


S = )otto denier ，; 
for its = 1:20 
randperm(11) ; 


S(1) 
pause 
end 





Tank This yieldqs the Tank of a set of linear equations and can be used to 
see WwWhether the system has no solutions，a unique solution or an infinite 
number of solutions (yielding information about the degrees of freedom). 


A= [-111412; 
3 一 上 


0012]; 
zank(A) 





real Gives the real part of a_ complex number real(z)，where z can be & 
SCalar, vector or ImatTix. 


realmax This is the largest foating point number representable on the com- 
Puter. 


realmin IThis is the smallest foating point number representable on the com- 
Puter. 


rem This is the remainder attained by dividing the first argument by the second 
one: rem(3.32,1.1) gives 0.02. 


rem([3 4 5],2) Y Gives 1 0 工 
rem(5,[1 2 3]) /Gives 0 12 


rem([3 4 5],[1 2 3]) 
% Gives 0 0 2 





Teshape IThis simply reshapes a matrix into a new shape. This is used most 
comImonly to make a vector into a matrix，but can be used to freshape 
InatriceS. 
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rand(100 ,1) ; 
reshape(s,10,10) ; 


[1 34; 234]; 
reshape(b,1,6) ; 





This givesd = [1 2 344]i;theelements of b areread column-wise. 


Toots This gives the roots of the polynomial which is passed to the routine. 
For instance to fnd the roots of the cubic zZ3 十 47z2 十 7z2 十 2 we use 


co= [1472]; 


roots(co) 





Notice again that the coe 重 cients are listed with the one corresponding to 
the largest power first (similarly for polyfit and polyval)， 


round Rounds to the nearest integer， 
save 9aves values of variables to a .mat fle. 


sin，asin Sine and arcsine. hese functions need to be used with brackets 
sin(x) and asin(x) (without, it produces bizarre results, for instance sin 
pi gives a one-by-two row vector with the elements sine of the ASCII code 
for“p”followed by the sine of the ASCII code for “这 ). These functions 
can also be used for vectors and matrices. 


-pi/2:pi/20:Pi/2; 
Sin(X) 


asin(y) 





sinh 再 yperbojlic sine. 
size Returns the dimensions of a matrix: [xzows ,cols]=size(A). 


sort This returns a list of numbers sorted into ascending order, together with 
a Imap from their original position to that in the revised list. 


sparse Defines the matrix as sparse So that the computer only operates on 
Don-Zero entries: this can dramatically reduce the time spent doing com- 
putations (see ful1). 


spline Fits cubic splines through a set of data points (z, 门 and evaluates 
them at a further set of points >; y=SPLine(x,,Z). 
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sqrt This fnds the square root of a matrix element by element. 开 necessary 
the answer Imay be returned as a complex number， 


std Calculates the standard deviation of a vector. 
Str2mat As the name suggests, this takes a string and returns a ImatTrix. 


sum This sums the contents of a vector, or the rowsgs of a matrix. It can also be 
called with a second argument which defines which dimension needs to be 
SUmImed. 


SVWitch 工 his defines the start of a group of statements, the argument for which 
is a variable, the likely values of which are listed in the cases. 


tan,atan Tangent and arctangent. 工 hese functions need to be used with brack- 
ets tan(Xx) and atan(x) (without, it produces bizarre results, for instance 
tan Pi gives a one-by-two IOow vector With the elements tangent of the 
ASCII code for“p”followed by the tangent of the ASCII code for “>)， 
These functions can also be used for vectors and Imatrices， 


0:pi/20:pi/4; 
tan(X) 


atan(y) 





(see also atan2). 
tour Gives a tour of the facilities of MATLAB. 


transpose Returns the transpose of a matrix: can also be done using A. . 
(Note that Atransposes and also takes the conjugate.) 


type Prints out the contents of a MATLAB script. 


upper Converts the characters in a String to UPPer case: 


name = Bob Roberts ，; 


Upper (name) 





This gives BOB ROBERTS (the opposite command is LoweT). 


Var Gives the variance of a set of data. 工 he covariance is defined as 


(B.2) 
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Warning Allows codes to issue warnings when there may be problems. Is also 
Used to affect how the System issues warnings. 


Which Tells a user where a MATLAB file can be found,， and which version is 
going to be run， 


While Defines the start of a loop which is continued while a certain condition 
is fulfilled. 


whos List of all variables (with details): this can be restricted using things like 
Whos ak. 


Zeros Sets Up a Iatrix full of zeros: Zeros (n,m) gives A which is an m-by-7m 
Imatrix for which ai = 0. zeros (n) gives 0". 


C 


9oljutions to 1ashks 


Please note that these solutions are given for guidance only and are by no means 
unique. At the outset we shall give MATLAB output: however subsequently we 
shall merely give the commands which can be used to solve the problems，. 


C.1 Solutions for Tasks from Chapter 1 


Solution 1.1 7T71e 1W4774B code io solue 如 ese problern0s 15: 


二 :3:; 
X “2+3#X+1T 


30/180*xpi; 
Sin(x) ; 


一 了 。 
atan(X) ; 


sqrt(3)7V2; 
acos (X) ; 
sin(h) 
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THe Values 她 1s 7etur75 are: 6.5900，0.5000，0.7854 (which 和 T/4) and 
0.5000. 


2 


Solution 1.2 To calculate 态 e functionm VCZ) 三 |Z|sinZ” we Vse 妇 e code: 


piV3; 


abs(x)*xsin(x>2) ; 





QT0 53537721a7lV jor 2 三 T/6. Voice care 1 Teeded Wi 太 胡 e bgrackets amd 专 e 
SVTtQT. 


Solution 1.3 7T1e 1M4774B commmamads to determazme ese guUa7 胡 矶 es are: 
sz (DTL2); 
cos (DZLA3); 
tam(60AITSOxpz); 
Z=0.5; 10og(z+sdqrt(z 2+1)) (and wz 坝 z=T); 
Z=0; 2ZA((cz 2+1)xszm0(z)) 
amud jally z=piAA ZL 2+1)#xs170(Z)). 


TVotice 坝 e De7lulbaate Dart of 纺 is 1as5 gemerates NaN: 胡 15 15 bgecause 1I4774 也 
does 7ot 120W joUw to evaluate zey7o diuzded DV ze7o， 


Solution 1.4 7715s ?4s Q 7aatter oj ez 妇 er 如 Di729 out al 妇 e Values or eZDioz 如 09 
态 e 友 c 太 ot 47T714B cam operate om Vector7s. 人 Fe cam use 妇 e code: 


xX= [0.3 1/3 0.5 1/2 1.65 -1.34] ; 
round(X) 


ceil(x) 
floor(X) 
fix(x) 





7715s eza7aDle 1s 1cluded to jelp wadersta7zld 妃 e 7Ole of vayrious 1I47745 com- 
720720Ss WRZCR ca be Used to 7etu7T direrent roadz7205 to aDP7rop7zate 32tege75. 


Solution 1.5 THe qz1jeremce petueem rem ad mod ca pe ?Ustrated 4s2720 如 e 
2 Value of 4. THus We jave 
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>> x=[3 4 5] 


>> 


Oo jor 妇 e secomd ay7gUment pez729 D0521Ue We j 几 ave 胡 at rem aad mod aTe eduWzVUQ- 
1e7? 屿 URereas Jor Tegatiue Values 雪 e re7aazlder 15 51972ed (tus 让 soUs Re 胡 er 
好 45 Do5 络 ve 07 egatiUe). 


Solution 1.6 77e MI4774PBP coade 75: 
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Solution 


0.132， 


Part 1 工 
= X. “3+3*#X. “2+1 ; 


Part 2 
= Sin(x.>2) ; 


Part 3 
= (sin(x)) .>2; 


Part 4 
= Sin(2#X)+X.CoS(4#*X) ; 


Part 5 
= X./(X. ”2+1) ; 


Part 6 
= cos(X) ./(1+sin(x) ) ; 


Part 7 
1./Xx+X.” 3./(X. ”4+5#X.kSin(Xx) ) ; 


23353502:012:5， 
X./(x+1./X. ”2) ; 


-2:0.1:-1; 
1./X; 
夺 .>”3+f .2+3*f ; 





1.9 The code shouwla read 
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Clear al1 
linspace(0,1,200) ; 
3+1 
X+2 ; 


2 
CoSs (Xkpi) ; 
y.#Z./(gE.#kh) ; 





TPRe ery7o75 WeTe: 妇 e secomld 1270e SPould ave peem rs else 如 is cleared out 妨 e 
co1mte1ts of z. TARe dejovu 上 tmper of poza45 Jor 17msDpace 1s 100，5so 雪 1s meeded 
to pe spectjhed as bezg 200. THere Weyre do 好 707551720 1romm 妇 e denitom oF 9 
ad 如 e calculatom of FI47714PB distnguWisjpes petueem pper ad 1ower case 
20 UVQ7ZQbLe 107265 50 We 1eed to se 六 7o 雪 er 雪 o 唉 瓦 T1e co7n70072d to calcuiate 
4 1eeds bracpets a7ouU2d 胡 e a7guUaent oj 妇 e cosine Humc 友 om QT2d QT aste72S 开 
betueem 2 002d DI. 45 70e1 友 o7ed aboue 雪 e do15 were 710055170 方 om ad 态 e 
de7o70720tor of 雪 e Jrac 友 om meeded to pe comtazued Wi 帮 brackets. Emal 态 e 
Q715WUer meeds to be DTi7ated (Which could Pave beem domne at 妇 e promnDt 芭 . 


Solution 1.10 TPRhe code shouwlad read 


= 1inspace(-2,2,20) ; 
= [1000 =- 人; 


= polyval(c,x) ; 
pP1lot(x,y) 





TPRe eryo7s Weye: 也 e Jrst 00e 妇 e Vector as dejmed would comtaz72 271 emtryes 
Liry 怒 D11029 1eng 坊 (zZ) aer rumami720 e o7igimal code). 4 quartc actually Pas 
5 coe 太 czemt15，50 妇 eyre Was 0 2ero 710755100 10 地 e dejini 帮 om of c and jally 态 e 
2 0110 4 eeded to be t 杂 a72sD0sed ?2 矶 e Diot19 co727700720. 

77H5s 91Ves 妃 e 太 gu7e 
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:0.1:3; 
.“3.#kcos (x+1) ; 





C.2 Solutions for Tasks from Chapter 2 


Solution 2.1 775s 7s ]opejly TUst aa 72atter of 怒 D1720 胡 e code ad sau2700 妃 e 
Q71.5WE7 CO7Tectly/. 


Solution 2.2 The reu?sead code could be: 


a = input(?Enter a : ); 

b = input(Enter b : ?); 

res = ab 

Strl1 = The answer ls |; 

Str2 = )” When ” ;| 

Str3 = ” is Taised to the power ”; 


disp([str1 num2str(res) str2 ..， 
Dnum2str (a) Str3 num2str(b)]) ; 
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Solution 2.3 T7Pe 包 mc 友 om joyr 奶 zs DUTDose ?5: 


function [out] = twox(X) 


out = 2. X; 





TVote 态 e USse of 态 e qdot so 地 0 让 cam be called Wi 坑 a vector (or evem 70at 厅 红 ). 
T17V 广 Wi 专 z=1:5. 


Solution 2.4 作 e cam do 妇 zs calcula 友 om 52029 om o7e /umac 友 07 
function [out1l,out2] = funcGCx,y) 


out1l = X. 2 - y. 2; 
out2 = sin(x+y) ; 





07 4S51020 胡 e to codes: 


function [out] = func1(x,y) 
out = X. 2 - y. 2; 





QQ 


function [out] = func2(x,y) 
out = sin(x+y) ; 





ad 志 emn us109 妇 e Diot co7270072ds ?7 e eza7DV1e. To eztemd 专 e ramge to [0,2T| 
态 e Jrst 00e Wouwld meed to pe chamged to Z=0:D7ATO:Qxp1I7. 


Solution 2.5 THe code should be modzjied to: 


function [outl,out2,out3] = xfuncs(x) 
out1 = sin(x) ; 


out2 = cos(x) ; 
out3 out1.”2 + out2. ”2; 





WU 有 eye We jaUe 45ed 态 e UVa71ables ouVt1 ald out2 加 se 雪 evaue of out3 (wj1ic 
1 actually aluways goig to be 7) 


Solution 2.6 775s code takes 1uo 1DU4 ad 7etuy7705 1UO OUtDuUtS: 
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function [outx,outy] = mapcode(inx,iny) 


outX = mod(inx+iny,1) ; 
outy = mod(inx+2*kiny,1) ; 





Solution 2.7 773zs 7equz7es 妇 e maodzjicatom of 雪 e secomd Je to yead y = 
2Z. 3+3x0. THe cha7ge 和 太 e 070tt reduz7es 妇 e 7o0dijcatom of 志 e Jrst ne 如 
2 = -4:1AA:6. 有 1 perhaps aa good idea to clear ouf 妇 e Variables，WAic1 7S 
do7me .53120 CLeam Q711. 


Solution 2.8 777s dues 如 07 ca be solved 8 0471209 胡 ot ts 15 2 jctl am 
eguatioml Rich 25 quadratic 训 2Z2 and as such cam be solved us 记 9 如 e jormaulla 


网 

1 order 如 jave 7eal 7oo 好 We yeduire T 一 4a 关 05so 矶 of1/4>Q and 坝 e 
dua7mtty 22 12Ust be Dositiue 50 态 aot VI 一 4 > 1 Which neamis 记 ot a jas to be 
less 妇 am o7 equal to zer0. 7T15s comqz 态 07 15 7007e 7estyrtctue 矶 am 雪 e D7euioVWS 


to avwe 7oo 好 : 





0O7e 50 C071SeduWe7ltly We 7eduz7e Q 入 0. 


Solution 2.9 7 如 e gues 太 om 妇 e step 45 70t sDec 态 ed: Rowever We 5Rall se 
1/10 simce 雪 15 gives relatively s7200 志 有 nctiio705: 


-1:0.1:1; 
X+3 ; 
X. “2+1 ; 


fg = 工 .+kg; 


f_over_g = 节 ./g; 

C] 工 

plot(x,[f; g; fg; f_over_g]) 
Legend(:f，g)，)fkg)，)f/g) ,0) 





TPRzSs 92UeS 
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Te pave added a egend Which 5es 地 e We st1es 如 Show WAici 170es We 用 aVe 
Diotteqd.， Ife could jave Used djjerent style 80es.， Fe Pave Vsed 如 e addz 如 omat 
Q709U17ae1t at 太 e ed of 矶 e 1egend com710012d ,0 to tell MA4IT7Z4PBP to put 太 e 
egemd 记 奶 e “best”Dosz 友 om 


Solution 2.10 ere we shall prouvtde detazls oj Row 如 ese codes cam pe ?72D7oVed 
(or 筷 somze cases Qctual1y Tu 


JI. 7 如 e jirst ie We TUst adad a se7licolom om 妇 e end to suUDDP7ess outpt 引 7TAe 
Seco7d 1272e comltaz705 Q te7y77ble er7707，al 专 ou01 雪 1s 15 ne as an0a 圾 emmaical 
eduatio7. 1 144774 you caot se DZ+2 equal 如 V， We meed to set y equal 
to zZ+2. 雪 e 如 id 10e: 矶 e MA4TO4PB variable JorT jas au lower case 人 7” 
QT20 We QTe 710055272g QT asteris5 to demote 70UL8DLca 友 om ad bracketS aroVU72d 
如 e demormiaator of 矶 e jaciom. TPRe coryected code 715: 


4; 


1/(y>2*xpi) ; 





2. 屯 e Jrst ne We are 7107s51129 Q 520e quote ad Q 5se70tcolom .77 妇 e 
aejm2i 好 om oj 雪 e For oop We Pave ?troduced wa Variable 1， WA5cP sjould be 
及 了 全 e jave 奶 e 1oop Variable as 7 Uhereas 让 25 Sed as 7T Wi 雪 刀 雪 e 1oo7D. 
Om 胡 e me2t 0572e We jaVe 妇 e brackets 70755100 WPZCR SPouUld suU77oU2d 九 e 
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demom2iator of 如 e Jractom， jorcz2g 这 to be eualuated jirst 柬 雪 e dispiay 
120e 胡 e jirst squa7e bracket 715 701552709 ad 妇 e asWUEr meeds to pe co7iUerted 
to Q s 杂 120，WRZCh SPouUld pe sum 0t s. OT top of 如 is We haoe jaozled to set 
Su1m to be zeyo ouUtside 胡 e loop amd 妃 e co7zp7ma7d W? 雪 记 圾 e oop 7meyrely 
920e5 妇 e jal value 7a 雪 er 妇 am calculiati7g 妇 e cuW72UiatUE 5VW77. 


THPe coryected code 15: 


input(Enter N ) ; 
Sum = 0; 
for j] = 1:N 
sum = Sum + 1/j+ 1/((j+2)*(j+3) ) ; 


end 


disp([:The answer is ”num2str(sum)]) 





17 胡 e Jrst 00e We 几 aVe Sed to equals 51975 WPReyre We Should omly ave 
072E. TO equals 85?19725 0QS5 太 2 5 equal to 雪 e mgA 太 jad sde，7ather 妃 om 
Setti129 2 equal 10 让 7TPe 7est of 妨 e er7oyrs aye 人 忆 如 e secomd 10e. 7 妇 e 
Terator Of 太 e acom We are 1204851729 QT 0ste73s5 ad brackets 1 SPoWw 
太 ot We are 如 Ri100 妨 e cos1e of z. 7 雪 e demoni0ator We jaVe VDala7ced 
b7rQcketl5 (am eztra 7ouad pracket ?eeds to be added at 态 e end)，ITe have 
also Used a pair of sduayre brackets Rich sPould be 7ouud. 7TPere ?5 am eZ 杂 Q 
Qste7is5 ajter 妇 e qiuzs1om 29 .09272Ce We are operati1g 0 Q Vector al oF 
太 e operators should be Dreceded Wi 记 ua dot Te coryrected code ?5: 


0.0:0.1:1.0; 


X.CoSs(X) ./((x.>*2+1) .#k(X+2)) 





.Te jirst ie of this code 9iVes US 0 10e-D0-7T072e 70081720 70 雪 er 雪 om Q 7oU 


Vector THe 如 id je 1s jne. 克 如 e For /oop We jave 7n0t7ssed out al 妇 e 
aste72s[s ad 胡 e end WAzcP te7712 和 110tes 妇 e ooDp. TARe coloms of 如 e end of 
太 e ies 人 记 妇 e oops meed to be cjamged to se7zcolo715. 


THPe coyyected code 15: 
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ones(1 ,9) ; 


wW(C1) = 1; 


for j = 1:4 
V(2+xj) = 3; 
V(2*+j+1) = 2#kj+l; 
end 


Solution 2.11 





(Q) Bere 妇 e comue1siom jctor Wi pe Worked out by 7e7aemazbe77720 雪 ot 胡 ere aTe 


JI760 Wayds 和 Qtle ao Ward 15 36 和 放 cpes amd ome 10C1 75 2.54c770: 


”Enter Speed in mph ”; 
sp_mph = input(s) ; 


SPpP_yards_ph = SPp_mphkx1760 ; 
SP_inch_ph = SPp_yards_ph*r36 ; 
SPp_cm_ph = Sp_inch_phrx2.54; 
sp_m_ph = SPp_cm_ph/100; 
sp_km_ph = sp_m_ph/1000; 
disp([?Speed in km/h is ， 
num2str (sp_km_ph) ]) 


(0 THis ?5 essentially 雪 e 7reverse of 妇 e eza7mDVe above: 


"Enter Speed in m/s ，; 
sp_mps = input(s) ; 
SPp_cmps = SP_mps#k100 
sp_inch_ps = SPp_cmps/2.54; 
sp_yard_ps = SPp_inch_ps/36; 
sp_miles_ps = SPp_yard_ps/1760 ; 
SPp_mph = SPp_miles_ps #3600 


disp([?Speed in mph is ， 


num2str(sp_mph)]) 








(c) Je now take 雪 e so1uom above ald co7VeIE 让 tbe a 友 nco7， so We Pave 
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function [output] = change(input) ; 


SPp_mph = input; 

SPp_yards_ph = SPp_mphrx1760 ; 
spP_inch_ph = SPp_yards_ph*r36 ; 
SPp_cm_ph = Sp_inch_phrx2.54; 
sp_m_ph = SPp_cm_ph/100; 
sp_km_ph = sp_m_ph/1000; 
output = SP_km_ph; 





(d) 7T715s shouws 态 at a spD7iater WU TU at 22 700 甩 om ave7rage 5ice 妇 ey do 100 
7aetyres 4 10 seco1ds, 妃 at 15 70 7netres Der 5eco7d. 


Solution 2.12 772s 15 accom2D15sjed 5s1720 胡 e code: 


linspace(-pi/2,pi/2) ; 
X./(1+X. 2) ; 
tan(x) ; 
fg = g./(1+g. 2) ; 
gt = 工 ./(1+f. ”2) ; 
plot(x,fg,x,gf) 





Solution 2.13 772s 15 qdome s220 如 e code: 


input(Coefficient of x squared: ) ; 
input(Coefficient of x: ) ; 
input(?The constant: ) ; 


linspace(0,pi) ; 


Sin(y) ; 
akX. ~2+bkX+Cc ; 


plot(y,q) 





C.3 Solutions for Tasks from Chapter 3 


Solution 3.1 77je reguwi7red code 175: 
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1:100 
S+1/I”>2; 


disp([?Required value is ”num2str(s)]) 





Notce 雪 ot WUe jave cha7ged 妇 e co7m10072d 2t2st7r 1 TU1m2stT: 胡 15 15 pecause 
妃 e a1sWUer 15 100 1o79ger QT 270tege7. 


Solution 3.2 773zs omly 7eduires 7000d2jcaliom of the For fineto For 17=1:2:100， 
jci 92Ue5 Q Vector WPRzC 太 CTrease5 17 1005， 


Solution 3.3 77e code F.m Teeds to be cpna7ged 如 
function [value] = f(i) 


value = sin(ixpi/2)/(i>2+1) ; 





ad 刀 em se 如 e sa7mae code. 


Solution 3.4 777s 45 wccomD15sjed 52720 胡 e code: 





Solution 3.5 7T7pe code yequ?7es VEe7V 707207 700dz7ca 帮 0o7 加 : 


V 0.:0.25:0.75; 
cosX = Zeros(size(v) ) ; 
N = 10; Tange = 0:N; 
ints = 2*range; 


for Dn = Tange 


CosX = CosX + ... 
(-1)”>nkVv. ”ints(n)Vfactorial(ints(Gn)) ; 


end 





TS 92VUEe5 VUE7V QCcuUrate Q11SWET5: 
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Cogs (V) -coSsX 
ans = 


0 0 0 0 


T715s 70ea115 雪 of 态 e derence bpetueen 矶 e 1WH47T14PB and 雪 e series asWers 
ae Less 如 oa7T eps. 


Solution 3.6 作 e cam Vse code Rich _ performas 妇 e suU72720 友 0725 sepayately jor 
aizerent values of N or note 如 at SN 一 SNw+TI1/CNT+IH2 where 5 = 1 
TH15s 1eads to 如 e sz7Dle code: 


s(1) = 1; 
for nn = 1:2000 


s(n+l) = sCn)+1/(n+l) 2; 
end 





T71is gives a walue Which Pen diuided 5 T2 allows one to appreciate 太 at c ~ 6. 
7 jaoct 


for p = 1:4 

SUm 0 ; 
for j = 1:(p+1) 

sum = Sum + jp; 
end 


disp([， sum for p=， 
int2str(P) ” is ” int2str(sum)]) 


end 





Solution 3.8 THe codes jor this jos aTe: 
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sumln(1) = -1; 
for nn = 1:1000 
sumln(Cn+l) = SumnlnGn)+(-1)” (n+1)V Cn+1l) ; 


end 


sum2(1) = 1/2; 
for nm = 1:1000 

sum2 (n+1) = sum2(n)+1/(Cn+1)*(n+2) ) ; 
end 





te7e WEe 玫 QVe Used 圾 e terms 讽 雪 e Sumaa 友 os evalulated at 矶 e (N 十 丰 全 
Dlace. 


Solution 3.9 THe szD1est Way of dozg 雪 1s Would be zZ>2&xr<f， al 地 oj 妇 ere 
ae 0 妇 er Ways ~zZomr(z>=2,z=<4f) jor 和 stamce. ThAe secomd ezZza7Dle ca pe 
dome WUi 坝 zorus209 Zor (zz>3,Z<-1) or Ui 坝 or 5109 Z>31z<-1 (yow ca7 se 
bo 专 sce 雪 e se 好 are disyjotmt. 


Solution 3.10 mod(m ,2)==0 tel11s .5 矿 ot 妇 e remaaz0der WPem qzuzd2729 D0 加 0 
48 Ze70 (要 0 个 见 0 eye 于 order 1 esU1e 雪 ot 如 1 55 om 杂 Ue Jor Values 
of 7 > 20 We 7eed 如 e statement mod 人 ,2)==0 6 10>20. 


Solution 3.11 771js requires us to Worg out tan(73T/4) but sce tan 好 Per 人 - 
odic 胡 1s 15 equal to tan(T/4) (ohici 25 ome). 瑟 ence 奶 e 厅 st comdi 友 om 15 杂 Ve 
500 7458Ssetto2amd asthis1s am nteger Floor(z) 15 equal toD amnd soz7ssSet 
to 10，Whicj 15 Tot D7U0e 5S0 2 715 7etu7Ted as 妇 e 5S1109 “alse” 7725s cha729ges 
Wz 雪 雪 e 3560 Value of DZ，1y Jor ?stamce 2 三 3. 


Solution 3.12 77Hzs ses 


start = 1/7; 
next = mod(5*+kstatrt ,1) 


While floor(next#k7) -= floor(start#k7) 
next = mod(5*knext ,1) 
end 





ere We ave WUsed dguite Q co72Dlicated strUcture to deal wz 矿 专 e yowugd229 er7o75 
211707081C 1 14774B (ob1g 妇 of 雪 e omiy possi1e asWUe7s ae 7]7 Where 
m EN)， 
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Solution 3.13 人 Te ave 


卫 1:50; 
工 了 .3-n. “2+40 


ii = find(f > 1000 & modGn,3) "= 0) ; 
n(iiy) 





Solution 3.14 77e key Pere ?8 1 start WU 地 矶 e str220g of 坊 e jirst tem letters 
me1 “abcadej1g127 7 玫 e asp 地 e wser to enter 妇 e Jrst Value om outside 妇 e 
UhZZe 1ooD: 妃 1s avVo7qds 奶 e Teed jor 如 e ji7rst 月 ag. TARe yequz7red code ?5 雪 em: 


"abcdefghij'”; 
= Enter an integer from 1 to 10: ”; 
input (msg) ; 


while (round(Cn) -=n) | (Cn<l | n>10) 
Warning( Not Valid ) 


input (msg) ; 


str(1:D) 





Solution 3.15 4/ 妨 oug1 妇 ?s proplerm cam pe solued 纪 ole code 让 和 prejerable 


to Use au couUple of junpctomns. TPRe jirst one cpecks Unet 妇 er a cparacter ?1s Q yetter 
(lower or UDPer case): 


function [val] = isletter(charac) 
1Lchar = lower(charac(1) ) ; 


if 1Lchar>=?a) 氏 char <=?Z) 
Val 


elSse 


Val 
end 





Ersto 记 e Jrst caracter 15 eZtyracted amd co7Uerted to 1oWUer case. T7em a cecK 
215 72Qde to see 矿 让 25 Q cparacter 砚 如 e lower case alDjape 上 矿 让 25 雪 e va7zable 


VQ1 45 sef 10 be 杂 Ue ( 纪 ot 05 了) 4 si70ila7 code checks jor WAhet 太 er a cparacter 
15 Q QZ9z 
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function [val] = isdigit(charac) 


1Lchar = charac(1) ; 

if LIchar>=20)” 氏 1char <=?9， 
ValLl = 1; 

else 
Val 

end 





作 e cam moUw Vse 妇 e 刀 mc 友 0725: 
mSsg = ”Please enter a Jetter and a qigjit ”; 
Str = input(msg,2S?); 
while ”isletter(str(1)) | ”isdigit(str(2)) 


Warning(:This is not Valid)?) 
Str = input(msg,sS?); 





TPRe a7gUae1t of 雪 e UpZIe 1oop checps 1 see 矿 ezter of 坝 e comdiz 友 0o75 7251 区 
5atisjied (amd as sucI USses om 坝 at 015 态 e Vercal 1270e). 


Solution 3.16 77His ca7l be dome Wi 如 e code: 


1inspace(-3,5,100) ; 
for 1 = 1:1ength(x) 

if Xx(i) >= -1 x(Gi) <= 1 
f(i) = X(i) ”>2; 

elseif x(i) > 1 Kx(Gi) < 4 
f(i) = 二 ; 

else 
f(i) 0 ; 

end 


end 
plot(Xx,f) 
axis([-3 5 -0 





THe jnal comz7100722d ?1s Qdaded puUrely so 胡 ot 坝 e curve ca pe dzs 妈 09U2SPed 廊 o7m 
胡 e a7Z15.， 77155 971U6e5 
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<0 二 1 1 1 1 1 1 1 





Solution 3.17 ere we se 妇 e code 


藉 二 -二 8502， 

区 = cos(pPikX) ; 

izero = find(abs(g)<=1e-15) ; 
ii = find(abs(g)>=1e-15) ; 


f(izero) = NaN; 
f(ii) = 1./g(iiy) ; 
plot(Xx,f) 





WPZC 有 92VUeS 
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1 有 


-4 1 1 1 1 
-3 -2 -1 0 | 2 3 











amad 态 e choice of 10-15 05 训 ao senlse arpitrary，but rephecls jhow close We comme 
to 妃 e 529ULa7z 友 e5. 


Solution 3.18 T7e jirst 72e comtaz70s Q SDell200 702stak[e: 雪 e co7T100720 SROouULd 
be 7712SDQCe.， THe secomd 17e ?75 710155120 b7QcHets ay7ouU2d 2 ad Q Seco1o71， 
7 刀 妇 e dejhnaitom of 妃 e For oop We should jave Used a colom 7a 妇 er 如 am w 
Se110tC0OLo1. 70 00 霓 如 e yogzcal ezZpyess1o15 07 训 e ZJ amd 雪 e elsezp 10es 妇 e 
Secomd 7ejeremce to 矶 e ay7QV 2 US5es 1 7a 雪 er 雪 0am 7T. THe jirst 1ogzcal eZDTes5s107 
510U1d Use am aaDersa20 (人 @) 7at 太 er 胡 am 胡 e ord and; s?7701a71y e seco72d 
07e S1ould also Pauve am oa72De7samd 7a 胡 er 雪 om 矶 e word or. 7TPe jirsti part oF 
妃 e secomud ezZDp7es5s107 2 (IT]) ShouUld be checked to be greater 胡 a7m one or equal t0 
07e (althoug 态 1s clanmge ?5 academic). THe Jollowimg ine should refer to zZ(0IT) 
7o 妇 er 刀 omu 态 e entre Vector Z，a72d Should be jisjed o 丰 wz 圾 0 semzcolom. 
TPRe Va7IQbLe Ze7o 15 Sed Wi 太 ouUt qdejnz 友 oo ET2Q11 We are 70155s1719 QI ed 
Statemae1t to balamce Wi 坝 如 e om a jct WUhzci ouwld pe clear 矿 恕 e coryect 
0emta 友 om WQS ?Sed. 
The coryected code 715: 
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linspace(-4，,4) ; 
length (Xx) ; 


1:N 
if x(j) >= 0&x(j) <= 1 
f(j) = X(); 


elseif Xx(j) >= 1 妈 Xx(j) < 2 
f(j) =2-x0O); 

ese 
f(j) = 0; 

end 





C.4 Solutions for Tasks from Chapter 4 


Solution 4.1 THe so1u 友 om 加 奶 2s tasp 200Vues 108710 雪 0t 雪 e zeros of a jnc- 
丰 om jzZ) = 9g(Z)R(Z) 2 occur of 胡 e zeros of 坝 e 用 mc 好 o7s 9g(Z) ad 及 (7Z)， 
DT7ovided meither of 态 e 有 所 nctons are 519U1a7. 7 奶 18 case g(Z) 一 0 13 ze7o 0 
2 三 0amadgH(zZ) 三 Sn2zZ 2 zero 中 0, Ti 27 ad 37 (wz 纪 记 雪 e ra7lge [0,10]). 


Solution 4.2 Je mote 态 aot coshzZ = (ez 十 ez)/2 so 人 纪 order Jorcoshz to be 


化 


Ze7o We 7eguUire 轴 at ez 一 一 e-2 or 70U1tD1Ui020 态 rougj by ez 态 otf e2z 一 一 1，pt 
511Ce e7 > 0 Jor al Z， 如 1s cam mever be 50. Comseduentloy coshZ 15 TeVe7 2ze70. 
Sailarly jor sinhz we jpnd 如 at ez 一 1 Nichn is only true When zZ 一 0， wjicj 
45 刀 e sigle jsolated zero of sinhz,， THe zeros of 雪 e junctom of jz) occur 0 
胡 e zeyos of cosh 7 amd sinh ”zz，Which are only at 一 0 (5 Rich case 让 1 


a7. 0-jold zero). 


Solution 4.3 Je comsider 态 e discrirminant of 妃 e equation which 1 轨 2 一 人 4. 
For tuo real roots Ue jhave 妇 > 4 识 Rhichp case | 咱 > 2，jor one real root 妇 e 
Qzsc747207201t 2 Ze10，50 雪 atb 三 2 ad Jalo jor compiez root5 坝 e disc7277007207 人 
1 egative 50 雪 of | 咱 < 2. 7715s cam pe veriied g7rapjhically 52729: 
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input(?Value of b ) | 
-10:0.1:10; 


广 . “2+bkX+1 ; 
plot(Xx,f) 





TVotice 态 aot We Pave cjlosem 遍 e ra72ge [一 10,10] but we could jave sed Howledge 
oj 如 e sirUctre of 吉 e 甩 mc 好 om 加 ape suU7e 胡 ot po 地 roo15 Were om 妇 e ?209e 


(where | 串 > 21). 


Solution 4.4 作 e sjall ty 如 Write 态 e equa 友 om 也 地 e jorm 


cos0OsinZz 十 SinOcosZ 





COS 0 
1 Rich case tang0 = D， 了 如 Which case sing = DVI1I+D2 amd cos0 = 
1/VI1T+D2. Vouw 胡 e 包 nctom jzZ) cam be Written as 


sin(0O 十 2Z) 
0 
wj 及 7as zeros at sin(0 十 z) = 0, hencez 一 7T-0Wwhereg=sin 1I(9/V1L 二 0D2) 
(wpichn 3s evalulated 记 ML4T74PB Using asti) 和 =0 怒 er0=0andtf=1 
矶 en 0 = TT/4. 


Solution 4.5 7TPpe eduatiom jzZ) = 0 cam be 7ewritten 记 70070 Jor7ms DLLt 
We choose 2Z 一 cos-I(sinZ/2) so 态 ot a jized potnt scheme Would pe Zn+l 一 
cos-1((sin zn)/2) amd 妨 e_ corresponding code 15: 


function g = eqn(x) 


g = acos(sin(x)/2) ; 





TPRe rootls of 刀 2s Junectiom ca7 pe detery70272ed a7201 友 calL0 3209 0 5s2722107 Te 成 oq 
io 坊 e preuious ezample and are found to be nr 十 0 where 0 = 一 sin- (2/V5). 


Solution 4.6 THe 7oots of 如 is equa 友 om occu7 Qt 





一 5 士 V2 一 4 


Frstly considering 如 e optionm g(Z) = 一 (22 十 1 ae jhave 态 ot g = 一 2z] 
jzCR at 妨 e 7oots 715 


gf(zo) =1 干 \/1L- 二 
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Comsideri2g | 咱 > 2 如 e 7nodulus of 怒 is jnctiom 1 greater 坝 am one jor 如 e 
700t coyyesDo1d2720 to 妇 e 1egatliVe 5197 Q2d 1ess 妇 amu ome jor 如 e root W 雪 妇 e 
Dos? 友 ve 85209100. Fo7 矶 e o 胡 er o1 训 om We jd 坝 寺 


二 8 
人 


全 jem 妨 e 7oo 好 are SUb5s1ttead 纪 Ue jd 矶 of 妇 e above 5S2tua 友 om 1s 7eve7sed. 
Vsz00 妇 e code 


function g = eqn(x) 
b = 3; 


g = -(x>*2+1)/b; 





o7 Wz 太 如 e altermnatoe jnal ie 9 = -sqrt(-(bxC+1)) 7 Ue jad start729 zt 
QT 2107 友 QU gess of 一 1 We 9get dijjerent 7roots depemdzg 0 UPZCP Zed Doz7 人 


Scheme WE 45Se， 


Solution 4.7 作 e chamge 妃 e je junc.m to be 


function [f] = func(x) 
f = 2+X. ”2-X. ”3+Ssin(x) ; 





Vs220 妃 e 7oute We Doduce 胡 e D1ot 





4 














Vsi00g 2 ad 3 as 妇 e ends of 如 e ramge We obtaz 


>> mbisect 
Root = 2.1741 found in 14 iterations 


Witjh au tolerarlce of 1 xx 10 一 4. 
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Solution 4.8 TPe junctom jz) = cos37 jas 妇 ree 2e7os 羽 雪 e ra1lge 0 to T， 
Vs1009 e 包 11 ramge，Wwe elcotUalter 胡 e le 此 root T/6 (7 jct we 5s51ould checK 
Upe 胡 er (十 a)/2) 55 saller 专 om 专 e toleramce， wj 计生 遍 雪 15 case. For 
胡 e o 妇 er t 轴 lo 7a1ges We ca selectl 妇 e Jower or UDPper 7oot 玫 e mote 圾 of 如 e 
5CJeT0e 5 上 1 WUO7ESs Jor am odd TDer of roots (sice 坝 e Scheme eliy700720tes 
太 e7m 和 记 Daz7s). 


Solution 4.9 77135s ?5 7erely a 7alatter of setb1g 1 妇 e routimes 
function [f] = func(x) 


= X.kcos(X)-sin(x) ; 


function [fp] = func_prime(x) 
fp = -X.#kSin(X) ; 


function [f] = func(x) 
f = (Xx."3-X) .xsSin(Xx) ; 


function [fp] = func_prime(x) 
fp = (3*+kX. “2-1) .ksin(x) 
+(X. “3-X) .CoS (X) ; 








TPRe 7oo1 of 态 e jst Jumpc 友 om are of2 三 0 amadg2 福士 441 ad 72007020 0 胡 er 
7oot5 Which temd to 态 e zeros of cosZ (as 2 记 creases)， 
THAe o 妇 er 有 mc 帮 0om jas ze10s at Z 三 0 amd 1 amad 妇 en at Wherem E Z. 


Solution 4.10 7T7je zeros oj this junctiom occur Where 工 一 23 = mT. 砚 order 
to opbtazm 207 友 QU esti7aates jor 态 e ramge We D1ot 地 e 包 mc 友 om 
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Now 4s100 妇 e code False Poszt7o7.11 


>> False_Position 

Starting guess point 1 :0.8 

Starting guess point 2 :1.2 

Root = 0.9999999982 found in 12 iterations . 
>> False_Position 

Starting guess point 1 :1.6 

Starting guess point 2 :1.8 

Root = 1.690631797 found in 4 iterations . 


TPRe jirst 7oot coryesDpo1ds 如 见 三 0 above. 玫 e note 态 ot 雪 e 用 mc 友 om ge 好 Ve7y 
05C?1latoy7y 0Q5 2 纪 cTeases a12d 1700U DO5e D7Oble1105 05 7007e 700t15 QT7e Teguz7ed，777 


3 


Jich case 妇 e yoo 好 5 of 胡 e cubic 7 一 2 三 TXT cQT be SOVU9Rt 5720 Jor stamce 


mo00tS. 


Solution 4.11 Te wse 如 e code om Dage 124 WARich calls: 


function [f,fp,fpp] = fun2(x) ; 
f = X. ”3-4*X. “2+5#*X+2 ; 


fp = 3#+kX. “2-8*X+5 ; 
fpP = 6*X. “2-8; 





THe root5 are of 1 (butice) amd 2. 


Solution 4.12 7T7e 7oots cam be calculated 5200 如 e ?le code 7roots(LI 
1 17) and roots(L 人 1 0 0 1 -2 -47)， 
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Solution 4.13 772s ca7m be dome 4s2709 如 e code 


function [f]=funcl(x) 


X.kSin(Xx)+cos(X) ; 





ad 雪 em WUse 态 e code Fzero(2Fp ,3) WUhzci gzUes 如 e rootf 久 2.7984. 717ere a7e 
1007 0 妇 ers. FEor 矶 e o 妇 er cases 妇 e 7oo1 are: snZ 三 0 or snzZ = 三 十 1 so 奶 Qt 
2 三 IMT[2 [0 E ZN) 人 训 雪 is case fzero jails and returms ua 7oot of Z 三 1. 77e 
code jas 71listakem 太 e jact 地 ti 雪 e 包 nc 友 om cja7ges 51970 Jor a 7oot 





Solution 4.14 77e 负 nction Jaz(Z) 25 actually sin Z/VZ amd comseguentl 态 e 
7oots are TXT. THe code meeded jor jzero 15 


function [f] = ourbess(X) 


f = besse1j(1/2,x) ; 





ad 妇 emn jzero(?ourbess7 3). 


Solution 4.15 77Pe jnc 友 om We want 如 id 妇 e zeros of is jz) = Zsinz 一 
2Z2cosZ 一 1 Which jpas deriuatiue 记 (Z) = sinz 二 zcosz 一 20cosZz 十 Z2sinz 一 
(1 +z2)sinz 一 CcosZ. 7Tjhe correct definitions Jor Fz) and 挛 (z) are: 


大 


function [out] = f(in) 


out = in.ksin(in)-in.>*2.*kcos(in)-1; 





function [out] = fp(in) 
out = (1+in.”*2) .ksin(in)-in.kcos(in) ; 





ad he code to Wse 奶 ese Would be 


1:10 


X -车 (X)VfPCX) ; 





(notice 坝 at 妇 e seco7zld termm 记 雪 ?8 ezZpyessiom Was 妇 e WU7o7g Way 2D 记 妇 e 
dues 妈 0 7T715s code could be Written jar moyre elodue7tly， 
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C.5 Solutions for Tasks from Chapter 5 


Solution 5.1 77jis code iDuts Jour va1ues Which represent 胡 e potmts (Z101) 
ama0 (Za2,y2). THese are emn nade jnto VectorsX ad y，Uhere 胡 e Jormer com- 
ta2105 如 e 2 coordzates ald 妇 e yatter 奶 e y coorqzates. THe comnT2020 DOoLVFZEZ 
jls au straz0At 00e 妃 roug 凡 如 e Do 好 ad retuy1s 7 三 70 十 c，WRere 奶 e 9g7a- 
azent 7 78 妇 e jirst element oj p ad 妇 e ntercept c 15 如 e secod.， THemn 态 e 
al com27700720 dzsD1aVS 如 e 7esu 太 太 妇 e wser enters po 雪 values of yy， 雪 e samne 
eduUato7 45 TUSst 7etuyled as 吸 三 0 amad c equals 雪 at Value On 矿 e other Pa7d 
久 joo values of z are 态 e samme 雪 en 4T14B 1ies 如 gzoe 雪 e 00e am 专 帮 te 
g70dtze1 坊 sz71ce 人 sould be of 万 e jorm 7 = 





Solution 5.2 Je write 妇 e quadratic as 一 aa 二 DZ 一 Zo) 十 c(Z 一 Zo)(Z 一 21) 
Jeyre We choose Z0 a5 妇 e 2Z coordzate of omne of 坝 e Dozt5. For co7Ve7lie7ce 
We s1all take 妇 e o71910 05 如 e jirsti Dott 50 恕 at 20 三 0 and We see 妇 0 
Q& 三 0. Usig 妇 e potnt (2;, 一 1 as 她 e mezt Dot We 10te 雪 at 态 e quaaqyratic 55 
4 三 b 十 cz 一 2) amd -1 = 三 20. Pa e cozdiom 专 of 胡 e cuyrVe 9oes 
态 roug1 e Jinal poimt Wields 妇 e equation 5 = -5/2 十 15c so 如 at c = 1/2. 
emce 奶 e quadqyatic 他 





Solution 5.3 人 We wse 如 e code: 


X=0:10; 

co= [132]; 

y = 和 .2+3#kX+2 ; 
for 1 = 1:3 


XV = 1I-0.5; 
P = polyfit(x(i:(i+l)),y(Gz:(i+l)) ,1) ; 
err(Ii) = polyval(p,xv)-polyval(co,XV) ; 


end 





T755s gives 矶 e sa70e e77o0r 纪 eqQci case; aeM T/4 (which we ould ezpect 万 o7m 
WU2dersta72d300 态 e eryor Q550ciated Wi 遍 妃 1s mne 妇 od of nterpolatiom (co7mlsider 
记 e secomd deriuatiue)). 


Solution 5.4 7715s quadratic Wi pe of 雪 e jorm cz(T 一 Z) (sce 让 1 zero 0 
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0 amd T). 7The value of c cam pe deter7ni70ed 方 om 胡 e comditom 坝 at 专 e curve 
90e5 妇 roug 几 雪 e jal pozmt AZc 有 91Ue5 


47 
V 一 二 (r 一 四 )， 
克 


Solution 5.5 0922ce 妃 e cubzc ?15 zeyo 0 坝 e Dota45 0 ad T UVUe FoU 妇 o 让 25 of 
太 e jorm z(T 一 ZJ(a(Z 一 T/2) 十 站 .7TPe values ofa and pb cam be deteryrnimaed 廊 omm 
太 e o 太 er points: (T/2,1) givesb 一 4/T2; jnal (-T/2, 一 1) givesa = 16/(372). 
再 emnce 妇 e cubic ?18 





二 ( 囊 e+ 三 ) 
一 z(r 一 J (这 + 二 


Solution 5.6 For 怒 1s We sjall use 地 e MA4T74B commazd sp17zme so 雪 ot 





区 二 玉生 
y= [0-1010]; 
Z 
工 


-pi:(pi/20) :pi; 
spline(X,y,Z) ; 
plot(z,f,x,y,)o7，MarkerSize? ,14) 





TPRZS 92Ue5: 


1.5 





0.5 上 本 








-1.5 1 1 1 1 1 1 
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Solution 5.7 五 ere We s1al1 Use 态 e Ine 妇 od of east squayes. 45 suCcP Ue 5s1al1 


Doduce detatzls of 如 e jorrmpulotom， 人 e calculate 如 e su of 如 e squares of 坊 e 


CE7TO7S. 
也 


e 一 》 (asin zi 十 bcos2zi 一 万) 


4 三 工 


Qu0 Da7tat az1eremiat29g Wz 坑 respect 加 Q ad D We jaue 


和 7 
元 至 > sinzi(wsin2i 十 bcos2i 一方 ) 
aw 
一 1 
oOe 和 
二 > cos Zi(asin Zi 十 bcos2i 一 方 ). 


4 一: 寺 


7T7ese equa 友 07.5 CQ pge 7eWwyittem 2 700t720 jorrm 0a5: 


也 亿 亿 
> sin2 zi > Sin Zi coSs Zi > 广 sin zi 
1 一 1 1 一 1 ( 4 】 1 二 1 
作 亿 六 亿 
> ， cos Zi sin Zi 》 cos2 zi > 方 cos zi 
i1 记 1 这 1 


Ts ca be so1ued 82729 如 e code: 


0:0.1:1.0; 
[3.16 3.01 2.73 2.47 2.13 1.82 ... 
1.52 1.21 0.76 0.43 0.03] ; 

A = [sum(sin(x).>*2) sum(cos(x) .ksin(Xx) ) ; 


sum(cos(X) .kSin(Xx)) sum(Ccos(x) .2)] ; 
zz = [sum(f.ksin(X)); Sum(f.kcos(Xx))]; 
solL = ANr; 





7725 921VU65 

SoJ = 
-1.9941 
3.1892 


TPRe o72g2004 data Was actually 9gemerated wz 坝 一 2 ad 3.2，a7md 雪 em mo07Se WaS 
added. 


Solution 5.8 71zs ca be dome 8 Pad 0 充 jJoct 14774DB WwW actual 
7etu7I 胡 e 7equWired coe 太 czemt5. 
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-pi:(pi/2) :pi; 
[0 -1 010]; 
Z = -pi:(pi/10) :Pi; 
PP = spline(X,y) ; 
f = Spline(x,y,Z) ; 


plot(z,f,x,y,)o7，MarkerSize? ,14) 


true = sin(z) ; 
er = Sum((true-f) .>2) ; 

















了 Ps 92VeS 
15 
让 
o5[ 
0 直 : 
-0.5| 
< 
二 站 洛 1 1 1 1 1 
24 2 洛 村 0 1 
QT00 


>> pp.coefs 


angS 


-0.0860 0.8106 -1.6977 0 
-0.0860 0.4053 0.2122 -1.0000 
-0.0860 0.0000 0.8488 0 


-0.0860 “ -0.4053 0.2122 1.0000 


WPicji are 态 e Jour cubic egua 丰 oms (givem Wi 遍 轨 e coe 所 cien 好 s of z3 jirst. Te 


total su of 奶 e eryors Was 0.1944. 
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Solution 5.9 The coyr7rected code ?5: 


= 2:11; 

= polyval([1 0 0 -1 ,x) + Sin(X) ; 
X = 4.5 

= 3:4; 

= polyfit(x(Gr) ,f(Gr) ,1) ; 


yy = polyval(c,4.5) 


15 (extrapolation) 
length (x)-1:1ength(X) ; 
= polyfit(x(Gr) ,f(r) ,1) ; 
yy = polyval(c,15) ; 





C.6 Solutions for Tasks from Chapter 6 
Solution 6.1 77ese calculatoms cam pe 7epeated 52009 妇 e code 
[3 0 -1; -4 2 2]; 


[-1 7; 3 5; -2 0] ; 
[2 0; -1 -3] ; 


A+transpose(B) 
人 AkC 


A*ktranspose(C) 
3*xC+2#ktranspose(A*kB) 
(CA*B)#C 

A#k (B#C) 





Solution 6.2 Notice 胡 of Pere We set UD 妇 e natr 4 pejfore cha79220 妃 e ele- 
10e7045 0720 成 15 季 Wecessa7U but 9g00d Drac 丰 ce. 41so 让 55 of mecessa7y 10 Set 
2D 7 aad 1 如 is ca pe dejimed ze. TPRe dejnziom or allows jor more Versatle 
code. 
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工 1:4; 
A = Zeros(4) ; 


A(C1,T) = 工 ; 
ACT,4) = flipud(r7) ; 





Note 太 of 太 e jnal commaa7ld could also be replaced 0 4(0FLzpVd(Tr) ， 1)=727 
VOU S1ouUld t 杂 yy to WU2derstamd 妇 15 co72770072d. 


Solution 6.3 瓦 ere we 7ely om 胡 e 丰 cf ot MA4TZ4B 了 ous 态 of aatr 红 WU 坟 
Q SUDe7- 07 SUD-diago70l oj eg 成 9 35 a tem-py-tem 700t727. 


a = diag(ones(1,9) ,1)+diag(-ones(1,9) ,-1) ; 


Solution 6.4 7715s ?5 ITUstl Q Yatter of 怒 D109 胡 e comz007205: 太 oWUEeVET OU 
S1ould be able to decide WRzci omes are Viapble bejore dozng 妇 7s， 


Solution 6.5 THpe code to solve 胡 ese pyoblems 15 91UeT 0 


[12; 34]; 
[3 4; -1 2] ; 


[3 5; 6 -2] ; 


[-1 0; 2 1]; 
2#kC-4#D 

[1 3 5] ; 

[2 -1; -1 0; 7 -2] ; 





Ts 92VUe5 如 e Q725We7S 


an 二 
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10 10 
4 -8 

ans = 
34 一 411 


ANow 








QQ 


aa 十 9 aa 二 pa 
ca 二 ad cg+aa 





Nouw comDay7220g 入 A and AX we jnd 奶 中 让 75 mecessary Jora=dandpb=c 
[provided 8 夭 0). Fence 态 e only matrices WwWHich comamaate Wi 专 matrtices of 如 e 
Jorm 入 are 奶 ose oj te sa7ne jormm. 


"Top left element of matrix ”; 


”Bottom left elLement of matrix ，; 


六 二 :2 
a(j) = input([stl num2str(j) 2: ?]); 
b(j) = input([sb1 num2str(j) ”: ?7]); 


end 

A= [a(1) b(1); b(C1) a(1)]; 
B = [a(2) b(2); b(2) a(2)] ; 
disp(A*B) 

disp(B#xA) 





Voice 妇 of 如 e asWwer 43 also of 妨 e jorm 入 . 
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Solution 6.7 TJe (2 力 由 element of 了 Bi ai 十 oji and 如 e ( 思 们 由 element 2 
aii 十 aij (opicep are equal so 也 1 symaaetric)， Simzlarly 态 e (六 力 由 element 
ofC ioij 一 0ji Rereas 雪 e ( 思 们 由 element 03 7ninaus 雪 1s， ma7maely aii 一 Qi 
50 胡 af C 15 a7 友 -5V72770et77C. 


Solution 6.8 77ese matyrices ca7 pe comstructead 1 ML4T74 有 


theta = 0; 
AO = [cos(theta) sin(theta); -sin(theta) cos (theta)] ; 
theta = pi/2; 


Al = [cos(theta) sin(theta); -sin(theta) cos(theta)] ; 
theta = PI; 
A2 = [cos(theta) sin(theta); -sin(theta) cos(theta)] ; 





or 700the7aa 如 call ad We 02q 


1 0 
4|o-o 三 ( 0 1 】 ， 
0 1 工 
4o=r72 一 ( 二 十 亲 】 ) 


一 1 0 
4|o-=r Eee ( 0 _1 】 。 


作 orKz720g 奶 roug 几 雪 e cases ome at Qu 友 70e 


ad 用 Tal1V 


0 三 0 715s 9g?Ves 45 好 e idem 友 妃 Ta 杂 Z，s0 TULDLU29 UVeaves QL1 Dot 好 mL- 
ca729ed. 


0=T/2 Fere 太 we start ui 太 X= (2 Axi (一 DT. THizs roves 态 e Point 
7oVU720 胡 e o75937 0 (umsurDpr1337291) /2. 


0 一 T Now 太 e actiom 1s to returm (一 D; 一 0 人， Hicp is a rehectiomn 各 雪 e orig 训 
(or 妃 jct a rotatiom of 1). 


1 gemeyral 态 e acom of naLLtD1V220 pb 如 1s atr2Z 15 to 7otate by 0 radza75. 
作 e com Wo ott 胡 e JUerse of 雪 28 700t7 89 08700 成 at 7 deter723700T 
15 2722t ad SUWitcP2700 e tery10s om 妨 e eading diagomal amd 妇 em altD10200 
态 e o 太 diagomal ter7m2s bV 7275 07e. 瓦 owever，We couUld also ezplozt 妇 e jact 
矿 驻 充 orger 1 ?0ert 妇 e opera 友 0 of rotat0g 0 07 age 0 We 7nerely 7rotate 
pb 0 记 胡 e o 妇 er sense (or 7mo7e specical1y 0 一 0)， THe 和 Verse 15 91Ue7 07 


关注 二 cos(- 四 sin( 一 人 ) _ cosb -sinb 上 


一 Sin( 一 0) cos( 一 作 sin0O cosO0 
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T75s 1s easz10 Ve721ied 9 perjormzg 雪 e YaUltDlicatiom of 如 e Tatrzces 
cos0 一 Sin0 coSsO Sinb0 
sin0 cos0 一 SinO cos0 
本 cos20 十 sin20 cos0sin0 一 singcosb 
sinbcos0 一 cos0sin0 sin20 二 cos20 


-= 


Solution 6.9 77zs ?5 solved Vs2729 如 e code: 


= [3 4; -1 2]; 
b= [2 ;0]; 


= ANb; 





Which givesZ 一 2/5 ad y 一 1/5. 


Solution 6.10 775s ?15 solved ?8200 妇 e code: 


= [112; 1 -1 -3; 
-2 -5 1]; 


= [1; 0 ; 4; 
= AN\b 





7714s gives2 三 4/5, 7 三 一 1 andz 王 31/5. 


Solution 6.11 Je are able to add A amd B sce 妇 ey are of 雪 e sa7me 572z6e， 
maQ10ej0 妃 ey bo 雪 Raue 奶 ree 7oWs ad tuO coluy70705. 


1T 一 1 2 一 | 3 一 2 
0 2 十 | -1 0 =| -1 2 
3 2 3 2 6 4 


TPRe 7natrices A and C cam pe 70tUltDlied toge 妇 er sce 雪 e Tbe7r oj colu772725 
of A (to) matches 她 e Taber of rouws oF C， 








1 一 ! 二 1x(-J) 二 +(-Ix2 1x0+(-1x1I 
0 2 上 人 0x(-- 世 十 2x2 0x0+2x1l 
3 2 3x(-]) 十 2x2 3x0+2x1l 
3 
二 4 2 
工 2 
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THe 7aUltp1catom ofC tes 了 7s mot Do5ss10le 5272ce 妇 e TU1ape7 oj colu72725 OF 
C (to) 3s not equal to 雪 e maper of rows of 也 (tpree)，. 

First We calculate A 一 孔 (which 1s possible 517ce 50 纪 70atyices a7e 胡 e sa7ne 
5126).， THis 9?Ues al0 雪 er 7atyriZ of 妇 e sa7mme 5ize (agai Wi 志 奶 ree rouws amad 
to colu7za725)，WAic 凡 cam OU 70aU1tDLV C sce 雪 18 jas to 7ouWus.， Te answer 
?5 
1 0 
3 2 

0 0 

TPRe jnal calculaiom sjould give 太 e sa7me asWwer. Te MA4T7Z4P code jor 

成 ese calculatio7ms ?5: 


>>a= [1 -1;02; 32]; 
>>b= [2 -1; -10; 32]; 
>> CC= [-10; 21; 
>> a+b 
ans = 
3 -2 
< 册 2 
6 4 
>> 3 半 C 
ans = 
-3 三 下 
4 2 
1 2 
>> (a-b)#c 
ans = 
1 0 
3 2 
0 0 


>> akkC-b#kcC 


0 避 .二 
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1 0 
3 2 
0 0 


Solution 6.12 7T17ese calculatio7s ca bo 雪 pge perjormed amd 胡 e so1u 友 075 ae 


3 1 16 -2 9 一 3 
10 )  ”\N0 2 -5 -1 
WAicP ca7 pe cjecked 5109 MI4774 
>> [1 -12; 30 了 1 菇 *[3; 2; 匡 


>> [5 -2;-1 2]*[401 -1 21 -2 -1 


Solution 6.13 T7e 7resul 好 of po 雪 calcuiatioms merely 7etuy725 雪 e Tatr2Z WU71- 
ca7ged. 7T155 15 态 e efrecti oj pulztplyig 08 如 e dem 帮 妈 . 


Solution 6.14 Firstly，we rehect 记 态 e 1eading diagomal to give AT so 态 ot 


3 0 
A=| 2 -1 
一 1 一 2 
T7je 7esults of 雪 e 7maLttDlica 友 0725 Q7e 
9 6 一 3 
( 了 让 Q70 6 5 0 5 
-3 0 5 


Jich cam also be dome us?0 MA47T74P code: 
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>>A= [32-1; 0-1 -2]; 
>> Artranspose(A) 


ang 三 


9 6 =3 
6 5 0 
=8 0 5 


Solution 6.15 人 扩 e assu7me 妇 ot ua gemeral row Vector 15 of 轨 e jorm 
(Z1;Z2， 2 ,ZN) 
0Q720 co75egWUe7ltl ?如 17Q70sD05se ?5 妇 e coluy7272 Vector 
化 1 


2 


灾 N 


1emce 


2 2 2 
XX = ( 2 认 2 1 ZN ) 。 二 21 十 2Z2 十 … 十 ZN. 


YN 


T712s 7 Q 5cala7 WjicR 15 Dos? 友 VUe SCe 让 325 70e7ely 妇 e su72 oj sdqua7es. 


Solution 6.16 7TPe matri equa 友 om ca7 be ezZpa7ded to 97Ve 


2Z 十 4y 三 1 
一 2 十 3y = 一 2 





426 C. 9Solutions to Tasks 





ad 妇 e 如 ree 537aULlta7aeos egua 友 0725 ca pe WU7Lttem as 妇 e sg9le 70Qt72Z eduWQ- 


友 07 
| | | 化 0 
1 一 2 一 1 4/ 三 2 
一 1 3 一 这 一 1 


Solution 6.17 [ye szmDLV D7ese1 引 雪 e code WAicj com pe Vsed to deter7n2270e 妃 e 
Chayracter of 妇 e systemns (tjis ezplotts 妇 e code so1ms.m 9iuen om Daqge 188) 


[3 2; 3 -2]; b=[7; 7] ; 
solns(a,b) 


ones(6) ; 
for TY = 2:6 
a(T,T) = -1; 
end 
= ones(6 ,1) ; 
solns(a,b) 





THzs 7retu770s 妇 e co7710e70t5: 


There are 2 equations 
with 2 Variab]les 
There 1s a Unidque Solution 


ao1d jor 胡 e seco7d case 


There are 6 equations 
With 6 variab]les 
There 1s a unidque Solution 


Solution 6.18 777s ca7m be auwcco7m2D15s7ed VS2720 
[1 0 0 -1; 


三 信 汉 3 
DT 人 


0001]; 
[0 1;0 0; 0 0; 1 0]; 
sols = ANT; 





了 7HSs 92VeS 


SO1LS = 
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1.0000 1.0000 
1.0000 0.6667 
1.0000 0.3333 
1.0000 0 


， 交 汪 
Where We jaue sofued bo 坑 Systems at omce to give (1 1,1,1) and (1 3 5,0). 


Solution 6.19 人 Te wse 怒 e_ code 


s = pi:pi/3:(2*xpi) ; 
ns = length(s) ; 


for j = 1:ns 
ss = S(]); 
A= [0 1ss; 
SS 0 1; 
1 ss 0] ; 
Zz(j) = det(A) ; 
end 
c = polyfit(s,Z,3) 





Which gives C 一 (1;0,0,1) so 态 ot 态 e determinant of 妇 e mnatri7 35 53 十 工 . 


Solution 6.20 人 Fe mote 胡 at 


(aa -= 


4s such we jnd 如 at 也 3 BB? 一 也 I -Band 矶 of B4 = B2B2 = 
(一 了 (- 了 了 三 工 Bence we javue 态 e code 








na = input(What Power :?); 
b [0 1; -1 0]; 
Switch mod(n ,4) 
case 0 
bn = eye(2) ; 


bn = 


bn 


bn 
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Solution 6.21 7T7e ezgemvalues ca be deter72t70ed 4s2709 妇 e code 





WicP 9iUes 1 (tuice)， 0 amd 2. 


Solution 6.22 人 玫 e start Wz 纪 见 三 工 WRcR 25 70eyrely 妇 e dejhnitom， 胡 at ?8 
A =PDP-:. 4nag we assume 态 at our comjecture 1 true for mu 雪 ot 1 An" = 
PD?P-1. Now premaultiply py A 
AA" ==A(PD?”P-D) 
An"+l 王 PDP-I(PD?”P-D) 
=PDI(P-IP)D?”P-: 
王 PDD7"P-- 
=PD?+IP-. 


7715s ?8 7erely e statemaent oj our 505 友 QL co77ectalre jor 兄 十 1. 77aus we aue 
s1owm by iductiion 矶 of A" = PD7?"P-:. 


Solution 6.23 777s 97Ves 
>> co = charpoly(a) ; 
>> Toots(co) 


前 呈 .二 


2.0000 
1.0000 + 0.0000i 
1.0000 - 0.0000i 
0.0000 


7T712s comjr705 妇 e resWlts above， 





Solution 6.24 TJe eigenualues of this eguation are (3 土 V5)/2. Comnseqguent 加 
24371009 妇 e geme7ral jorm om page 2716， We /ave 
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x 人 二 元 人 (G +VBeG-vBva _ (3 一 VBjeetvaw9] T 


下 (ee 一 ee+va?] A} ( 1 ) 


< 


一 


C.7 Solutions for Tasks from Chapter 7 


Solution 7.1 Please ty 让 Wou7set Jrst bt 专 15 35 雪 e asWwer (or ole of 坝 erz): 


for = 1:12 
Switch mod(i ,3) 
Case 0 
f(i) 
Cagse TI 


f(i) 
Case 2 
f(i) 





THere ay7e 70070 altermatliuves, jor staTce 让 = mod(1:12,3)+1)， 


Solution 7.2 For 胡 e ome 如 id case, We ca U0I 天 妇 rou 跑 霓 e code wz 太 和 = 9， 
50 妇 地 


rodd=1:2:Wgiues 1 357291 
reven=2:2: (W-1) gues 2 4 6 3) 
Uez9ghts(rodd=2) gives /2 02020202/ 

Uezghts(1)=19ies (102020202/ 
Wez9ghts(NWD)=1 9Ues [100202020317 
Ue7z9ghts (reven])=4 ges 一 1142424274317 
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ad jor 态 e 如 ree ezgjtjhs 7uie Wi N = 10 we ave 


m=(W-1)MA3 gives 3 
rdzpF=3x(1: (1-1D))+1 91Ues [3Sx(1:2)+11 如 at 14 7 
WUez9hts=3xomes(1,1N) qiUes [33333333333/ 
WUez9ghts(1) gives /1 333333333/ 
Uez9ghts(V gives /1 333333333417 
Ueiz9ghts(rdzFF)=209es 13323323337 


Solution 7.3 7717s 15 dome VSs2729 如 e code: 


function [val] = fn(Cx) 


Val = 1og(x+sqrt(x. “2+1) ) ; 





Solution 7.4 Je sjall wse jor 怒 potmats (wj1icj should be ore 坝 a7 enoug7/) 
aad 10te 妇 ot 妇 e eZact a715WUET 15 


3 
3 3z2? 少 
定 -az+2dz= 1 一人 + 过 党: 
才 运 二 


The code 715 


N = 40; 

x = linspace(1,3,N) ; 
工 X. “2-3#kX+2 ; 

h = X(2)-x(1) ; 


integral = (sum(f)-f(1)/2-f(CN)V27)*#h; 





T71is giues 态 e Value 0.6675，Whpichp is Witjpin 8.7 x 10-4 oj 态 e ezact answer 
Voice 地 at 00 48202090 ez 地 er oj 52105075s 7ULes We could Paoe 7etrieved 如 e ezZact 
0Q725UE7，5171Ce 妇 e o771022Q1 cU7Ve 45 Q quUadra 友 c， 


Solution 7.5 Je wse NM = 11 amd moazj 572Dso7053 1[3 rule code om Dage 
233,，so 态 at We 几 aVwe 
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1inspace(0 ,1,11) ; 
X(2)-Xx(1) ; 
length (X) ; 

rodqd = 1:2:N; 

reven = 2:2:(N-1) ; 


weights(rodd) = 2; weights(1) = 工 ; 
Weights(N) = 1; weights(reven) = 4; 
f = X. >“3-X+1; 

integral = h/3xksum(weights .#f) ; 
disp([integral]) 





Ts 92Ve5 QT Q75WUEe7 0 0.75. 77e eZact Q71SWE7 ?75 


1 
人 4 2 1 
/-z+ldaz= Se 二 
4 2 本 


So 太 e scjheme does ezceedingly Well and 妇 e error 和 of te order 10-16. 77as 
15 1725W7D7053720 5172Ce e er7or 15 D70Do7 友 Oo7al 10 胡 e jou7 雪 deyriva 友 Ve，WAicP 75 
2dem 友 Call 2ero jor a cub5c. 


Solution 7.6 7 态 ?s las We D7oduce Q 710370207 700d2 帮 ca 友 om of 圾 e DTeuioWS 
501uLto7 胡 e Jrst ie Teeds to 7ead zZ=177SDace(0,D1，ND) ;aad 雪 e 00e dejr22720 
jzZ) meeds modi 负 ing to =stz(z) THis mow allows Vs to 厅 y diperent values 
of N，Whicj we do Wi 雪 a 1oop st 杂 Ucture: 


5:2:19; 
for N = Ns 
ClLear Todqdqd TeVven Weights 工 和 
1inspace(0,pi,N) ; 
hh = X(2)-X(1) ; 
rodqd = 1:2:N; 
reven = 2:2:(N-1) ; 


Weights (rodqd) = 2; 
Veights(1) = 1; weights(N) = 1; 
Veights (reven) = 4; 


sin(x) ; 
integral(N) = h/3*sum(weights .#f) ; 
end 
pP1lot (Ns ,abs(integral-2)) 





了 Ps 92VeS 
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15 20 


jeye We Raue Dotted 妇 e eryo7s Ve75su5s 雪 e Upber of Doz1015. 克 e Pave Vsed 如 e 
eZQct a171SWUE7 AZCA 715 
看 
snzadr = [一 cosz]o = 2. 
0 


45 We ca see 妇 e eryors tenld to zeyo Very 7apid1y OF course SinZ 715 Q ve7V 
5110200 妇 Junciom over 如 ;8 ?terual ad 矿 We jad a 7no7re 05scz1latory Humctiom 
7207e D03015 WoWwLQd be Teeded. 


Solution 7.7 人 e sjal1l use 奶 e 杂 rape2zU10 7Uie Jor s270D1cz 芭 .全 e also mote 态 ot 
态 e Value of 太 ?s 2teg7al over 妇 e t 杂 Uacated domzazm0 75: 


f 1 
-dz=snh-1l(a). 
| 二 人 
ITe note 友 ot sinh-L(a) 一 In(a 十 Va2 十 了 ) 50 1 jactl 如 e Value of 妨 e integ7ral 


QZ2Ve7ges，bat VE7 SLoWLV. 
作 e use 妇 e code: 
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input(:Truncate at: ); 
ceil(X)*#3; 
linspace(0,X,N) ; 


X(2)-X(C1) ; 
1./sqrt(x. ”2+1) ; 
= (sum(f)-f(1)/2-E(N)V2)#h 





THe seco7ld 1j7e esU1e5s 胡 中 雪 e steDp sizes WU be s712011er 胡 am /3. 715s 91Ues: 


>> qiVerge 
Truncate at:10 


Int = 
2.9981 


>> qiVerge 
Truncate at:100 


Int = 
5.2983 


>> qiVerge 
Truncate at:1000 


int = 


7.6009 


Which as We 5ee 纪 CTeases 05 胡 e 杂 Uaca 友 om Dotnt ?2c7eases. (THPe co7ry7espomdi720 
VUQlUes of arcs2 凡 are 2.9982 52983 amd 7.6009; so 坝 ot 态 e tegyra 帮 om does Q 
good 7ob)， 


Solution 7.8 人 Fe cam wse 如 e code: 
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theta = 0:pi/20:(pi/2-pi/20) ; 
N = 20; 
for it = 1:1Jength(theta) ; 
thetal = theta(jit) ; 
Clear grid 工 
grid = linspace(thetal,pi-thetal,N) ; 
ft = sqrt(1+cos(grid) .>2) ; 


h = grid(2)-grid(1) ; 
arclen(it) = (sumn(f)-f(1)V/2-f(N)V/2)*h; 
end 
pP1lot(theta/pik180 ,arclen) 
xlabel(Ntheta degrees ) 
ylabel(2Arc length)?) 





jcA 92UES 


4 T 





3.5 上 二 


2.5 上 | 二 


Arc length 
Im 
中 
1 











上 | 上 | 
0 10 20 30 40 50 60 70 80 90 
6 degrees 


Solution 7.9 57stoy We gz?Ue detazls of 雪 e analy 友 cal solu 友 om 





10 ce 10 
COS 和 COS 和 COS 和 
dz 一 dz 十 | 一 一 QZ 
人 172 172 172 
0 0 E 


For 态 e 厅 rsi oj 加 ese integrals We approziraate cosZ 8 工 一 Z2/2 ( 太 of 好 态 e 
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Jirst to ter705s 记 ts Taylor series). 


和 3/12 5/2 5/12 
小 人 ua= zz- 瑟 | -ae- 邱 | 
尼 





Je cam mow Wse 奶 e code 


Clear al1 

epsil = input(?Epsilon :?); 

intl = 2xkepsil”(0.5)-epsi1l”(2.5)/5; 
100 ; 


linspace(epsil,10,N) ; 
X(2)-Xx(1) ; 
CoS (X) ./sdqTt(X) ; 
int2 = (sum(f)-f(1)/2-f(N)V2)*#h; 
int = int1l1+int2 ; 





TPRe jirst ?tegral 9g?Ves Q 8S297021camt co7t77DV 友 072. 


Solution 7.10 7Pe quadratc 胡 roug 几 胡 e 奶 ree Doz015 15 
V(zZ) = 一 ao 十 (zZ 一 Zo)Aal++(z 一 zZo)(z 一 Zl)ao 


jeye 胡 e co7sta7015 a7e 


ao 三思 
万 一 态 
5 1 一 炎 0 





( 户 -j)(zi 一 2zo) 一 (太一 j)za 一 2Z0) 


(Z1 一 Zo)(Z2 一 Z0)(Z2 一 21) 





CQa2 一 


Wow ?mtegrat700 


2 人 2 
让 V(Z) dz 人 ao 十 (Z 一 Zojal 十 (z 一 Zo)(z 一 Zi)aodz 
二 D 伙 二 0 


Solution 7.11 Zeyre we 7eed to se 奶 e code 


function [f] = fxlnx(x) 


= X.k]1og(x) ; 
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ad 妇 em Use 如 e code quad( jzl07 1,2). 71is gives 0.63629536463993 (us- 
220 Format 1o19). 7jHe ezact ua1ue cam be calculated us229 tegratio7 by Part 好 


党 1 2 2 
G 
maodo= | imd - /Ya 
1/ 2 东芝 丽 2 
节 三 二 2 一 1 
滨 2 
一 2ln2 一 | 
4 茵 生计 
3 
一 2In2 一 二 . 
ER 


TPRe Value of 雪 1s ezZpyressiom agrees Ver Well wz 雪 雪 at above， 


C.8 Solutions for Tasks from Chapter 8 


Solution 8.1 Zet us jirstoy jd 轨 e ezZact solutiom. 9tart 0 dvzqd2720 如 e equa- 
友 07 胡 7oug 六 0 0 00d 胡 en 3tegrate W? 志 respect to 二 WARICR 92UesS 


Ae7Tce We 几 aVe 


Pizs ca be 7eayr7u7ged to 97UEe 


ad 胡 e Da7 丰 cular so1u 帮 om ca7E be Jouad py se 始 mg V(0) = 1 ww1ichn gives 4 = |. 


1 order to 0b0ta 记 坝 e TUIae72cQL sotutiom 霓 e code should pe modzjed to 


dt = 0.05; 

十 =0.0:dqt:1.0; 

y = Zeros(size(t)) ; 
y(1) = 1 

for ii=1:(1Length(t)-1) 


y(Cii+1) = y(ii) + dt kk (-y(ii)ksqrt(t(ii))); 


end 
exact = exp(-2/3+k(t) .~(3/2) ) ; 
plot(t,y,t,exact，--”) 
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77zs D7oduwces 





ns T T T 


0.95 上 上 党 二 


0.9 上 s 本 


0.85 上 上 和 村 


0.8 上 村 


0.75 上 上 放 


0.7 上 过 村 


0.65 上 SS 


0.6 上 每 引 


0.55 上 上 SS 











0.5 1 1 1 1 1 1 1 1 1 
0 


Notice 妇 at al 奴 ou 吃 雪 1s solutiom 15 “easo7aple ”让 ca be 2T2D7oVEeQ pb 7educz72g 
记 e Value of dt. 


Solution 8.2 Zet us start 09 co7zs1der200g 雪 e eZact solutioms to po 坝 di1eremzQ/ 
eduazio75. 49a270 sta7t 00 dioidi720 记 7roug 几 00 V ad itegrati72g Wi 坝 respect 1 


1d 
廊 时 时 = /td 
2 dt 


t2 
ny 三 土 二 十 C 一 1 二 4ett 12. 


万 RCR 92VES 





几 e7lce 








1 eacR calcuiazom e VanLe of 雪 e comstant 18 UL 罗 ，Remce We jaVe 胡 e so 久 - 
友 0715 


4 一 ee 12 QT00 4 一 e 瑟 /2 


THPe Scheme jor 太 e so1u 友 om of 如 e equatioms 15 7LtteT 0Q5 


ZL 一 yn 
At 





十 沁 天 志 
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1Zcj ca7 be 7ea77a7ged to 907VUE 








n+ 三 十 十 Attnyn 三 人 细 (1 十 士 nA 友 ) 


jere We 用 QUVe WSsed 矶 e jactl 雪 o 如 王 AL 
Zet 5 co1mszder 雪 e jst case. 0tart Wi 雪 见 三 0 


1 三 1 


ad 1.0W 见 一 ，etc. 








153 3\ 2907 
4 于 (4 站 0 


TJe ezact answer 1 el/2 迟 1.648，jhence 妇 e absolute error 记 11.419 一 el/3| 久 
0.229 and 态 e relative error 和 |1.419 一 el2|/el2 0.139 (or tis camn be written 
a5 13.9%)， 

Now We ca 7repeat 胡 e calcula 友 om jor 如 e o 胡 er case 


4 三 1 


ad 1.0W 见 一 ，etc. 
1 15 
多 一: ( 吉 】 本 
人 2 _105 
加 一 6 16/ ”128 


105 3 1365 
24 一 1 一 
128 16 2048 








丽 ere 妃 e absolute er7ror 和 久 0.21378 Whereas 坝 e 7elatiue eryror 13 0.352 (or 
aT7ouU2d 350)， Despite 胡 e absolute eryro7s pet9g co7mmDa7able 胡 e 7elatiue erTro7s 
aTe dzerent (aue 如 雪 e 7mag7ituade of 态 e answers Volued) 

下 55 UD to 地 ediotqdual as to WAzcP error 15 best to Se ad 如 is geTeral1y 
co1126e5 W1 妇 eZDpe7rye72Ce. 


Solution 8.3 771e code jor 轨 zs las 75 
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qt = Pi/10; 
t = 0.0:dt:10.0*pii 
y = Zeros(size(t) ) ; 


y(1) = 0; 
for ii=1:(1Length(t)-1) 

y(ii+l) = y(ii) + dt * (sin(t(ii))+sin(y(ii))); 
end 





772s D7oduces 太 e 7esvEt 





4 


3.5 


2.5 


1.5 


0.5 














0 5 10 15 20 25 30 35 


Youw ca7m moUw cha72ge 胡 e step le7g 雪 51272010 0 cja72g2100 妇 e dt= 10e ( 绽 70001t 
be a good idea to add a clear a171 statement at 坝 e top of 如 e code as Wel1). 


Solution 8.4 Frst 1et US co1st1ruct 雪 e eZact s01u 友 07 1 态 e equa 友 om 了 玫 e meeq 


io maUltip1y 态 rougj 500 am integrating 加 ctor， namely et3， Which giues 
d 下 
全 人 人 一 Tet/3 
人 
d 1 
开 (ze 一 -Tet/3 


Qu0 10OW ?teg7ati29g WZ 专 yrespect to 直 UVe nd 妇 ot 


1 
Vey3 一 4- /ae dt. 
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Nouw ?mategraz120 妇 e 759Rt Pad side 0 Da7t5 901Ves 


yet3 一 人 4 {eo dj 


yet3 = 4 一 人 ge 一 ze 上 





厅 emnce We Pave 妇 e solutiom 


3 9 
= 4e-t3 -12 一 二 
0 


Vow app1i009 专 e goumadary comditio7 gives 4 = 一 9/2. The solutiom 15 


9 3 
= 本 (1-e) 一 也 
一 了 7 人 2 





Nouw comsider 妇 e discreised jorm of 圾 e equaiom，WRicP 75 


Vn1 一 yn 如 +1 yn+l 


At 网 3 





1ZC 有 ca pe 7ea77a729ed to 092VUe 


1 如 二 1 
Znm+1l 一 了 ( 人 At 】 。 
[下 学 2 





TVow Wi 太 At=1/3 amd 见 三 0 妨 js gives 


1 
人 


ama0 10Uw W? 胡 刀 一 工 
本 
岂 一 10\ 20 33X2) 一 200， 


ad 太 ral1y Jor 见 王 2 Which gives ya 一 WII) 
-1 29 1 3 561 
2 10N\W 20 33x2/ 2000- 


THe code to produce 如 is ad 妃 e o 妇 er 7reguwired so1u 友 0725 1 
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ClLear al1 
1/3 ; 
二 =0.0:dqdt:1; 
y = zeros(size(t)) ; 
y(1) = 0; 
for ii = 1:(length(t)-1) 
y(ii+1) = 1/(1+dt/3)*(y(ii)-dqt#kt(ii+1)V2) ; 


end 
ts = tt; ys = yi 
qt = 1/1000 
二 =0.0:dqt:1; 
y = zeros(Size(t) ) ; 
y(1) = 0; 
for ii = 1:(length(t)-1) 
y(ii+l) = 1/(1+dt/3)*(y(ii)-dqt#kt(ii+1)V2) ; 
end 
exact = 9/2#k(1-exp(-t/3) )-3/2x#t ; 
plot(ts ,ys，?#? ,七 ,exXact ,七 ,y) 





7T715s 92VUe5 妇 e Dictu7e 





=- 0.05 


-人 检 直 





-0.25 十 本 








-0.35 1 1 1 1 1 1 1 1 1 





WAere 胡 e solutiom above 715 Shot 457729 sta7s， 


Solution 8.5 The codes mow beco7mmae 
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function [value] = odes(t,y) 


Value = 七 2-y” 2 ; 





QQ 


7y0 = 0; 
tspan = [0 2] ; 
[t,y] = odqde45(odes， ,tspan,y0) ; 





T7ese 01Ue 


1.8 





1.6 上 


相机 上 


0.8 上 


0.6F 


0.4 














Solution 8.6 THe solutiom 如 如 ?zs edua 友 om ca pe obtazed 58700212DLV27T209 DV 
态 e 入 tegrating jctor et amd 态 en integrating 5 parts. 4jier applicatiom of 如 e 
2722t2Q4 com02072 We 万 0d 胡 o 


yy 的 三 切 一 2 十 2 一 6 


T7e 7U72e72CQL so01u 友 072 CQ7 be detery772370eQ 157720: 
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N = 20; 
1inspace(0,2,N) ; 

qt = 七 (2)-t(1) ; 

y(1) = 工 ; 


for j = 1:(N-1) 
y(j+l1) = y(j)+dt#(-y(j)+t(j) >“2) ; 


七 .~“2-2#xt+2-exp(- 七 ) ; 





TPRZS 92U6E5: 


2 T T T 

















WRicCP 15 Q 7easo7Qb1e Iatch (te ezact so01u1o7 2 51oUwm Wi 坟 雪 e asterisKs). 


Solution 8.7 了 1. 7He solu 友 om oj ts DT7oble7m 15: 


V(Z) 一 2sinz 一 zcogZ 十 Z(-2sin1 二 cosl 一 1) 十 十 
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Set UP System 
= 0.0:0.1:1.0; 
= length(x) ; 
= X(2)-x(1) ; 
= 1/h”*2xkones(sSize(X) ) ; 
= -2/h?*2*xkones(size(x) ) ; 
= 1/h”*2xkones(sSize(X) ) ; 
X.COS(X) ; 
a(1) = 0; b(1) = 1; IT(1) 
c(N) = 0; b(N) = 1; (CN) 


% Forward sweep 

for j] = 2:N 
b(j) = b(j)-c(j)*a(j-1)/b(j-1) ; 
r(j) =I(j)-c(j)*r(j-1)/b(j-1) ; 


end 
% Final equation 
y(CN) = (N)/bCN) ; 
for j = (CN-1) :-1:1 
y(j) = GOj)/b(j)-a(j)*y(j+l)/b(jy) ; 


end 





WAZC 几 93VES 





1 


0.9 上 上 本 


起 让 目 吉 


07 下 林 


0.6 上 当 


心 治 二 


0.4 上 二 


0.3 上 二 


0.2 上 吕 


0.1F 二 
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2. THe amalgytc so1U 友 07 几 e7e 1715: 


V(Z) 一 2sinz 一 zcog2 一 2 一 2sinl 十 cosl 十 工 . 


Set UP System 
0.0:0.1:1.0; 
Length(x) ; 
= X(2)-X(1) ; 
1/h ”2*xones(SiZze(X) ) ; 
= -2/h72xkones(size(x)) ; 
1/h ”2*xones(SiZze(X) ) ; 
X.CoS (X) ; 
a(1) = -1; b(1) = 1; TY(1) = 0; 
cGCN) = 0; bCN) = 1; TYGN) = 0; 
X Forward Sweep 
for j = 2:N 
b(j) = b(j)-c(j)*a(j-1)/b(j-1) ; 
r(j) =I(j)-c(j)*r(j-1)/b(j-1) ; 


end 


% Final equation 
y(CN) = (N)/bCN) ; 
for j = (CN-1) :-1:1 
y(j) = (GOj)/b(j)-a(j)*y(j+l)/b(jy) ; 


end 
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-02 直 吉 


-0.04 上 了 


-0.06 上 寻 


-0.08 上 上 本 


-0.12 上 本 


-0.14 上 ] 











3. 7TAe soluv 友 om Pere 15 


Set UP System 
0.0:0.1:1.0; 
= length(x) ; 
= X(2)-x(1) ; 
= (1/h>2+2/(2*xh))*kones(Size(X) ) ; 
= -2/h"*2+kones(size(x)) ; 
= (1/h”2-2/(2*xh))*kones(Size(X) ) ; 


a(1) = 0; b(1) 1; z(1) 


cGN) = 0; b(N) = 1; T(N) 
% Forward sweep 
for j] = 2:N 
b(j) = b(j)-c(j)*a(j-1)/b(j-1) ; 
r(j) =I(j)-c(j)*r(j-1)/b(j-1) ; 
end 
% Final equation 
y(CN) = TIN)Vb(CN) ; 
for j = (CN-1) :-1:1 
y(j) = IT(j)/b(j)-a(j)*y(j+l)/b(jy) ; 


end 





C.8 9Solutions for Tasks from Chapter 8 
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Aich Vields 


1 





0.9 上 


0.8 上 


7 


0.6 上 


9 


0.4 上 上 


人 .SF 


必 2F 


你 直下 











Solution 8.8 The ezact solu 龙 om Aere ?5 


的 = 于 (人 六 冲 可) 


By discreis2720 雪 e edqua 友 om We ave 


Zn 十 1 一 27/n 一 Vm 一 1 二 At (一 3 十 妃 ) 。 


TPRe ?mi 训 al comdz 如 0o72s cQ7 pe 7ealised by settg 1 三 0 and ya 三 0 asa7esv 比 


of 妃 e jcf 雪 aot (0) s (0 一 克 ) 人 /At = 0. 


N = 20; 
1inspace(0,1,N) ; 
t(2)-t(1) ; 


for j = 2:N-1 
y(j+l) = 2*y(j)-y(-1) 
+dt ”2#k(3ky(j)+t(j) ) ; 


end 
ex = (t-sin(sqrt(3)*t)/Vsqrt(3) ) /3; 
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TPRzS 92VES 


0.2 T T 





0.18 上 


0.16 上 


0.14 上 


人 人 2 二 


0.1F 


0.08 上 


0.06 上 


0.04 上 














TPRe 7aT12e72CQL solu 丰 0 does 7easomQpDL 07 友 QL10 玫 oWUeVEe7r as 寺 CTease5s 胡 e 
50lu 友 om diVe79e5， 


Solution 8.9 775s equa 友 om ca be solued 已 0 537021a7 700772e7 t0 妇 e D7euioWS 
taQS: 


T 20 ; 

t = linspace(0,2,N) ; 
qt = 七 (2)-t(1) ; 

y(1) = 


y(2) = 
for j = 2:N-1 
y(j+1) = 2#*y(j)-y(j-1) 
+dt “2#(t(j)*y(j)+sin(t(j))) ; 





PiS 92U6e5: 
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4.5 T 





3.5 上 讨 


1.5 上 二 














0 0.2 0.4 0.6 0.8 1 2 1.4 1.6 1.8 2 


(te solutiom 15 ezZpyessible 记 te7705 of 4579 用 mc 友 015，baut 雪 15 does mot repre- 
Sent Q great adua7itage to VS)， 
172s secomd DT7OpLe7m ca pe solued 8 sett0g UD 妇 e discyretised System 


2m 二 1 一 27/n 十 Zn 一 1 
汉 玉 


ui 纪 胡 e comldiio7s ot 由 =0 0) =0)VN =0 (2) = 0)， 





十 如 or 三 Sint 如 


20 ; 

1inspace(0,2,N) ; 

= 七 (2)-t(1) ; 

Zeros (N) ; 
diag(-2/dt`2kones(N ,1)+t) ,0) 
+diag(1/dt ”2*xones(N-1 ,1) ,-1) 
+diag(1/dt ”2*xkones(N-1,1) ,1) ; 


transpose(sin(t) ) ; 
A(1,:) = 0; 


A(1,1) = 1 
AGCN，,:) 0 
AGCN,N) = 1 
Sol = ANT; 


》 


; LT(1) 


; ICN) 





TPRZS 92U6e5: 
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0.1 T T T 

















Solution 8.10 7T72s edua 友 om cam pe 2tegrated airectoy py qiuvzd209 妇 roug 有 DV 
2( 妇 十 1 了 Tis gives 


2 
1 十 女 

S0 妃 Qt 
何 三 二 
yt 1 十 友 


TPRe equa 友 om ca be solued TUT2e7icaLLU 52700 


N = 50; 

t = linspace(0,5,N) ; 
qt = 七 (2)-t(1) ; 

y(1) = 工 ; 


for j = 1:(CN-1) 
y(j+1) = y(j)-dt#x2x#t(j)*y(j)/CL+t(j) > 2) ; 


1./(1+t.>2) ; 





772s Vielqs 
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Uherey 三 (000 ) .Vsing MA47T74PB we / 品 d 雪 ot 
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>>A= [010;001; 2 
>> [V,D] = eig(A) 


V 





47d Pence We HoUw 太 Qt 
eeAt 一 VeDtV-L 


下 or co7UE115e7Ce We SQL Se 地 e 107-07720lsed jorm oj V so 坝 寺 

















1 1 
-1 1 有 一 五 
V=| 1 -21|omdV-=| 一 了 0 
1 1 工 
-1 了 五 
1emce 
-1 1 1 e 于 0 0 于 亏 
eat=| 1 -2 1 0 ee 2 0 -了 0 和 
t 1 1 工 
-1 1 1 一 et 二 e t 3e 
一 全 :二 广 ' 可 一 地 -2 0 je 和 
1 tt 工 工 站 
--1 4 1| 5e 5et 5e 
三 在 人 二 双环 开 人 三 志 下 > 下 入 全 生生 
t 5 2 了 t 1 他 5 
aa t 2 24 开 2 2 5 四 t 
必 38 A 5358 58 证 二 8 二 8 攻 38 加 68 


TJe solutiom 15 obtained 8 7T0aUlbiD1ing (0,0,1)7 (te 织 庆 al comlditions) 09 妇 i5 








7T00t77Z 
0 一 和 ee 下 十 革 e- 半 十 车 et 
At 人 二 2 
人 
| 一 亏 十 节 e 十 
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0Q1L0 We Raue 妇 e asWer 





20 ; 
1inspace(0,pi,N) ; 
《2 一 人 二 
0n1ly the internal Points 
= diag(-2/h7” 2xkones(N-2,1) 
+sin(Cx(2:(N-1))) ,0) 
+diag(1/h ”2*xones(N-3 ,1) ,1) 


+diag(1/h 2*xones(N-3,1) ,-1) ; 
[V,D] eigs(A,3,?SM? ) ; 
for j] = 1:3 
ti = [?\Lambda = ”num2str(D(j,j))]; 
subplot (1,3,j) 
plot(x, [0; V(:,j); 0]) 
title(ti,FontSize， ,14) 





This creates 


454 
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入 = -0.14528 入 = -3.2813 入 = -8.1629 
0 0.4 0.4 
二 | 03 0.3 上 ] 
0.2 0.2 ] 
-0.1 ] 
0.1 0.14 ] 
-0.15 ] 
0 0 上 ] 
-0.2 ] 
-0.1 -0.1 ] 
-0.25 ] 
-0.2 -0.2 ] 
二 | -0.3 -0.3 ] 
-0.35 ! -0.4 ! -0.4 ! 
0 2 4 2 2 4 


C.9 Solutions for Tasks from Chapter 9 


Solution 9.1 775zs ca7 pe acAzeved 152729 


亏 [32456-156782]; 
y [2-6320145678]|; 


mean (X) 
mean(y) 
median(x) 
median(y) 
Var (X) 
Var(y) 
CoOV(X，y) ; 
A(1,2) 


CorTrCcoef (x,y) ; 
A(1,2) 


7725 91U6e5 
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4.2727 


ang 三 


2.9091 


生日 号 二 


ang 三 


总 DR- 一 


6.8182 


15.0909 


angS 


4.2273 


angS 


0.4167 


TesDectiVely/， 
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Solution 9.2 全 emote 太太 和 =aX 二 D 胡 em 三 三 Q 王 十 WURzCR com pe see7 
0 SuD5S 友 妈妈 07 31 e jormzula jor 如 e mea70. .93703171 SUDs 友 229 夸 15 to 
胡 e eZDpy7ess107 jor 奶 e coyy7ela 友 om 5AoW5 矿 Qt 


CQ 人 . 
OCXY 三 一 二 二 网 一 51071(a)， 


Solution 9.3 7T7ese juo cam be calculatead 52009 


Xb=mean (Xx) ; 
VX=SuUm((X-Xxb) .2)/1Length (X) ; 
std_Xx=Ssqrt(VX) ; 


SKkew=Ssum(((Xx-xb)/std_x) .”3)/1Length(x) ; 
Kurt=Sum(((X-Xb)/std_x) .4)/Length(x)-3; 





Solution 9.4 7 order to solve 妇 ;s Droblerm We SPall se Q bastic 1ooD structu7e 


glLobal mu 
mu = 0.4; 
Xx(1) = 0.25; 
for = 1:9 
x(i+1) = map(x(i)); 
end 





T7je value 态 18 code 7returms 15 4.3420e-05 (Totice 太 Vyou get ML4TZ4t 加 write 
oz 广 W21 aDDpear 态 at 万 ?8 etry 1 zero，dependz09g om 妇 e cuzy7ent Jormzat. 


Solution 9.5 Ome Value WAizcP Wo7rKs 45 内 三 一 2. THem se 


mu = -2; 

co [-mu>3 2xmu”3 -mu”2*k(1+mu) (mu>2-1) 0] ; 
[r] = roots(co) ; 

xl = 工 (3) ; 

X2 = map(xl) ; 


x3 = map(x2) ; 
disp([xl x2 x3]) 





Note 妇 at z2 1s also au peyriod 2 Dot ad ?ts ?109ge 15 Z1，7THese Values a7e 


QctLally 92Ve7 0/ 
1 二 A 士 VE 一 2103 一 302 


六 大 2 
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THe yeal values of 如 ese 7oots occur jor < 一 1 ad > 3. 


Solution 9.6 77je code jor 如 is ap 15 


function [xn,yn] = map3(xo ,yo) 
mod(xo+2#kyo ,1) ; 


yn = mod(3*kXo-2#kyo ,1) ; 





Solution 9.7 THe so1utlom of 如 e 万 Epom 7map jor cos a = 0.24 gives 





1 T T T T 
0.8 上 习 
0.6 上 f 了 
RE 有 











7001D1ca 态 07 4，6,， 8, 15，176 
十 adaqz 妈 om 8 

- SUbtyrac 友 om 8 

/ diuisiom, 8 

蒜 呈 他 二 

>> D7o7012 坊 2 

兄 , 332 


Airy functions, 270, 273, 449 
ans, 3,，170 
ASCII, 55 


Bessel functions，132, 237, 238,，257,， 270 
Boundary-value Problems,， 274, 276, 278 


Comments,， 41，332 

Constants 

- eps,，7, 10, 53,， 296,， 372, 402 
一 PiTr，7,，73，382,， 393 

一 Tealmax，384 

- Tealmin，384 

Curves of best ft，152,，382,，383 


Data Loading/Saving, 134-139 

Dot Arithmetic，14,， 15，19，54，59，98， 
130, 178, 180, 181, 220 

- division，14，81,，178,， 337 


- exponentiation，14,， 30-32, 36,， 38, 43， 


50,， 77,，178,， 338, 346, 395 
- Imultiplication，14，118，178, 336, 398 


Errors，51-63 
- absolute,，52-54, 237, 266,， 267, 438 


/mdex 


- numerical，51--54 

- relative，52,，266,， 267, 438 

- User，54-063 

了 Explicit Methods，248，251，253，254， 
256 

了 Extrapolation，117,，133,，147,， 167, 418 


feval,，50, 51，104,，107, 375 
Filenames，28,， 30, 135-137,， 159,， 346 
format 

一 Tat, 4,，7,，12, 13,， 25,，75，197 
Eormatting，12-13 

Functions 

-- Mathematical 

一 一 acos - arccosine，8,， 368 

一 一 asin - arcsine,，8, 385 

-一 atan - arctangent，see atan2 

一 一 atan2, 366, 386 

一 一 cos， 8,， 181, 368 

一 一 cosh,， 369 

一 -exp - exponential, 9,， 181,，372 
-- 1og - natural logarithm,， 9, 360,， 377 
-- 1og - logarithm base 10, 9 
-- ”- exponentiation,， 9 

一 一 Sinh，181,， 385 

一 -Sin，8,，10, 181, 363, 385 
一 一 tan，8,，386 

- MATLAB 

-- \ 332 

-一 abs, 9 

一 - al1, 93, 341 

-- and, 83,，86, 341,， 343,， 407 
-- angle, 365, 366 
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lndex 





any,， 93,，99,，342 

atan2, 366, 386 

axes，348 
axis，32，38，51，157，315，322 
348-350, 356, 405 

bar,， 297, 350 

barh,， 351 
besse1j,， 132, 238, 366, 382, 413 
break，92, 94, 127，140,，145，164， 
214, 234,，322,，367 

case, 112,， 115,，116,， 367 

cd, 29 

cei1, 9, 25, 91, 367, 390, 433 
clear，22 

clf,，39, 46,， 107,，260, 262, 269, 315， 
352, 357,，382, 396 

close, 352 

cond, 368 

conj,， 368 

contour，32, 39, 40 

contourf，39 
CorTcoef, 295, 368, 454 

coVv, 295, 369, 454 
cputime,，201,，369 
dec2hex,，369, 375 

demo,， 41,，369 

det, 214, 369,，427 

diag,， 179,，182-185，203,，217，280， 
286, 370, 419, 453 

diary， 371 

diff，371 

dir，30 

disp，28, 41 
double, 234, 258,， 259 

dsolve, 258 
edit，27, 28,， 59, 64, 371 

eig, 371, 428 

eigs, 208, 210, 211, 286, 371, 453 
else，87，88,，93,， 99, 101, 114,， 115， 
119-122，125，127，140，159，292， 
339, 340, 371, 405, 408 
elseif，87，88, 95，101, 115，140， 
371, 405,，408 

end,， 60 

end of an array, 24 
erTor,， 94, 97,，372 
exist,， 96, 372, 376 

expm， 215，372 

eye,， 86, 179, 182, 195,，198,， 203,，214， 
372, 375,，428 

factor， 9, 11,， 65，87,，95,，271，272， 
372 
factorial,，66, 77, 372, 383, 401 


fclose, 137,，138 
feval，49-51，103，104，106，107， 
111, 372, 375 

figure，39,， 59,，156,，257，287，348， 
352 

find， 100，143，342 

fix,， 9, 25,，372, 390 
ELiplIzi 2 8372 

fl1ipudq, 217，372, 419 
fLoor，9,， 25,，91,， 96,， 99, 373,，390， 
403 

fmins，161,， 162，164,， 373 
fminsearch，161 

fopen,，137，138 
for,，63-65，70,， 75,，82,， 97,，297,，372， 
373, 397, 398, 401, 407 

format, 4, 7,， 12, 13,， 25,，75，197,， 373， 
436 

fprintf，137，138 
ful1,， 204, 373, 385 
function，30-34 

fzero，128,， 130,，132, 374, 413 

gac, 44 

gca, 301, 352, 355,， 361, 362 

gcd, 374 

gcf, 44,， 159, 354, 361,， 362 

get, 44, 348, 352, 354, 355,，362 
ginput，105,，106,， 130, 355 

glLobal,， 111, 112,， 156,，159,，165,，275， 
319, 320, 367, 374, 456 

gp1Lot, 355 

grid, 37,， 51，104-107,， 109,， 147，148， 
356, 360 

help, 2 

helpbrowser,，1, 374 
helpdesk,， 1, 335,， 375 
hex2dec, 369, 375 
hilb,， 185, 368, 375 
hist,，298, 318, 356 

hold, 39, 46, 147,，148,，159, 260, 315 
357 

II,，375 

if，83，87, 90 

imag,，366, 375,，382 

Inf，239, 375 

inline,，374, 375 
input，28, 30, 31, 41，58,，69,， 72, 95， 
119, 375 

int,，230, 233,， 235 
int2stTr，56，57,，64, 65，69-71，74， 
87,， 119, 189, 362, 371, 375, 401,， 402 
inv，154，201，209,，210,，332, 333， 
369, 375 


Index 
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invhilb， 185 
isempty，93,， 140, 145, 376 
ispPrime,， 49, 99, 376 
isreal,，93, 376 

j,， 375 
legendq, 46, 47, 269, 357, 396 
Jength，14， 22, 36 

1inspace， 14，22 

load，29,， 135-137，139，146，147， 
154,，377 

1og10, 9,， 377 

1og1og, 39,， 358 
ookfor，185,， 186,， 335,，377 
Lower,，89, 90, 377, 404 

1u, 200, 377, 378 

magic， 185，378 

max,，34, 51,， 156,，159,， 241, 305，349， 
378,， 379 
mean，292,，296,，298,，299, 318,， 379， 
454, 456 

median， 292, 379, 454 
meshgrid,， 32, 39, 41 

min， 51，106,，156,，159, 349,， 379 
mod, 9, 25,，58,， 80, 99, 234, 379, 390， 
391 

NaN,， 93, 94, 111, 379, 390 
Dchoosek，67 

Dorm， 127,，163-165,， 379 
not，83，342 
Dum2str，28, 41,， 43,，56-58，65，71， 
97, 112, 116,， 119-122, 127,，156,，159 
185，241，296,，380,， 395,，398,，399， 
401, 420, 453 

ode23, 265, 288, 380 

ode45, 265-267,， 288, 380, 381, 442 
ones,，176，182 

or，83,， 85，86,，322,， 342,， 343,，403， 
405,，407 
otherwise, 89, 90, 112, 115, 116, 382 
path,， 29, 382 
pause,， 159, 286, 382, 384 
plLot, 21,， 36-38, 354 

plLot3, 350, 359 

poly, 22, 43, 206, 214, 382 
Polyfit,， 75，148，149 
polyval,， 20, 21, 48 
Precedence,， 87 

Primes, 383 

Print，159, 360 

prod, 12, 67, 68,，81, 383 

pwd, 30 

quad,， 237, 238, 245, 436 





Tand,，175，201，295,，299, 305，315， 
317, 369, 383, 385 
randn，298, 299, 383 

randperm, 300，384 

Tank， 187，189, 384 

Teal, 305,，366, 384 
realmax, 7,， 384 

realmin,， 7， 384 

Tem, 9,， 11, 25，85,，87, 307,，384, 391 
reshape,，384 
roots，21，22，123，126,，128，132， 
206, 214, 320, 382, 385, 412, 428, 456 
round, 9,， 25, 95，385,，390, 404 
TTef，195，197，198 
ITrefmovie，195 

save, 135,，136, 385 
semilogx,， 39, 359, 360 
semilogy,， 39, 359, 361 

set, 301, 348, 352, 354, 355,， 361-364 
sign，9, 95，181 

size, 13, 22, 36 

sort，292, 385 
sparse,， 203, 210, 373, 385 
sp1line,，150, 152,， 166, 385, 415,，417 
sqrt，12,， 343 

std, 293,， 318,，386 

str2mat，386 

Subplot,， 362, 453 

sumn， 34, 35，80，81,，154，229,，233， 
236,，292, 293,，300,， 386, 430,，431， 
433,， 456 

Surf,，39, 40 
SsVitch，88-90,，112,，116,， 367，372， 
382,， 386, 428, 429 

syms,， 230, 233, 235,，258 

text,， 38,，202, 241,， 260, 362, 363 
title，38,， 156,， 159, 364, 453 
tour,， 1,，386 

transpose,， 175，180, 373,，378,，386， 
418, 425 

type,， 5,，30, 42, 386 
upper，89, 377, 386 

var， 293,，299, 386, 454 
Varning,，94-96, 387,，404, 405 
what,， 30 

which，5,， 30,，387 
while，90-92, 96, 99, 111，119-122， 
317, 372, 387, 403-405 
who,， 22, 31, 135 

whos, 22, 31, 134, 135,， 137,，387 
xlabe1, 38, 51, 202, 260, 262, 364 
Xor,， 83, 342, 343, 403 
ylabel, 38, 51, 364 
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一 一 Zeros，77 


一 一 Zoom， 105，107，109, 322, 355,，365 
Geometric Progressions，68，79 


Help commands 

- helpbrowser,， 1,， 374 

- helpdesk, 1, 335, 375 

- help, 1,，6, 13, 24, 25，27,，29,，30,， 41， 
42, 47,， 48,，87, 99, 127,，135，138，175， 
217, 237,， 266, 335,，343, 350, 359,，371， 
373, 374,， 382,， 383 

一 Jookfor，185,，186, 335,，377 


Implicit Methods, 251,，254,， 288 
JInterpolation，117，133，147-158，160， 
414 

cubic，149 

-- Lagrange polynomials，142 

- linear，149,， 167 
polynomials,，140，148 
splines，150-152, 167, 385 
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Lagrange polynomials, 141,， 142,，147 
攻 IPX,，38 
Linear Independence，187 
Logical Operators,，335-343 
- Boolean algebra 
-- 一 and, 341 
一 - not，83,， 342 
--- Or， 83,，85，86,，322, 342,，343,，403， 
405,，407 
一 一 Xxor， 83,， 342, 343, 403 
- comparative，83 
- ==，60,，83，85-87,，90,，92,，94, 95,，99， 
111，119-122,，159，189, 233,， 292,，296， 
339, 403 
一 《“,<=,， 84, 88, 101, 341, 404-406, 408 
一 >,>=，84，86,，88,，99, 101,，145，340， 
342, 403-406, 408 
一 《<=, 341 
=,， 340 


Matrices 

- eye,，86, 179, 182,，195,，198,，203, 214， 
372, 375,， 428 

- ones,， 176，182,，183，219,，236，243， 
260,， 262, 280, 286, 315,，335-338，344， 
369, 382, 399, 419, 426, 430, 444, 445， 
447,， 453 

-zeros，77,， 156,，173，175，182，241， 
250,， 256, 257,， 265,，269, 271, 272,，274， 
279, 280, 283,， 284, 287, 310, 331,，387， 
419, 437, 439, 441 


- addition，174，326-327 

- anti-symmetric，220,， 325,， 421 

一 asSociativity，330 

- _ characteristic polynomials，212-215， 
223,，382 

-commutativity，219, 326, 330, 420 

- determinants，190-191，198, 205,， 206， 
222, 331, 369, 421, 427 

- diagonals,， 182-185,，191,，199,， 207-209， 
215,， 218, 221, 259, 295, 325, 331,， 370， 
371, 378, 421, 424 

- distributivity，330 

- eigenvalues，204-208，210-212， 
214-216,， 223,，286, 290, 368, 371,， 382， 
428 

- eligenvectors，204-209, 215,， 223, 371 

- exponentials, 214-216 

- full and sparse，203,，204,，210，215， 
259, 263, 373, 385 

- 了 ermitian，325 

一 identity，see eye 

-inverses，331-333 

- Inversion，339 

-- U decomposition，200,， 377 

- multiplication，326-328 

- penta-diagonal, 263 

- Tank，187-189,， 198,， 384 

- scalar multiplication,，206, 326 

一 Size，5See Size 

- 9Skew Hermitian，325 

- square，18，182,，190,， 208,，212，220， 
323, 325, 331, 382 

- SyImmetric， 210,， 220,，325,， 421 

- transpose,，180, 221, 325 

-tri-dqiagonal,， 259 

一 0,， see Zerogs 


Nested if statements，88 

Nested loops, 75,， 82, 98,， 234, 402 

Newton forward differences，141，142， 
227, 230, 235, 251,， 270 

Numbers 

- exponent Mantissa form,，7 

Numerical Integration，225-245 

一 Simpson7s 了 Iule，232,，234, 242，243， 
430 

- Simpson's z rule, 236, 237,， 242, 430 

- Trapezium Rule,228,，229,，234，243， 
244, 300, 432 


Object orientated Programming， 4，43， 
152 
ODESs，247 


Index 
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- Crank-Nicolson，247,，251，253，255， 
303, 306 

-Euler，247，253，256，283，284，286， 
288, 303 

-- Runge-Kutta,， 263, 266, 267, 270,，272， 
274, 288, 380 

OPperations 

- binary,，3, 9,，178,，180, 336-338 

- unary,， 3,， 180 


Plotting, 21,，36-49 
Polynomials，20, 41, 43 
一 Toots，21 
Precedence, 5, 6 

一 brackets, 4-6, 86 

- division,， 5 

- exponentiation，54 
- Imultiplication, 5 
Products,， 81, 383 


Root finding，103 

一 bisection，113, 123,，131 

-fxed point iteration，109，131，409， 
410 

- initial estimates，105，109，130，355， 
411 

-- Newton-Raphson，117-125 

- Newton-Raphson,，131, 132,， 163, 247， 
274, 313 

一 Secant，117-125 


Scalars，2-12 

Simultaneous eqduations，74，220，221， 
331 

Sums of series，73 

Symbols 
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.…)， 29， 58,，69,，74,， 77, 96,，112，116， 

119-122, 145，159,，188,， 211，237，256， 

269, 271, 272, 275, 280, 286, 333,， 343， 

372, 395,， 399, 402, 422, 426-428, 448， 

453 

-多 20, 41, 332, 343 

一 apostrophe，see transpose 

一 colon, 13,，17,，19, 59, 98, 171, 172,， 344 

一 comma, 345 

- decimal point，138,，346, 380 

-- quotes，28, 42, 49,，65,， 90,，136，137， 
345,， 363 

- round brackets,， 11, 30,， 171,， 347 

- semicolon，2,， 3，6,，13,，31，55-57，64， 
80, 81,，170,，171，184,，344，397，398&8， 
407 

- Space, 346 

- square brackets，30,，34，57，84，170， 

344,， 346, 398 


Taylor series, 76, 98,，117,，124,，125，230， 
244, 248, 255，259, 263,， 264,，281,， 282， 
435 


Variables，2-12 

- clearing，22,，26，56，57，59,，75，137， 
139, 147, 148, 300, 367, 393, 396, 435， 
439 

- rules for naming, 4-5 

Vectors，13-17 

-column vector,，35,，170-173，182-184， 
188, 273, 323, 425 

一 TOw vector，13-15,，33,，35, 43，55，70， 
137, 170, 172, 173,， 182,，185,，221，324， 
336-338, 344, 348, 368, 372, 385,，386， 
398, 425 


